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Analysis of a Prey-Predator Fishing Model for Harvesting with The
Limited Effect of Density and Toxicity
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Abstract. We proposed a model of prey-predator fishing by considering proportion of prey density
and toxicity in ecosystem. The model is analysed to study about biological equilibrium, bionomic
equilibrium and its stability. The aim of the model is to determine the optimal sustainable harvesting
for each species. The optimal harvesting is resulted from Pontryagin’s maximal principle. The global
stability of coexistence equilibrium is analyzed from Lyapunov function. The effect of toxicity leads
to the decreasing of sustainable harvesting.
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1 Introduction
Indonesia has diversity in freshwater ecosystems, but
lately it goes extinction because of red devil fish
(Amphilophus Labiatus). The red devil as predator came
from Nicaraguan Lakes through cultivation of the
domestic fish [1,2].
In other condition, the ecosystem get problems from
effect of toxicants that come from industries, household
waste etc. leading the effect for the freshwater ecosystems
Hallam [3-9] . The ecological effects of toxicants released
by the marine biota was studied by Tapasi [10].
The harvesting of fish was introduced by Smith [11]
in a mathematical modelling. The researcher seen that the
harvesting of fish must fulfil the optimal condition in so
that it was not disrupting the ecosystem. Smith modelled
competing two specie competitive in an ecosystem, to
obtain optimal problem used Pontryagin’s maximal
principle [12].
In addition, an ecological model about two preys and
one predator species is proposed by Sutimin et.al. [13].
The model considered the competition two preys with one
predator. Functional response of species are assumed in
bilinear term.
In this paper, we discuss a model by considering the
effect of toxin and limited prey density. We analyse the
existence of the equilibrium and its stability for the model
including nontrivial equilibrium. We will also examine
about bionomic equilibrium and optimal problem in
harvesting.

2 Model of mathematics
First, we assume that the ecosystems is freshwater,
with just two species that will be a prey, and a predator
*

for the other.A prey will be said   and a predator will
be said  . Then, we assume the freshwater get
pollution so may cause toxin for the two species that have
limited density to live. The model is given by the
following,
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where  are constant growth rates of prey and predator
populations with
and the carrying capacities and
, respectively. The prey population decreases due to
predator effect with the rate
, conversely, predator
population increases with the rate
supported by prey
consumption. We assume that the functional response is
x
, and 
are death rates of prey and
in term of
x y
predator due to toxin, catchability coefficients of prey and
predator biomass are denoted q1 , q2 and E is the
harvesting effort unit of prey and predator biomass.

3 Analysis of system
We discuss about equilibrium states, then analyse
them for its stability and the bionomic solution for the
model.
3.1 Existence of equilibrium points
There are equilibrium states that are given by the
following,  the state of extinction for two species
of fish. Then,     the state prey species exists, but
predator dies, where
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is the state when the prey and predator exist,
where  is the solution of polynomial
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The polynomial has exactly one positive root of  , when
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From the equation (8), we can see that sum of roots is

(3)

We have the derivative of
 





By eliminating
in Equation (5), (6), and (7), and
substituting from Equation (5) to Equation (6) and (7),
we get the solution of from the equation



(8)

The following theorem give that non trivial solution is the
the global stable for the model.
Theorem 3.1. The point      is global stable if,

.
Proof: Lyapunov function is defined
  
    
    







3.2 Analysis of nontrivial equilibrium point
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by substituting the system (1) to above equation, we get
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, we can conclude that
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The bionomic solution is
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The bionomic point 

, it completes
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, so
, with
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is unique
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3.3 Bionomic steady state

3.4 Optimal Harvesting Analysis

The condition of bionomic is obtained by equity of
total revenue and effort for harvesting. Let is defined as
the fishing cost per effort unit, 
are the prices per
unit for prey and predator, respectively. The economic
value is in following
    

 E
(5)
From the system (1), we must get, so it will be

Let is a continuous function for the revenue
(9)
     
With      is economic value, and δ is discount
annual rate. In the problem is to maximize the objective
function (9) subject to the system (1). We must control
  subject to     
. Hamiltonian function
is given by
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where , are the adjoint variables. To get an optimal
equilibrium solution, we get
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From the result and discussion, we get the
conclusion that ecological model of fishery for harvesting
with two species as prey-predator, has 4 equilibrium
states. For nontrivial equilibrium states was analysed the
global stability. The model has unique positive state for
bionomic solution. The optimal decision in long term for
the sustainable harvesting incorporating toxin in the
ecosystem was investigated. The results show that the
toxin reduces the productivity of harvesting. Therefore to
increase the income for harvesting, it is needed the
environmental sustainability with low carbon growth to
support sustainable economic growth
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There are two positive real roots of (13) or complex roots
with positive real parts. The solution of (13) is given by
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It is clear that   is bounded for   , if only if
. Thus we have
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4 CONCLUSION
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