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Abstract. Our recently developed multi-scale form of Terzaghi’s effective stress principle for unsaturated swelling 

clays that was rigorously derived by periodic homogenization starting from micro- and nano-mechanical analyses is 

applied to numerically simulate one-dimensional swelling pressure tests of compacted bentonites during hydration. 

The total macroscopic stress captures the coupling between disjoining forces at the nanoscopic scale of clay platelets 

and capillary effects at the microscopic scale of clay aggregates over the entire water content range. The numerical 

results allow to draw conclusions on the water transfer mechanism between inter- and intra-aggregate pores during 

hydration and consequently on the evolution of the external swelling pressure resulting from the competition between 

capillary and disjoining forces. In addition, such application highlights the abilities and the limits of the electrical 

double-layer theory to compute the disjoining pressure in the nano-pores. For large platelet distances, in the range of 

osmotic swelling, the nature of the disjoining pressure is electro-chemical and can be computed from Poisson-

Boltzmann theory. Conversely, at small distances, in the crystalline swelling, a solvation component has to be added 

to account for the molecular nature of the solvent. As a first improvement of the nano-scale description the solvent is 

treated as a hard sphere fluid using Density Functional Theory. 

1 Introduction  

A variety of experimental [1,2] and modelling efforts 

[3-5] have been undertaken to analyze the hydro-

mechanical behaviour of expansive clays during water 

infiltration by means of one-dimensional swelling 

pressure tests. The basic results are: (i) The swelling 

pressure increases during hydration and reaches values of 

some MPa at the fully saturated state. The final value is 

basically linked to dry density [2]. (ii) After an initial fast 

increase, the swelling pressure exhibits a temporary 

decrease followed by a new increase until reaching a 

stationary value being of the same amplitude as the first 

maximum [1,2,6,7]. This behaviour is associated with the 

collapse of the macroscopic solid structure when reaching 

the loading-collapse (LC) line [2]. 

It is now well recognized that the microstructure plays 

a crucial role in the evolution of the overall swelling 

pressure. In order to enhance the understanding of the 

processes underlying the experimental observations, 

several modelling efforts were undertaken. Among them 

we may highlight double-porosity models [3-5,8-10]. 

Recent works include the hydro-mechanical behaviour of 

non-expansive [10] and expansive unsaturated clays [2-

5,9]. When accounting for elasto-plastic deformation, the 

evolution of the swelling pressure could be reproduced 

including its temporary drop [2], as well as the 

reorganization of the macrostructure [3-5,10]. All models 

are able to link the mechanical behaviour to capillary 

pressure drop in the porous space. On the other hand, to 

the best of our knowledge they are all based on an 

empirical approach to account for micro- and nanoscopic 

contributions to the overall swelling pressure. 

This work tries to fill this gap. Our double-porosity 

model that was rigorously derived by micro-mechanical 

analyses [9] is applied to numerically simulate the 

swelling pressure evolution during hydration at fixed 

volume. Starting from a formulation of the mechanical 

equilibrium at the nano-scale of the electrical-double 

layer (EDL) and the micro-scale where capillary effects 

take place, the coupling between these two effects is 

incorporated over the entire saturation range. As will be 

shown, the model provides furthermore insight on the 

water transfer mechanism from the micro- to the nano-

porous space and the linked evolution of the disjoining 

pressure during hydration. In addition, we show the limits 

of the electrical-double layer theory when computing the 

disjoining pressure at low hydration levels. Note that only 

elastic deformation is considered at the micro- and 

macro-scale. Ongoing work is in progress to incorporate 

elasto-plasticity in the multi-scale approach. 
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2 Theory  

2.1 Isotropic form of the multi-scale model 

The detailed derivation of our multi-scale Terzaghi’s 

effective stress principle and all model equations are 

presented in a former paper [9]. In the following, we 

present directly the final macroscopic model equations in 

an isotropic medium approximation recalling the 

principle ideas underlying their derivation.  
The model is based on a given representation of the 

microstructure of expansive clays which is characterized 

by two porosity levels (referred to nano- and micro-pores 

tied up their size [11]) and three disparate length scales as 

shown on Figure 1. 

