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Abstract. The estimation of the uncertainty associated with stage-discharge relations is a challenge to the 
hydrologists. Bayesian inference with likelihood estimator is a promissory approach. The choice of the 
likelihood function has an important impact on the capability of the model to represent the residues. This 
paper aims evaluate two likelihood functions with DREAM algorithm to estimate specific non-unique 
stage-discharge rating curves: normal likelihood function and Laplace likelihood function. The result of 
BaRatin is also discussed. The MCMC of the DREAM and the BaRatin algorithm have been compared 
and its results seem consistent for the studied case. The Laplace likelihood function presented as good 
results as normal likelihood function for the residues. Other gauging stations should be evaluated to attend 
more general conclusions.  

1. Introduction
The most common method for monitoring flow is to define it relation with the stage by a rating curve in a gauging 
station. This curve is usually determined empirically by means of periodic measurements of discharge and stage. The 
exponential form (equation 1) is widely used to represent the stage-discharge relation [1 - 3].  

     (1) 

where  is a coefficient, h0 is a cease-to-flow reference level, and n is an exponent. Considering the hydraulic controls 
and the reference regimes, the parameter n should agree with typical theoretical values 5/3 (Manning-Strickler), 3/2 
(rectangular weir) or 5/2 (triangular weir). The parameter  also depends on the hydraulic controls and reference 
regimes, besides the geometry of the section, the declivity and the Strickler coefficient [1, 2]. 

The estimation of the uncertainty associated with stage-discharge is a challenge to the hydrologists. Bayesian inference 
is a particular promissory approach if the prior distributions of the parameters can be estimated with field data. 
The choice of the likelihood function has an important impact on the capability of the model to represent the residues 
[4, 5]. Therefore the likelihood function should be adapted with structural error of the model. As it is normal to observe 
higher structural uncertainty for higher flows, the structural model can be represented by a linearly-varying standard 
deviation: 1 + 2 Q [1, 2]. This approach is called heteroscedatic [4]. If we assume the error residuals to be normally 
distributed and uncorrelated then the likelihood function can be written as on equation 2. 

   


   
 

   (2) 

Where  is 1 + 2 Q. This formulation also can consider an unrealistic homoscedatic error, if  is defined as a
constant 1. Various others equation can be proposed to handle nontraditional error residual distributions [4]. The 
Laplace or double exponential distribution is a classical interesting likelihood function because it assumes a L1-norm of 
the error residuals, resulting in a loss of sensitivity to outliers (equation 3). 

   
   

   (3) 

Where  is 1 + 2 Q.
After the definition of the prior distribution and likelihood function, Monte Carlo (MC) simulation methods are required 
to generate a sample of the posterior distribution. The DiffeRential Evolution Adaptive Metropolis (DREAM) algorithm 
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[6, 7] is a multi-chain Markov chain Monte Carlo (MCMC) simulation algorithm automatically tunes the scale and 
orientation of the proposal distribution en route to the target distribution, and exhibits excellent sampling efficiencies on 
complex, high-dimensional, and multi-modal target distributions. This algorithm is implemented on MATLAB scripts 
and has been used in many publications about hydrological processes [7].  
BaRatin (BAyesianRATINg curve estimation [2, 13]), compose a statistical and hydraulic frameworks to estimate 
specific non-unique stage-discharge rating curves along with their uncertainties. The concept of hydraulic control to 
define the rating curve equations as well as the prior distributions of the parameters is presented. The algorithm uses the 
equation 2 as likelihood function with heteroscedatic residues and a combined Markov Chain Monte Carlo (MCMC) 
sampler with 4 chains to calculate the posterior probability density function [8]. 
This paper aims evaluate two likelihood functions (equations 1 and 2) with DREAM algorithm to estimate specific non-
unique stage-discharge rating curves as modeled by BaRatin [13]. 

