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Abstract. The problems of underground fluid mechanics play an
important role in the design and preparation for the construction of tunnels
and underground structures. To strengthen the insecure soil a grout
solution is pumped under pressure in the porous rock. The liquid solution
filters in the pores of the rock and strengthens the soil after hardening. A
macroscopic model of deep bed filtration of a monodisperse suspension in
a porous medium with a size-exclusion mechanism for the suspended
particles capture in the absence of mobilization of retained particles is
considered. The solids are transported by the carrier fluid through large
pores and get stuck at the inlet of small pores. It is assumed that the
accessibility factor of pores and the fractional flow of particles depend on
the concentration of the retained particles, and at the initial moment the
porous medium contains an unevenly distributed deposit. The latter
assumption leads to inhomogeneity of the porous medium. A quasilinear
hyperbolic system of two first-order equations serves as a mathematical
model of the problem. The aim of the work is to obtain the asymptotic
solution near the moving curvilinear boundary - the concentration front of
suspended particles of the suspension. To obtain a solution to the problem,
methods of nonlinear asymptotic analysis are used. The asymptotic
solution is based on a small-time parameter, measured from the moment of
the concentration front passage at each point of the porous medium. The
terms of the asymptotics are determined explicitly from a recurrent system
of ordinary differential and algebraic equations. The numerical calculation
is performed by the finite difference method using an explicit TVD
scheme. Calculations for three types of microscopic suspended particles
show that the asymptotics is close to the solution of the problem. The time
interval of applicability of the asymptotic solution is determined on the
basis of numerical calculation. The constructed asymptotics, which
explicitly determines the dependence on the parameters of the system,
allows to plan experiments and reduce the amount of laboratory research.

1 Introduction
The study of suspension filtration in a porous medium is an important problem for many
areas of science and technology. The filtration process is accompanied by the formation of
deposit in the pores, which changes the structure and properties of the porous medium [1].
During the construction of underground facilities for the storage of hazardous waste, it is
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necessary to reinforce the soil and create watertight partitions to protect structures against
groundwater. Liquid grout solution is pumped into the soil under pressure. Grains of the
solution are retained in the pores of the rock and create a durable waterproof layer during
solidification [2].
When solid suspended particles are transported by the fluid flow, some particles are
retained on the framework of the porous medium. Depending on the properties of the
suspension and the porous medium, mechanical interaction, diffusion, viscosity,
electrostatic and gravitational forces can play an important role in the capture of particles
[3]. If the sizes of particles and pores are of the same order, then in many cases the sizeexclusion mechanism of particle capture prevails: solid particles freely pass through pores
of large diameter and get stuck in pores whose diameter is smaller than the particle size [4].
The complex topology of the porous channels and the varying sizes of the pore channels
cause particles to be trapped at the narrowing of the pores far from the filter inlet. With
deep bed filtration, deposit is formed in the entire porous medium, and not only in its
surface layer. When injected at the porous medium inlet, some suspended particles are
transported by the fluid flow through the porous sample and leave the porous medium at the
outlet, others get stuck in narrow pores and form a deposit.
A traditional mathematical model for a one-dimensional deep bed filtration of an
incompressible monodisperse suspension in a porous medium with size-exclusion
mechanism for trapping particles determines the concentrations of suspended and retained
particles by a system of two partial differential equations. The mass balance equation for
suspended and retained particles is an analogue of the continuity equation; the kinetic
equation determines the deposit growth rate [5]. More sophisticated filtration models for
particles and pores of various sizes, constructed on the basis of the balance of suspended
and retained particles, are given in [6].
Exact solutions of the filtration problem with pores completely accessible to suspended
particles were obtained in [7]; in this case, the characteristics of the system are straight
lines.
The introduction of the pore accessibility factor and the particle flux reduction ratio
(fractional flow) leads to curvilinear characteristics. Exact solutions become much more
complex [8]. Asymptotic solutions that use the distance to the concentration front as a small
parameter, are applicable for the time ranges of filtration processes encountered in
laboratory and field studies.
Standard filtration models with a pure porous framework suggest that at the initial
moment there are no suspended and retained particles in the porous medium. In this paper,
a more general case is considered: a porous medium contains an initial deposit and clear
water before the start of filtration. The studied model describes the filtration of the
suspension when changing the suspension flow and the reverse flow of pure water. The
deposit accumulates in a porous medium with the filtration of a direct suspension stream.
When water is pumped back, mobilization and leaching of retained particles occur [9].
It is assumed below that when a suspension is displaced by pure water moving in the
opposite direction, an incomplete mobilization of particles occurs, and the retained particles
are partially preserved in a porous medium. An unevenly distributed initial deposit affects
the filtration process when the suspension is injected into the porous medium. An
asymptotic and numerical solution of the problem with initial deposit for a small limiting
deposit was obtained in [10]. However, in the general case, analytical solutions to the
filtration problem for a suspension in a porous medium with an initial deposit are not
available.
In this paper, the filtration of a suspension that displaces pure water from a porous
medium with an initial deposit is considered. The suspended particles concentration front
moves in the porous medium with variable velocity. The dependence of the initial deposit
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on the coordinate in the model, which takes into account the dependence of porosity and
fractional flow on the accumulated deposit, entails the curvilinearity of the front. An
asymptotic solution is constructed near the concentration front with a small parameter equal
to the time after the passage of the front. The results of numerical simulation show that the
asymptotics is close to a solution over a large time range.