- At the nano-scale the medium is composed of 

incompressible linear-elastic clay platelets of constant 

surface charge, <0. The platelets are separated by a 

nano-porous network saturated by a binary electrolyte 

solution (considered as continuous in classical EDL 

approach) with monovalent completely dissociated ions 

considered as point charges. 

- At the intermediate micro-scale the platelets form 

assemblies of swollen clay aggregates (or particles) 

constituting the solid phase at that length scale. The 

particles are separated by a micro-porous network (free of 

EDL effects regarding their size) which is filled by a 

mixture of bulk water and air. 

 
Figure 1. Multi-scale structure of swelling clays. 

Starting from the formulation of the mechanical 

equilibrium at the local scales, the overall total stress is 

obtained using periodic homogenization [12]. Supposing 

no preferential orientation of the local clay fabric, all 

stresses reduce to pressures and the total stress is given 

by: 

 
eff

T ext E f effP P    σ I I I I ,  (1) 

with Pext the external total pressure and I the identity 

tensor. From the above equation we may note that Pext is 

given by the sum of three terms (i) a net contact stress E, 

(ii) an effective fluid pressure eff

fP  accounting for 

capillary effects arising from the micropores and (iii) an 

effective disjoining pressure eff strongly tied up with the 

action of the electrolyte solution on the clay platelets at 

the nano-scale. The elastic contact stress tr( ) / 3E E  σ  is 

linked to the volumetric macroscopic strain tr( )  ε   by 

Hooke’s law E K  . The macroscopic bulk modulus 

K  is expressed as a function of the micro-porosity nf, the 

microscopic bulk modulus of the clay particles Ks and the 

microscopic Poisson ratio s using self-consistent 

medium approximation according to [12]. The equivalent 

fluid pressure reads as 

 
eff eff

f a cP P P   ,  (2) 

 with Pa the air pressure and Pc the capillary pressure 

defined by the negative water pressure Pc=Pa-Pw. Pc can 

be linked to the overall water saturation Sw by a Van 

Genuchten type law. 
eff

 is the volumetric component the 

effective Bishop type tensor which is linked to clay fabric 

properties and saturation in the micropores according to 

  1 1eff     ,  (3) 

where  (0≤≤) is the microscopic Bishop parameter 

which can be expressed as a function of saturation, for 

example according to [13]. In addition,  is the 

macroscopic Biot coefficient defined in a classical way 

by 1 / sK K     represented in the form 

 
  

   

2 1 1 2
1

1 2 1 2

f s

s f s

n

n




 

 
 

  
 .  (4) 

The macroscopic result of the nanoscopic disjoining 

pressure d is finally given by 

  1eff

d     .  (5) 

We may observe that  plays the role of a scaling 

factor accounting for the transmissibility of disjoining 

forces between adjacent clay particles. d is generally 

expressed as a function of ion concentration cb and inter-

platelet distance 2H using Poisson-Boltzmann (PB) 

equation [8] 

 02 cosh 1d b

F
c RT

RT

 
   

 
 ,  (6) 

with R the perfect gas constant, T the absolute 

temperature, F the Faraday constant and 0=0(cb,H) the 

electric potential at the midplane between two adjacent 

platelets. 

This is the classical approach for osmotic swelling 

where disjoining forces are driven by EDL effects. For 

small inter-platelet distances however, in the crystalline 

swelling regime, the molecular nature of solvent and ions 

is not more negligible and the disjoining pressure should 

be dominated by particle size effects [14] which could be 

included using Density Functional Theory (DFT) [15]. 

DFT allows to obtain particle density distribution (z) 

(with z the distance to the platelet surface for isotropic 

fluids) at equilibrium as a function of the excess free 

energy functional F
ex

[] by minimizing the appropriate 

thermodynamic potential, here the grand canonical 

potential. 

 
Figure 2. Improved nano-scale description considering the 

electrolyte solution as a hard sphere fluid confined between two 

planar hard walls. 

