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Abstract. Convention does not provide a solution combining drained and undrained response, loss and recovery of sand stiffness, all in one irregular loading sequence. Alas, such solution is necessary for designing
offshore wind turbine foundations and predicting soil behavior during (and after) seismic events.
To gain deeper understanding of the fundamental phenomenon governing disturbed sand behavior, unconventional testing procedures were attempted using a frictionless triaxial apparatus. The resulting observations revealed a new physical phenomenon (deformation dependent stiffness hysteresis loops). The new
observations were then used to derive an unconventional model (BSM), which uses a strain (deformation)
envelope.

1 Introduction
Classical geotechnics focuses on quasi-static loading
cases, such as slope stability and static structures (buildings or dams). There, dynamic / cyclic loads don’t play
a dominant role. More recent research analyses seismic
events, where cyclic loads occur in short bursts of large
energy. Offshore wind turbines raise a different challenge,
as their foundations are exposed to continuous cyclic loads
generated by wind, waves and moving components [1].
Cyclic loads can cause both positive and negative effects:
disturb or stabilize the foundation, reduce or increase the
stiffness of soil. Especially during extreme events - storms,
collisions, emergency stops [1]. Therefore, it is necessary to investigate the fundamental phenomenon governing loss and recovery of disturbed sand stiffness, during
both drained and undrained loading, under irregular loading cycles.
Contemporary convention lacks consensus on how to
treat cyclic preloading effects [2]. Conventional tests fail
to observe sand stiffness at its full complexity [3]. Procedures presented in this paper are different, as they attempted to combine both: drained and undrained response,
both: loss and recovery of stiffness, during irregular loading cycles - all under one set of rules, in an original model
called BSM (Bezier stiffness model). The model is radically different from convention, as it is anchored to a deformation envelope rather than stress space parameters. BSM
was derived directly from novel experimental observations
[4] [5], rather than building on top of existing convention.
The BSM is meant to capture the long term behavior
of disturbed sand. Unlike conventional models, BSM does
not depend on "initial state". Instead, BSM predicts evolution of disturbed soil states. It converges towards the
"final" shape of the stiffness hysteresis loop, regardless of
"initial state". In addition, the novel approach has remarkable prescriptive power, which allows to control real life
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specimens in real life testing. The specimen stiffness can
be reduced and increased selectively. The model can capture even a paradoxical soil state demonstrated experimentally: lower stiffness at higher density [6] [5]. Thus, proving deep fundamental compatibility between the numerical model, and physical properties of the real material.
BSM has the potential for a wide scope of applications.
For example: designing anchors of ships or other floating structures. Similar models could predict disturbed soil
states as they develop before, during and after an earthquake. BSM could allow to control soil properties with
greater precision in industrial processes, where targeted
volumes of sand are modified intentionally towards higher
/ lower stiffness. The wide scope of potential applications
comes from the fact that fundamental soil properties are
explored - stiffness hysteresis loops. Therefore, touching
all areas of geotechnics where sand stiffness is disturbed
by cyclic loads.

2 The new modeling principle (BSM)
The method of Bezier stiffness model (BSM) uses a
defamation (strain-space) envelope. The solution starts
by checking position of a strain (deformation) within the
strain (deformation) envelope. Then, deviator stress q is
interpolated within the Coulomb stress limits (Eq’s. 4,
5) in proportion to  position within the deformation envelope. Thus, the stress point always stays within the
Coulomb envelope limits. In the model, q (deviator stress)
is described using polar coordinates (Eq.2). To find q using polar coordinates, two lines are used: a line following
the stress angle η = q/p, and a line following the effective
stress path (ESP) (see Fig.2). The two lines perform independently of each other, and are governed by two mutually
independent variables (η governed by  position within the
deformation envelope, ESP governed by σr value). The
exact q value is where the two lines cross each other.
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Fig. 2. The η and σr are independent. η angle is controlled by
interpolating  within the deformation envelope. σr is input by
user, it controls the position of the ESP line. Where ESP and η
lines cross, the q is found.

Fig. 1. Geometry of the specimen, tested using the frictionless
triaxial apparatus. In this paper the BSM is used to model behavior of a sand specimen (Frederikshavn sand), which has height
to diameter ratio 1:1, and is loaded using end plates with low
friction [3] [6].