2 Filtration model
The model assumes an insignificant diffusion / dispersion. Small concentrations of
suspended and retained particles do not affect the volume balance of the total flow [11].
The filtration equation is applicable to filtration, the capture of particles in the orifices of
small pores and the retention of small particles [12]. The model uses only the size-exclusion
capture mechanism of individual particles and excludes the formation of arch bridges at the
entrance of large pores [13]. The rate of deposit formation is proportional to the advective
particle flow; the retained particles do not detach from the framework of the porous
medium. It is assumed that the flow is single-phase, the suspension injected into the porous
medium contains the same water as the formation water, which saturates the rock first.
The above assumptions imply a system of equations of deep bed filtration, consisting of the
mass balance equation for the concentrations of suspended and retained particles and the
kinetic equation for the deposit growth rate. In dimensionless variables, the equations take
the form

  g ( S )C 
t



  f ( S )C 

S
 ( S )C .
t

x



S
 0;
t

(1)
(2)

Here C ( x, t ), S ( x, t ) are the dimensionless concentrations of suspended and retained
particles; the accessibility porosity coefficient g ( S ) , the fractional flow through accessible
pores f ( S ) and the filtration coefficient ( S ) are given positive continuous
differentiable functions.
It is assumed that a suspension with a constant concentration of suspended particles is
injected at the porous medium inlet x  0 ; at the initial time t  0 , there are no
suspended particles in the porous medium and a deposit s0 ( x) is unevenly distributed over
the porous sample. The corresponding initial and boundary conditions are
C x 0  1 ;
(3)

C t 0  0 ;

(4)

S t 0  s0 ( x) ,

(5)

where s0 ( x) is a non-negative continuous differentiable function.
Conditions (3) - (5) determine the unique solution to the problem in the domain
  {( x, t ) :0  x  1, t  0} . The solution has a discontinuity, since conditions (3) and (4)
are not consistent at the origin. The break line  is given by the formula
x

t ( x )  
0

g  s0 ( x) 

f  s0 ( x) 

dx .

The curve  divides the domain  into two subdomains
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0  {( x, t ) :0  x  1, 0  t  x} , S  {( x, t ) :0  x  1, t  x} .
Filtration of the suspension occurs in the domain  S ; in the domain 0 , there are no
suspended particles and the retained particles concentration does not depend on time. The
concentration front of suspended particles spreads in a porous medium along the line 
with a velocity

v

f  s0 ( x) 

g  s0 ( x) 

.

(7)

The solution of problem (1) - (5) is constant in the domain 0 : C ( x, t ) ( x ,t )  0 ,
0

S ( x, t ) ( x ,t )  s0 ( x) . In the domain  S , the solution is positive: C ( x, t ) ( x,t )  0 ,
0

S

S ( x, t ) ( x,t )  s0 ( x) . Below, the problem (1) - (5) is considered on the boundary  and
S

in its neighborhood in the domain  S .

3 Asymptotic solution near the concentration front
Assume that the coefficients of system (1), (2) can be expanded in Taylor series with
coefficients depending on x :

g
g2
(S  s0 ) 2  3 (S  s0 )3  O(S  s0 ) 4 ;
2
6
f
f
(8)
f (S )  f 0  f1 (S  s0 )  2 (S  s0 )2  3 (S  s0 )3  O(S  s0 )4 ;
2
6

(S )  0  1 ( S  s0 )  2 ( S  s0 )2  O(S  s0 )3 .
2
Here, the index 0 means the value of the function for S  s0  x  , the nonzero index j is the
g (S )  g0  g1 (S  s0 ) 

corresponding derivative of order j with S  s0  x  .
In the domain  S in the vicinity of the concentration front  , an asymptotic solution is
constructed in a form:
n
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(9)

.