As a first improvement of the nano-scale description, 

we consider in the present work the molecular nature of 

the solvent only (ion size and concentration are negligible 

compared to those of water). By considering the 

electrolyte solution as a simple hard sphere (HS) fluid of 
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diameter d confined between two planar hard walls 

(Figure 2), F
ex

[] is expressed by Fundamental Measure 

Theory (FMT) according to [16]. The disjoining pressure 

being defined as the force acting on the walls to keep 

them at a fixed distance 2H, it can be expressed using 

contact theorem which tells that, at mechanical 

equilibrium, d can be computed from the difference 

between the pressure the fluid acts on the wall P and the 

bulk pressure Pb: 

 
     

   

(2 ) 2 2

/ 2,2

d b B contact CS b

B CS b

H P H P k T H

k T z d H

  

  

      

    

 , 

(7) 

with kB the Boltzmann constant. The density 

distribution of the bulk fluid CS is expressed in terms of 

the bulk density b by Carnahan-Starling equation [17]. 

 
Figure 3. Disjoining pressure profiles of a PB fluid (cb=10-4 

mol/l) and a HS fluid (bd
3=0.73) as a function of normalized 

inter platelet distance 2H/d (dH20=2.8Å).  

Figure 3 compares the profiles of the disjoining 

pressure obtained by PB theory (cb=10
-4

 mol/l) and for a 

HS fluid as a function of normalized inter platelet 

distance 2H/d. For the HS fluid, the water molecule 

diameter and normalized bulk concentration are set to 

dH20=2.8Å and bd
3
=0.73 (corresponding to a mass 

density H20=10
3
kg/m

3
). The HS fluid pressure allows to 

account for attraction (d<0) and repulsion (d>0), while 

PB is a purely repulsive decreasing function of the 

platelet distance. According to the expectations [14], the 

oscillatory profile of the HS fluid exhibits maxima at 

entire multiples of d whose amplitude decreases rapidly 

with the platelet distance. Note that only negative slope 

parts represent equilibrium positions. In addition, the HS 

law reaches somewhat higher values of the disjoining 

pressure at small distances than PB theory. 

The coupling of the different physical phenomena is 

made through the porosities at the micro- and nano-scale 

 being defined as the respective pore volume over the 

total volume. Assuming a stratified local arrangement, 

the nano-porosity is expressed by the inter-platelet 

distance according to  / sH H H   , with 2HS the 

platelet thickness. For an isotropic homogeneous 

distribution of the clusters, the two porosities are linked 

by a scalar version of the overall solid mass balance 

        1 1 1 1 expf fn n        ,  (8) 

where the overbars refer to a stress free reference state 

which can be chosen arbitrarily. Similarly, using self-

consistent approach, the micro-porosity is given by an 

integral form of the fluid mass balance 

 
 

 
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





  
    

  


.  (9) 

2.2 Application to an oedometric swelling test 

In the following, we present the governing equations that 

underlie the computation of the swelling pressure Pext at 

different stages of wetting, for the dry and fully saturated 

states and along with intermediate saturations. The 

numerical application refers to an experimental swelling 

pressure test on FoCa clay 50/50 weight percent bentonite 

powder/pellets mixture performed at the CIEMAT and 

presented in [1,2]. The clay sample we refer to is MGR7 

with a dry density dry=1.45g/cm
3
 which corresponds to 

the ratio of the mass of the solid phase (clay cluster) at 

the dry state mc
i
 over the total volume VT. The cylindrical 

sample (100mm in diameter and 50m in height) was 

hydrated from the bottom of an oedometric cell. The 

swelling pressure applied to the cell to prevent 

deformation during water intake was recorded for mean 

water contents w varying from wi=0.8 to wf=0.33. 

2.2.1 Initial “dry state” 

Initially, we assume all water to be confined in the 

nanopores so that the micropores are only filled by air 

implying that 
i
=0. The gas/liquid interface should thus 

be at clay cluster surface (cf. Figure 4). This hypothesis 

agrees with a rough estimation of the pore diameter 

linked to the initial capillary pressure of about 200MPa 

using Laplace equation 2 4 / 2nmcR P   (with 

water/air surface tension (298K)=72x10
-3

N.m) which is 

clearly superior to the nanopores. 

The initial state represents the reference state for this 

application, so that 
i

f fn n  and i  . As sample 

deformation is prevented during water intake no overall 

elastic stress appears with respect to the initial state and 

E=0. Initially there is no pressure applied to the cell 

Pext
i
=0 and it follows from (1) in combination with (2), 

(3) and (5) that all capillary effects are compensated by 

the disjoining pressure 200i i

d cP MPa   . 