κ coefficients. If  cycles are applied within the y limits,
the y shrinks gradually, until the edge of the y begins to
touch the peaks of applied  cycles. Consequently, when
cycles of constant  amplitude are applied, y will converge
to match the peaks of applied deformation amplitude. This
is a very important feature, as stiffness hysteresis loops in
sand converge towards a predictable pattern, when deformation cycles of constant amplitude are applied [6] [5].
Thus, because the envelope adapts to match applied deformation amplitude, a stiffness hysteresis loop normalized
within the envelope will overlap the stiffness hysteresis
loop generated experimentally.

The effective radial stress (σr ), shown in Fig.1 is constant during drained triaxial testing. Thus, σr can be held
constant when doing simulations of drained specimens using BSM. In undrained test, however, σr varies due to pore
pressure variation, as the absolute radial stress is carried by
both pore water pressure and effective stress. Undrained
specimen contract and dilate, causing pore water pressure
to vary, thus casing effective σr variation. Undrained pore
pressure variation is an unresolved nonlinear problem in
geotechnics. Therefore, during undrained triaxial test simulations, σr values have to be borrowed from the measurement history. Nevertheless, η behaves as a function of  at
all times, regardless of drained or undrained mode.

qmax
qmin

σa + 2 · σ r
p=
3
q = σa − σr
η = q/p
3 · σr · tan(φ)
=−
tan(φ) − 1
3 · σr · tan(φ)
=−
tan(φ) + 1

f = R − abs( − o )



κR,1 · abs(∆), if f ≤ 0 stabilize
∆R = 

κR,2 · f ,
if f > 0 yielding



κO,1 · ∆, if f ≤ 0 stabilize
∆o = 

κO,2 · f , if f > 0 yielding

(1)
(2)
(3)
(4)

(6)

(7)
(8)

Within the y envelope hardening curves are normalized (Eq.9, Fig.4). The curves were obtained by allowing
stiffness hysteresis loops to stabilize at different deformation amplitudes during real life triaxial testing [6] [5]. The
curves were obtained at different deformation amplitudes
and σr values, then normalized between 1 and 0 along both
axes.
Since the hardening curve is normalized within y envelope, when y expands (yielding), the stiffness curves
become stretched (lower stiffness). The process of losing
stiffness this way will be referred to as "disturbing" the
sand (disturbed sand has lower stiffness). On the other
hand, when y envelope shrinks, the stiffness hysteresis
loops become steeper. Thus the specimen recovers stiffness. The process of stiffness recovery will be referred to
as "stabilizing". A real sand specimen, during a real frictionless triaxial test, can be repeatedly stabilized and disturbed towards different deformation amplitudes [4] [5],
[6], and the BSM model captures the behavior by adjusting y towards applied deformation history.

(5)

η is modeled as a function of , with respect to  position within the deformation envelope (y , Eq. 6). The y is
defined in strain space coordinates. For a triaxial test, the
y boundaries move along unidimensional  axis. The y
envelope can be described as a circle, with the center and
radius coordinate (see Fig.3). During simulation, y radius
and center change in proportion to strain increment (∆y )
(Eq’s 7, 8). The radius can increase and decrease (isotropic
hardening), and the center coordinate can move as well
(kinematic hardening). If the applied  increment crosses
y boundary ( f < 0), then yielding is caused. When yielding, y expands to touch the  position. Thus, keeping 
within y limits at all times. Otherwise (when not yielding)
y envelope shrinks in proportion to ∆ (see Fig.3). Thus,
there are no "pure elastic" steps in BSM model. The size
and position of y changes with every ∆, in proportion to
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Fig. 3. Combinations of kinematic / isotropic hardening (change
in radius and/or position) of the deformation envelope. When the
dot moves, envelope stabilizes. If the dot is outside the envelope,
the envelope yields - to contain the dot inside.

Fig. 5. Bezier stiffness principle.
Table 1. Solution algorithm

1.
2.
3.
4.
5.
6.

