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Abstract. In this paper the heat transfer process between laser beam and a solid body is investigated in the
context of the protective materials, which can be used in the military, manufacturing or scientific fields. An
ultra-fast high-power interaction regime is being considered. Non-Fourier effects are taken into account. To
simulate effects, which can be of significance in the protective materials design, Cattaneo-Vernotte equation
is being solved by means of MacCormack explicit second order numerical scheme. Selected results are
discussed in detail.

1 Introduction
The rapid development in the laser technology requires
an adequate description of the heat transfer processes
that are associated with the laser-solid interactions. In
the recent years a special attention has been given to the
ultra-short laser pulses that are applied in the fields such
as laser weapons, manufacturing or confinement fusion
research [1,10,13].
A proper modelling of the ultra-fast interactions is
crucial for obtaining reliable temperature fields in the
considered problems [3,5]. The parameters of the lasers
available commercially, used in the military or scientific
fields such as pulse duration time and energy determine
heat propagation regime which needs to be considered
[4,8,9]. In the current paper non-Fourier heat
propagation conditions are being considered. The
investigation of the effects typical for the wave-like heat
propagation and their influence on the temperature
distribution in the given system are being studied.

Eq. (1) is the classic Fourier equation and it assumes
the infinite speed of heat propagation. In fact, as the heat
conduction is accomplished by successive collisions of
the energy carriers (phonons or electrons), the
propagation of the thermal disturbance is always at the
finite speed.
The paradox of the infinite thermal disturbance
propagation speed was addressed by Cattaneo and
Vernotte by introducing the thermal relaxation time
parameter:
∂T ( x, t )
∂ 2T ( x , t )
∂ 2T ( x , t )
+t R
=
α
∂t
∂t 2
∂x 2

(2)

The comparison of temperature distributions obtained
by using both equations can be seen in Figure 1.

2 Page layout
The classical heat conduction theory based on the
Fourier’s law assumes that thermal disturbance
propagates with an infinite speed. For the most heat
transfer problems this assumption is valid. However,
when one considers ultra-fast processes of
electromagnetic wave and solid interaction thermal
propagation speed, as postulated by Cattaneo [2] and
Vernotte [12], becomes relevant.
Transient one-dimensional heat conduction
equation can be written as follows:
∂T ( x, t )
∂ 2T ( x , t )
=α
∂t
∂x 2

*

(1)

Fig. 1. Comparison of the temperature distributions obtained
by solving Fourier and C-V equations.

Eq. (2) is a hyperbolic partial differential equation in
mathematical sense. Solution of the C-V equation results
in the temperature field disturbance (caused by i.e.
subjecting the surface to the heat flux boundary
condition) only in the distance of C0 ⋅ t from the surface.
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Irradiation of the thin film with thickness
considerably smaller than the length allows to employ
1D approach in the x-direction (across the thickness).
Assuming that the side walls are suddenly subjected to
the heat flux density, we can formulate the boundary
conditions as follows:
−

∂T ( x, t )
qW0 (t )
|x =0 =
∂x

−

∂T ( x, t )
qWL (t )
|x = L =
∂x

Based on the MacCormack second-order accurate
explicit scheme predictor and corrector expression can
defined as:
∆ζ
+1
[Fi +f 1 − Fi f ] − ∆ζ H i f
E i f =
Ei f −
∆η
=
Ei f +1

(3)

∂T ( x, t )
= Tinit ( x)
∂t t = 0

0
θ (η , ζ ) 
Q(η , ζ ) 


E=
F=
H =


 (15)
Q(η , ζ ) 
θ (η , ζ ) 
 2Q(η , ζ ) 

(4)

The stability criterion for this method, when applied
to a linear equation, is ν ≤ 1 , where ν =
∆ζ / ∆η is the
Courant number. However, due to nonlinear nature of
the present equations, the stability criterion is reduced.
As the Courant number becomes smaller, the effect of
odd derivative truncation error terms becomes larger,
and oscillations occur in the vicinity of discontinuities in
the solution [7].

(5)
(6)

The above mathematical model is used to compare
solutions of the classical heat conduction and
Cattaneo-Vernotte equations. The comparative analysis
is performed to define potentially dangerous effects that
might occur in the ultra-fast laser beam and solid
interaction regime.