As wi=0.8, it is reasonable to assume crystalline 

swelling [18] so that d
i
 is computed according to the HS 

fluid law in (7). The inter platelet distance estimated with 

this law, 2H
i
=3.12Å, corresponds to 1-2 water layers 

which is consistent with crystalline swelling. Assuming a 

platelet thickness 2Hs=1nm, the corresponding nano-

porosity is 
i
=H

i
/(H

i
+Hs)=0.24. 

It is important to note that using PB theory, the 

disjoining pressure is not able to compensate the initial 

capillary pressure (cf. Figure 3). Even if the 

approximation of the electrolyte solution by a simple HS 

fluid requires further improvement including ionic and 
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dipolar interactions [19], the proposed pore treatment 

presents an improved nano-scale description at low 

hydration where the molecular nature dominates over 

EDL effects and where small pore diameter deviations 

imply important disjoining pressure variations. 

For the estimation of the micro-porosity we introduce 

the platelet density ss=msc/Vsc=2670kg/m
3
 [20], with msc 

and Vsc the mass and the volume of the solid phase in a 

clay cluster. All water being located in the nanopores the 

water content is w
i
=m

i
H20,c/msc and it follows 

 

 
  20,
1 1

1

ii i i
dry sc H c i ic sc c c

fi
T sc sc T scss

m mm V V V
n w

V m V V m



 


    



 . (10) 

From this relation we obtain nf
i
=0.39 which is quite 

similar to the experimental value given in [2]. 

2.2.2 Final “saturated state” 

At full saturation the capillary pressure vanishes and from 

(2) it follows that the fluid pressure contribution becomes 

negligible Pf
eff,f

 =Pa ≈0. From the mechanical equilibrium 

(1) it can be concluded that the swelling pressure 

corresponds to the effective disjoining pressure 

  1f f f f

ext eff dP      ,  (11) 

where d
f
 is a function of H (or ) expressed by classical 

PB theory according to (6). This hypothesis seems 

reasonable as disjoining stresses may originate from 

osmotic swelling at full saturation.  

2.2.3 Intermediate saturations 

At intermediate saturations we chose a representation of 

the overall medium by a division into two parts (cf. 

Figure 4): a saturated part of height x+ at the bottom 

and a part of height L-x- (L being the sample height) at 

the top being at the initial state.  is the local 

macroscopic deformation due to the difference in water 

content between both parts. This corresponds not 

necessarily to the real configuration, as no information is 

given about the advancement of the water front during 

infiltration. The advantage of this approximation is that it 

does not require defining microscopic saturation and 

capillary pressure which can differ from their 

macroscopic values. 

 

 
Figure 4. Representation of the sample at intermediate 

saturation: the bottom  is fully saturated and the top at the initial 

state. The overall saturation is obtained by the volume ratio of 

the two parts. On the left: configuration without deformation; 

on the right: with deformation  due to different water contents. 

For a constant sample diameter, the volumetric 

fractions of the two parts are given by the ratio of their 

respective height to the sample height, i.e. b=x+/L and 

t=1-b. Volume fraction is linked to the overall 

saturation by 

  1 i

w b b wS S     ,  (12) 

with Sw
i
=w

i
/w

f
=0.26. Even if overall sample 

deformation is prevented, local vertical deformation 

occurs in both parts ={0,0,} which are expressed as 

 andb t
x L x

 
 

  


 ,  (13) 

where the coupling with the saturation is made by 

(12). The corresponding oedometric elastic pressures are 
/ / /b t b t b t

E M   with / / /4 / 3b t b t b tM K    the 

oedometric bulk moduli. Using (4) in combination with 

the relation 3(1 2 ) / [2(1 )]K      for the Lamé 

parameter µ by supposing a constant macroscopic 

Poisson ratio , the oedometric bulk modulus is linked to 

the micro-porosity via the Biot coefficient as follows 

 
 / /

3 1
1

1

b t b t

sM K






 


.               (14) 

Water intake being very slow the system can be 

assumed at mechanical equilibrium instantaneously so 

that the total pressure of each part corresponds to the 

external swelling pressure. The bottom part being 

completely saturated Pf
eff,b

=0, whereas at the top part we 

have    , 1 1eff t t i t i

f c dP P        . The respective 

vertical components of the total pressure are written as 

 1b b b b b b

ext E eff dP M         ,  (15) 

and 

  , 1eff t t t t t t i t

ext f E eff d dP P M            . 