∆ is small (say 0 to 1 in Fig.5), then a step with inclination Kb is taken, which results in < ηmin < η < ηmax . If the
step size is relatively big (see step 2 - 3 ), then the "predictor" η value reaches beyond the ηmax . In which case a
correction (η = ηmax ) is made .
At this point all the components for implementing
BSM were described. The deformation envelope and kinematic / isotropic rules governing the envelope. The origin and implementation of hardening curves normalized
within the envelope. And a method of interpolating within
the hardening curves (Bezier stiffness). Thus, given  and
sigmar ,the q value can be found (see the algorithm in table
1).

Fig. 4. Hardening curves from drained triaxial tests. Deformation cycles of various amplitude applied until stiffness hysteresis
converged [6] [4] [5]. The converged hysteresis loops were normalized with respect to η and .
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Inputs: , σr .
Kinematic - isotropic update of y (Eq’s. 7, 8).
If yielding (Eq.6), update y = epsilon.
Interpolate  within y .
Bezier stiffness step, to obtain η.
Output q. (Eq. 4, using η in place of φ).

, for (ηmax )

(9)
During ∆ > 0 (compression), path ηmax is followed,
given ∆ < 0 (extension phase) , ηmin is followed. This
is enough to approximate the shape and position of the
hysteresis loop towards which a specimen will converge.
However, convergence is gradual, and during it the unloading / reloading η should not "teleport" between extension
and compression paths. A method to gradually transition
from one hardening curve to the other is necessary. For
that purpose the Bezier stiffness principle is introduced
(see Fig.5, and Eq’s. 10-12).
Bezier stiffness borrows a principle used in vector
graphics - Bezier splines (see Fig.5). Kb has finite steepness (Eq.10), and is parametrized by R(x) (Eq. 12). If the

(10)
(11)
(12)

3 Simulation results
Performance of BSM is compared to sand specimen response measured using a frictionless triaxial apparatus.
The loading sequences in the testing procedures are unconventional. Large deformation amplitudes are applied,
specimen peak strength is tested more than once in one
loading sequence. Stiffness is repeatedly reduced and increased (disturbed and recovered) numerous times in one
sequence. Drained and undrained loading cycles are combined into one irregular loading sequence. And the BSM
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Fig. 6. Simulation and triaxial test where 5% amplitude deformation cycle is applied.

Fig. 7. Simulation and triaxial test where 1% deformation cycles
(stabilizing the stiffness triangle) are followed by one cycle of
3% amplitude

.
model is shown to be representative of a large portion of
observations generated experimentally.
The case specific tests compared with BSM here were
executed on Frederkishavn sand. Similar tests had been
done on Baskarp sand, Aalborg University sand no.1, silt
and gravel [6] [4] [5]. Thus, the stiffness hysteresis loop
behavior is not unique to Frederikhavn sand, and stiffness
hysteresis loop patterns captured by BSM are common to
a wide range of frictional soils.
The simulations shown in Fig’s.6-Fig.10 are all made
using BSM with the same calibration factors: κR,1 = 0.08,
κR,2 = 0.5, κO,1 = 0.04, κO,2 = 0.5. The friction angle
is treated as constant φ = 40. The initial position of y
envelope is 0 = 0, R = 0.001.
In Fig.6 the deformation envelope is challenged to converge towards 5%  amplitude cycles. During the simulation the stiffness triangle gradually converges from concave to convex curve. Alas, in simulation the peak of the
stiffness triangle is not growing. The measured increase
in peak strength can be attributed to increasing density
[6]. Thus, to capture it, the simulation would require a
method of modeling volumetric response during irregular
loading. In addition, the deformation envelope moves at
all times. This is a problem, because the hardening curves
were normalized while assuming a constant radius and position of the envelope. This leads to a slightly distorted
stiffness hysteresis loop, the shape of which depends on
the isotropic / kinematic parameters. Nevertheless, despite
imperfections, the simulation does predict the correct position of the converging stiffness triangle.