4 Simulation results
Throughout the numerical simulations that were
performed within the scope of the study, the numbers of
results have been obtained. The following section
presents selected cases.
Figure 2 presents the overview of the temperature
evolution in the considered system. Duration time and
heat flux density magnitude have been set up arbitrary to
illustrate effects, which could be potentially dangerous
for the laser protection system.
After the boundary conditions on both sides are
imposed, a set of wave fronts is being created in the
domain. Thermal wave propagation starts to advance
toward centre.
The propagation front separates the thermally
affected zone from the thermally undistributed region.
Once wave fronts arrive at the centre of the film, they
collide with each other causing a sudden and significant
temperature increase in this region.
Consequently, revers thermal wave fronts emerge,
and they begin to advance toward side walls. Once
reverse waves reach the boundary region, the
temperature at both walls exceeds the initial wall
temperature (as an effect of wave reflection) creating
temperature overshoot.
Performed numerical study predicts the existence of
thermal waves providing both the amplification and
shape. In the investigated case, the sudden temperature
increase due to waves collision in the centre of the
structure occurs at 4.55·10−15 s. The side walls
temperature at the time step equals to 470 ℃. The
maximum peak temperature in the system equals to
599 ℃, rising suddenly from 284 ℃. It means that the
system experienced step temperature jump by 210% with
respect to the before-the-collision temperature in the
centre of the structure. While considering the side wall
as a reference, the peak temperature raised by 27%.

3 Computational method
MacCormack proposed second-order accurate explicit
scheme to solve compressible Navier-Stokes equation
[11]. As reported by [6] this scheme proved to handle
well moving discontinuities, such as heat waves, and it is
valid for hyperbolic heat conduction problems.
MacCormack discretization procedure is a two-step
predictor corrector scheme which is based on nondimensional formulation. The non-Fourier heat flux
equation can be written in the following form:

q ( x, t ) + t R

∂q ( x, t )
∂T ( x, t )
=
−λ
∂t
∂x

(7)

The energy equation is given by:

−

∂q ( x, t )
∂T ( x, t )
=
ρc
∂x
∂t

(8)

The dimensionless temperature, dimensionless heat
flux, dimensionless time and space variables are defined
as follows:

T − T0
α q / λc

(9)

T ( x, t ) − T0
α q / kc

(10)

ζ =

C02 t
2α

(11)

η=

C0 x
2α

(12)

q (η , ζ ) =
Q(η , ζ ) =

1 f  f +1 ∆ζ  f +1  n +1
[Ei + Ei − ( Fi − Fi −1 ) − ∆ζ H in +1] (14)
∆η
2

Where:

The initial conditions can be written as:

T ( x, t ) |t = 0 = T0 ( x)

(13)
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As the reverse waves reach the side walls, the
temperature overshoot effect occurs at 9.1·10−15 s. Both
side walls temperature suddenly rises from 555 ℃ to
986 ℃, which corresponds to 77% increase.
A similar reflection effect can be observed once one
of the wall is well insulated. Let assume identical
conditions as for the above described case, with
exception for the right wall boundary condition, which
for the current case is subjected to the heat flux density
2
qW L = 0 W/m .
Figure 3 illustrates temperature distribution in the
system in the consecutive time steps.

The wave front is being created after the boundary
condition is imposed on the left wall. Thermal wave
propagates toward insulated wall. Once the front collides
with the wall, the sudden temperature increase occurs,
and the reverse thermal front emerges. New front
advances toward the left wall and after the second
collision it causes the temperature overshot.

Fig. 3. Heat wave reflection from the insulated wall. Neumann
BC. Results for time steps: 4.5·10−15 s, 1.1·10−14 s, 1.7·10−14 s
and 1.8·10−14 s. Heat flux density qL = 1·1014 W/m2 on the left
side wall and qR = 0 W/m2 assumed as the boundary
conditions.