(16) 

The disjoining pressure at the sufficiently hydrated 

bottom part is computed by PB law (6), whereas at the 

much drier top part it is given by the HS law in (7). 

In a similar way, the respective micro-porosities are 

obtained from (9) which yields 

 
 

1

2 1 2

1

b b b
f fb i b d

f f

s b s

f

s

n n
n n

K
n






  
   

  


,   (17) 

and 

 
 

1

2 1 2

1

t t i t
f ft i t d d

f f

s t s

f

s

n n
n n

K
n






   
   

  


.  (18) 

The nano-porosities are expressed starting from (8) 

and read as 

       

  

1 1 1 1 exp

1 1

b b i i b

f f

i i

f

n n

x
n

x

  



     

  
 

,  (19) 

and 
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       

  

1 1 1 1 exp

1 1

t t i i t

f f

i i

f

n n

L x
n

L x

  



     


  

 

.  (20) 

To derive the above expressions we adopted an 

approximation of the elementary deformation d as a 

function of the elementary variation of the sample height 

dl as follows d=dl/l. Integration of this equation yields 

    
0

ln ln
b x b

x

x
l

x


 

 
    ,  (21) 

 

and 

   
0

ln ln
t L x t

L x

L x
l

L x


 

 



 
  


.   (22) 

We obtain a system of 6 unknowns {Pext, x (or ), 

nf
b,t

, 
b/t

} depending on Sw parameterized by Ks, and s. 

 
3 Results and Discussion 

We now depict the numerical results of the simulation of 

the swelling pressure during hydration and the related 

evolution of the microscopic properties giving further 

insight to the local rearrangement. As the present study 

has a qualitative character, without any loss of generality 

we assume identical Poisson ratios at the macro- and 

micro-scale, s==0.25. The numerical results are 

analyzed in terms of Ks playing the role of a scaling 

parameter accounting for the transmissibility between 

nanoscopic disjoining and microscopic capillary effects. 

3.1 Swelling pressure 

Figure 5 shows the external swelling pressure for 

saturations between Sw
i
 and Sw

f
=1. The numerical results 

for different values of Ks (1MPa, 5MPa and 100MPa) are 

compared to the experimental values taken from [1]. 

 

Figure 5. External swelling pressure vs. saturation para-

meterized by the microscopic bulk modulus and comparison 

with experimental data from [1]. 

In agreement with the experimental results, Pext 

increases during water intake. Owing to the separation of 

the different contributions (contact stress, capillary 

pressure and disjoining forces) to the total pressure (1), 

the model shows that the increase in the swelling pressure 

is not due to an increase of the disjoining pressure. 

As shown on Figure 6 for Ks=5MPa, d decreases 

during water infiltration. The red dots correspond to the 

top part of the sample being at initial saturation where d 

is computed by a HS law (7), whereas the blue dots 

correspond to the bottom part being at full saturation and 

where d is given by PB theory (6). As capillary pressure 

vanishes at full saturation and deformation is restricted, 

the external pressure is completely determined by the 

disjoining pressure which is given by PB law as the 

overall medium is now composed of the bottom part. In 

agreement with the expectations [18], the completely 

saturated state corresponds to about 3 water layers in the 

nanopores. 

 

Figure 6. Evolution of the disjoining pressure with saturation: 

in the top dry part (red dots) computed by a HS law (7) and in 

the bottom part (blue dots) by PB theory (6); Ks=5MPa. 

Figure 5 highlights also the limits of the present 

model. The best fit to the experimental data is observed 

for Ks=5MPa. After a good agreement at low saturations, 

the numerical values remain clearly superior to the 

experimental ones. This discrepancy is even more 

pronounced for higher values of Ks. Setting Ks to 1MPa 

allows reducing the swelling pressure at full saturation, 

but the evolution of Pext during hydration does not 

enhance the fit to the experimental observations. 