2. Observations: uncertainty in individual gaugings
The BaRatin framework also requires the analysis of individual gauging error, i.e., the observations provided to the 
Bayesian simulator [2]. Three kinds of errors should be highlighted to evaluate a stage-discharge relation: 1. 
measurement errors, combining instrumental errors, environmental errors, and spatial integration errors; 2. time 
integration error due to possible flow variability during the measurement period of time; 3. stage-discharge bias due to 
non-reference flow conditions, such as the dynamic hysteresis effect [1, 2, 3]. 
The uncertainty of mechanical current meter has been proposed on an ISO [9]. The quantification of the uncertainty of 
Doppler flow measurements has developed significantly in the last year. QRev [10] is an important framework 
developed to this purpose.  
Otherwise, in extensive series of data, it is possible to lead with other kinds of error. For example, a mechanical current 
meter measurement can be affected by directional bias [11]. In the other hand, Doppler based current meter 
measurement can be biased by moving bottom [10, 11]. Sometimes, in an ensemble of measurements, there is some 
without information about the effective occurrence of these sources of bias.  
Changing the likelihood function is a way to deal with measurements that not respect the model of error residuals. The 
Laplace distribution can be a solution to minimize the importance of outliers. In this case, the outliers are the biased 
measurements. 
At this work, to simplify the analysis, the errors of individual gauging are not considered (errors = 0).  

3. Methodology

3.1. Study Case 

The study of case is a gauging station in the river Ivinhema in the state of Paraná/Brazil. The gauging station is located 
in straight segment of the river whose bed is composed basically of bedrock and sand. The catchment area is estimated 
in 32,000 km². 
Figure 1 presents the historic of bathymetries on the river section. It can be noted that the section is stable and can be 
modeled as a rectangle until the 3.8 meters of level with 200 ± 30m of base. At the section, the river flows in normal 
regime. The declivity of the river was estimated as 0.0005 ± 0.0005 m/m and the Strickler coefficient as 30 ± 10 
m1/3.s−1. The offset of the section control is set to −0.8 m ± 1 m. 

Fig. 1. Historic of bathymetries on the Ivinhema river section 
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3.2. Delimitation of the problem

To simplify the problem, only the measurements of levels under 3.8 meters are considered. The period of data starts in 
1972 and finishes in 2017, covering 100 measurements. The maximum and minimum measured flows were 830 m³.s-1

and 114 m³.s-1, respectively. The priors of the parameters with its minimum and maximum possible values are presented 
in Table 1. The first 48 measurement were used as calibration data and the last 52 were considered as validation data. 
Two types of likelihood functions are evaluated: 1) equation 1 with heteroscedatic structural error, 2) equation 2 with 
heteroscedatic structural error. For each case, ten chains composed by 5,000 generations have been carried out. 
The software BaRatinAGE v 2.0 [12] was used to compare the results. 
The uncertainty associated with the results simulations was quantified by the confiability index. 

Table 1.Priors of the parameters with its minimum and maximum possible values 

Inferred 
parameters 

Physical 
parameters 

Units Prior 
Distributions 

Minimum and 
maximum 

1  [m4/3 .s−1] Normal(134,41.5) 20 – 150 
2 h0 [m] Normal(-0.8,0.5) -2 – 0 
3 N [-] Normal(1.666,0.1) 1.5 – 2 
1 - [m3.s-1] Uniform(0,106) - 
2 - [-] Uniform(0,106) - 

4. Results 
To evaluate the possible differences between the MCMC of the DREAM and the BaRatin algorithm, the 95% 
uncertainty band of the two methods were compared as showed in Figure 2. It is possible to remark that the methods are 
consistent.  

Fig. 2. Comparison of 95% uncertainty band for BaRatin and DREAM methods 

The marginal distribution and bivariate scatter plot of the posterior samples are presented on figures 3 and 4 for each 
likelihood function. Finally the confiability index for calibration and validation data are disposed on figures 5 and 6. 

Fig. 3. Marginal distribution and bivariate scatter plot of the posterior samples with normal likelihood function for the residues 
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Fig. 4. Marginal distribution and bivariate scatter plot of the posterior samples with Laplace likelihood function for the residues 

Fig. 5. Confiability index for calibration and validation data with normal likelihood function. 

Fig. 6. Confiability index for calibration and validation data with Laplace likelihood function. 

The Laplace distribution did not improve significantly the results. The punctual improvement of 95% validation band is 
compensated by the loss of quality of smaller validation bands. 

5. Conclusions 
The MCMC of the DREAM and the BaRatin algorithm have been compared and its results seem consistent for the 
studied case. The Laplace likelihood function presented as good results as normal likelihood function for the residues. It 
is important to highlight that just the low reach of gauging curve of a stable river has been considered in this paper. 
Other gauging stations should be evaluated to attend more general conclusions.  
The individual gauging uncertainty can rule a major role on the results of the presented analysis and should be 
considered in future studies. However, the estimation of this kind of uncertainty still is a challenge for extensive series 
of data which different flow measured methods. 

The authors thank all the field hydrology team for the day-a-day work that provides quality assured data and for this reason allowed 
the development of this paper. 
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