The numerical analysis of the configuration
consisting of two materials with various relaxation times
has been carried out. Obtained results suggest that a
discontinuity such a transition from one material to the
other can result in a reverse wave creation. A wave

Fig. 2. Heat waves collision. Neumann BC. Temperature
distribution. Results for time steps: 3.5·10−15 s, 6.2·10−15 s,
8.4·10−15 s and 9.7·10−15 s. Heat flux density q = 1·1014 W/m2
on the both side walls assumed as a boundary condition.
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5 Summary and conclusions

which emerged at the materials boundary is traveling in
the backward direction advancing towards wall subjected
to the Neumann boundary condition.
In Figure 4 one can see the results showing
temperature distribution in the dimensionless domain for
two materials, where τ R1 = 1 ⋅10−11 s and τ R 2 = 1 ⋅10−13 s.
Assuming that density, specific heat capacity and
thermal conductivity are the same for both materials,
speed of wave front is C01 = 1 ⋅103 m/s and C02 = 1 ⋅104
m/s, respectively, for the right and left sides.
This result should be treated as a potential effect that
needs further investigation and it is beyond the scope of
the present study. The author has not found any
confirmation of such a phenomenon in the experimental
data available in the literature. However, if this kind of
effect existed in nature, then it should be qualified as
another thermal response that might be of significance
while evaluating thermal performance of the system.

In the presented study the MacCormack numerical
algorithm has been adopted to solve the hyperbolic heat
conduction equation. A comparative analysis of the
solution of the classical heat conduction equation and the
Cattaneo-Vernotte equation is performed for the
Neumann boundary conditions.

Fig. 5. Energy balance check. Comparison of heat accumulated
by the system with heat delivered to the system over time.

The investigation of the heat waves collision
phenomenon is carried out. Two effects have been
identified as potentially relevant for the thermal barriers
which are meant to interact with the laser radiation. The
first effect occurs after waves’ collision. It results in a
step change of the temperature inside the structure,
which can lead to the limit exceedance. The second
effect is the temperature overshoot on the side wall,
which is the result of the backward wave and the wall
interaction.
In the example that illustrates the phenomenon, the
maximum temperature overshot was equal to twice the
temperature in the centre of the structure before the
collision. This suggests that the described effect might
be potentially dangerous for the considered system.
Laser-matter interaction and the associated heat
transfer process are very complex phenomena. Both are
still subjects of extensive research efforts. Prediction of
the temperature field in the irradiated solid requires not
only comprehensive heat transfer model, but also reliable
material properties.
The dynamic of the process and lack of detailed
material data (in particular the relaxation time
parameter) are, among others, the reasons why till now
there is no versatile correlation that would allow for
precise prediction of the temperature evolution in such a
system.
It is also crucial to point out that all the
considerations on the particular protective system should
be done in the context of the laser wavelength, which
determines the absorption mechanism. If one knows the
wavelength of the radiation source, then the set-up of the
dedicated material configuration can be chosen
accordingly. A separate effort should be undertaken in

Fig. 4. Wave reflection at the two materials’ interface.

For all the presented numerical calculations the
energy balance check was done. The balance was carried
out by comparing heat accumulated by the system versus
heat delivered to the system. The accumulated heat is
determined based on temperature distribution at a given
time step.

QACC = m c pT ( x, t )
L

QACC = Aρ c p ∫ T ( x, t ) dx
0

(16)
(17)

Heat delivered to the system is calculated by means
of the control surface at the side walls and heat flux
integration over time
T

QDEL = A∫ q(t )dt
0

(18)

Figure 5 presents the energy balance of the wavewall interaction scenario. For the comparison purposes,
value of the area, A, is set up to 1. It is seen that the heat
accumulated by the system, QACC, is equal to heat deliver
to the system, QDEL, over time.
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order to build a relation between radiation wavelength
and corresponding hardware protection strategy.

3.

Nomenclature
C0
c

L
Q
q

T
t

x

4.

– speed of the thermal wave, m/s,
– specific heat, J/(kg·K)
– length of the system, m,
– dimensionless heat flux, –,
– heat flux, W/m2,

5.
6.

– temperature, °C,
– time, s,
– spatial variable, m,

7.

Greek symbols

θ

α
ζ
η

τ

λ
ν
ρ
R

– thermal diffusivity, m2/s,
– dimensionless time variable, –,
– dimensionless space variable, –,

8.

– dimensionless temperature, –,
– thermal conductivity, W/(m·K),
– Courant number, –,
– mass density, kg/m3,
– relaxation time, s.

9.
10.
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