Fig. 8. Simulation and triaxial test where three different deformation amplitudes are applied (allowing 3 stiffness triangles to
stabilize). The first triangle is 1.5% amplitude, 2nd deformation
cycle is 0.5% amplitude, and the 3rd (last) is 0.25%.

sity (volumetric response), which is ignored by BSM in its
current implementation.
In Fig.8 the deformation envelope is challenged to converge towards three different amplitudes: 1.5% amplitude
at 7.5 % mean, 1% amplitude at 6.5 % mean, then 0.25%
amplitude around 8.875% mean value. Thus, the y envelope is challenged three times - the radius of the envelope
is forced to increase (disturbed by yielding), then allowed
to shrink (stabilize, converge). In the outcome of simulation, all three positions of stiffness triangles are visible.
Note, the last triangle looks almost like a line (elastic).
Alas, the illusion caused by unloading curve being steep,
as the hysteresis loop is squeezed into a narrow y envelope.
Tests in Fig’s. 6-8 show sand response in drained
mode. This means the ESP line is held in a constant posi-

In Fig.7 the deformation envelope is challenged to converge towards 1%  amplitude cycles, before "exiting" the
triangle through compression and applying a 3%  amplitude. During the simulation the first stiffness triangle converges correctly, and the next loading cycles is correctly
predicted to have lower stiffness. Changes in peak strength
are ignored, as strength parameter φ is held constant. The
increase in peak strength is likely due to changes in den-
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Fig. 9. Simulation and triaxial test where 3 loading cycles are
applied at 3 different amplitudes. The first 2 cycles are applied
undrained, the 3rd - drained.

Fig. 10. Extremely complex loading sequence, tested using
the frictionless triaxial apparatus. It contains both drained and
undrained loading phases, liquefaction and post-liquefaction,
during irregular loading cycles [6] [5].

tion (see Fig.2), as σr is constant. Test in Fig.9 has 2 cycles
applied in undrained mode before the 3rd, drained, loading cycle. The overall shape and magnitude of response is
predicted remarkably well by the simulation. Each cycle
extend beyond the previous y envelope limit, thus forcing the envelope to expand (the specimen gets disturbed
towards a larger  amplitude).
During undrained loading phases, σr varies in Fig.9,
due to variation in pore pressure, caused by the specimen
contracting and dilating. Since volumetric response is not
modeled, effective σr vales are borrowed from measurement. Thus ESP line is moved along the p axis using
measured σr values (see Fig.2). Thus, in the polar coordinates, only η is a function of , while σr is a controlled by
confining pressure (effective stress) independent of  history. Alas, it is plausible that further research could link
 history with volumetric response [7], which would then
allow to model the σr component as a function of  as well.
The final simulation example (Fig.10) contains an extremely complex array of irregular deformation cycles,
combining both drained and undrained loading stages. The
very plausibility of executing a triaxial test of such complexity is a recent state of the art accomplishment [6] [4]
[5]. Now the BSM model, with the y envelope is challenged to keep up with stress history developing during irregular loading cycles. As shown in Fig.10, the undrained
peak are captured well, and the stiffness triangles continue
to converge during drained phases of loading. At the very
end of the test, in the far right of the plot, a drained stiffness triangle converges in both simulation and the triaxial
test. Thus, the y envelope has the remarkable capacity
to re-calibrate itself, by converging towards a similar stiffness hysteresis loop as the specimen does.

exact opposite of convention: strain envelopes instead of
stress envelopes, stress relaxation instead of plastic strains.
Remarkably, the new approach allows to describe, predict
and prescribe disturbed sand stiffness, in cyclic disturbed
sand specimens.
A model using deformation (y ) rather than stress envelope is a novelty in geotechnics. A similar principle of
strain-space plasticity has been attempted once before [8].
Alas, the authors of BSM were not aware of it. BSM was
developed based exclusively on experiment observations
[5] [6]. Up to this point, deformation dependent stiffness
properties in disturbed sand were not explored in geotechnical paradigm. The common consensus is to model sand
stiffness as a function of stress, rather than strain. Only
volumetric response of frictional soil is widely considered
to be a strain controlled problem [9] [7].
It is important to recognize that the physical phenomenon, which BSM is built on, is not predicted to exist
by convention. The deformation dependent properties of
converging stiffness hysteresis loops, are nether described
nor predicted by convention. Nevertheless, BSM does not
contradict well established conclusions within the existing
geotechnical paradigm. BSM merely interpolates within
known effective stress limits (Coulomb envelope) using a
novel method - polar coordinates and a strain envelope.
Remarkably, this allows to interpolate both drained and
undrained stress history, during irregular loading cycles,
using one set of rules.
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