Notwithstanding these shortcomings it can be concluded 

that in order to obtain swelling pressures in the MPa 

range, Ks has to be of the same order of magnitude which 

is clearly inferior to the global values of the bulk modulus 

given in the literature and varying between 10-50GPa 

[21,22]. Since Ks being solely linked to the connectivity 

of the solid structure inside the clay agglomerates, we 

conclude from this observation that the overall rigidity 

may be ensured by the action of the disjoining forces 

originating from the nanoscopic clay platelet scale. 

It is noteworthy that, conversely to the numerical 

data, after in initial increase the experimental swelling 

pressure decreases to increase again. Such behaviour 

stems from the collapse of the macrostructure when 

reaching the LC line in the frame of elasto-plastic 

deformation [2] which is not accounted for in the present 

model approach. This multi-scale model allows to give 

insight to the contribution of local phenomena to the 

macroscopic mechanical behaviour. As a next step one 

has to incorporate macroscopic plastic deformation. 
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 3.2 Porosities at the fully saturated state 

Figure 7 shows the nano- and the microporosities at the 

fully saturated state as a function of the microscopic bulk 

modulus. In agreement with the expectations, the 

microporosity decreases between the initial dry (nf
i
=0.39) 

and the final saturated state, which is linked to capillary 

pressure decrease [3,6]. The volume being fixed 

impeding any macroscopic deformation, the nanoporosity 

increases during water intake. We remind that initially 


i
=0.24. This confirms the ability of the multi-scale 

model in capturing water transfer from the microscopic 

inter particle to the nanoscopic inter platelet pores during 

hydration. Such change in the porous space is more 

pronounced for a soft solid matrix being characterized by 

low values of Ks. Note finally that the increase of the 

inter platelet distance is at the origin of the decrease of 

the disjoining pressure during hydration. 

 

Figure 7. Nano- and microporosities at the fully saturated state 

as a function of the microscopic bulk modulus Ks. 

 

 Conclusion 

Our former developed multi-scale version of Terzaghi’s 

effective stress principle for unsaturated expansive clays 

accounting for electro-chemico-hydro-mechanical 

coupling at different length-scales is applied to 

numerically simulate swelling pressure tests at constant 

volume. The comparison between our numerical results 

and experimental data performed at the CIEMAT 

highlight the ability of our model in capturing the 

contribution of microscopic capillary pressure and 

nanoscopic disjoining forces to the overall swelling 

pressure. The main conclusions are: 

- The model is able to capture water transfer from 

microscopic inter particle to nanoscopic inter platelet 

pores during hydration. As a consequence the increase of 

the swelling pressure is the result of two phenomena: 

Initially the high capillary pressure is completely 

compensated by the disjoining pressure. At full saturation 

where capillary pressure vanishes the swelling pressure 

corresponds to the effective disjoining pressure with a 

somewhat lower magnitude due to a higher inter platelet 

distance within the clay agglomerates at the nano-scale.  

- In spite of classical PB theory remaining valid at high 

saturation, the molecular character of the electrolyte 

solution has to be taken into account for accurately 

modelling the disjoining pressure at small inter-platelet 

distances. By selecting a nanoscopic description of a 

simple HS fluid confined between two planar hard walls 

the disjoining pressure has been computed using classical 

DFT. Notwithstanding the simplicity of our approach it 

leads to an improvement of the nanoscopic description 

particularly at low hydration. 

-  The microscopic bulk modulus plays the role of a 

scaling parameter between disjoining and capillary 

effects. The numerical results show that in order to obtain 

swelling pressures in the MPa regime, Ks has to be of the 

same order of magnitude, which is significantly lower 

than the values of the overall bulk modulus typically 

found in the literature. The overall rigidity of the medium 

may thus be ensured by nanoscopic disjoining forces. 

Some shortcomings still persist such as the 

overestimation of the swelling pressure and the loss of 

accuracy in reproducing the decrease of the swelling 

pressure during water intake due to a rearrangement of 

the clay clusters. Such behaviour is tied up to a collapse 

of the macrostructure when reaching the LC line. Further 

work is ongoing to include plastic deformation. 
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