(10)

Expansions (9), (10) represent the solution of a system of two partial differential equations,
depending on two variables, in the form of Taylor series in powers of the small parameter
t  t Г  x  . The coefficients of the series depend on one variable x and satisfy the system
of first-order ordinary differential equations. Asymptotics is a local analytic solution in an
explicit form obtained with the required accuracy.
Substituting the expansions (8) - (10) into equations (1), (2) and equate the terms with the





same powers t  t Г  x  gives algebraic relations for the first terms of the asymptotics

s1  0 c0 ;

(11)
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s2  0c1  0 1c02 ;

(12)

s3  0c2  30 1c0c1  (2 0   ) c
2
1

3
0 0,

and a recurrent system of differential equations
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(15)

Here   g0 / f0 ,   g1   f1 ,   g2   f 2 ,   g3   f3 .
From formula (3), the conditions for the unique solutions of ordinary differential equations
(13)-(15) are obtained:
(16)
c0 x 0  1; c1 x 0  0; c2 x 0  0 .
The equations and initial conditions for the next asymptotic terms are constructed similarly.
The Bernoulli equation (13) for the main term of the asymptotic solution determines the
suspended particles concentration on the concentration front.
Solving equations (11) - (15) and substituting the solutions in expansions (9), (10) gives the
asymptotics of problem (1) - (5) in the domain  S .
For a constant initial deposit s0  k  const , the expansion coefficients (8) do not depend
on x . The asymptotic solution near the concentration front t  t Г  x  has the form
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4 Numerical simulation
For the calculations, the values of the variable coefficients (8) for particles of three
sizes, calculated on the basis of experimental data are used [14] (see table 1).
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Table 1.

Particle radius, um
r1 = 1.5675

r2 = 2.179

r3 = 3.168

Equation coefficients
g(S)=0.9987+9.110-13 S - 3.7310-8 S2+6.110-5 S3
f(S)=0.9999+1.810-5 S - 2.0510-7 S2+2.84810-4 S3
Λ(S)=0.11-0.01351 S + 4.4910-5 S2+1.16310-3 S3
g(S)=0.9743-8.8810-14 S + 1.2710-11 S2-1.2410-9 S3
f(S)=0.9947+6.2710-5 S - 2.910-8 S2+6.2110-10 S3
Λ(S)=0.51-5.95610-3 S + 2.2910-6 S2+1.3510-8 S3
g(S)=0.7635+2.4410-15 S + 3.210-14 S2+3.610-13 S3
f(S)=0.9075+2.31510-4 S + 2.2710-8 S2-3.4210-8 S3
Λ(S)=1.551-3.46710-3 S - 1.1610-6 S2-1.1610-7 S3

The numerical calculation of the problem was performed by the finite difference method
using an explicit TVD scheme with the superbee limiter function [15, 16] for the nonlinear
distribution of the initial deposit

s0 ( x) 

1  ( x  2)2
.
5

(17)

The relationship between the time and coordinate steps for the filtration problem is chosen
according to the Courant convergence condition [17].
In the figures 1-4 asymptotics is indicated by dashed and dotted lines, and the numerical
solution is drawn by solid lines.
Graphs of the concentration fronts for particles of three types are presented in figure 1.
Due to the smallness of the coefficients with powers of S (see table 1), all three lines do
not differ much from the straight lines given by the formula t   x .
Figures 2–4 show the graphs of suspended and retained concentrations for three types of
particles depending on the coordinate at time t  0.5 and on time at the porous medium
outlet at x  1 .

a
b
c
Fig.1. Concentration fronts a) r1 = 1.5675, b) r2 = 2.179, c) r3 = 3.168.
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b

c

Fig. 2. Particles of radius r1 = 1.5675 a)

d

C ( x, t ) t 0,5 , b) S ( x, t ) t 0,5 , c) C ( x, t ) x 1 , d)

S ( x, t ) x 1 .

a

b

Fig. 3. Particles of radius r2 = 2.179 a)

c

d

C ( x, t ) t 0,5 , b) S ( x, t ) t 0,5 , c) C ( x, t ) x 1 , d)
S ( x, t ) x 1 .

a

b

Fig. 4. Particles of radius r3 = 3.168 a)

c

d

C ( x, t ) t 0,5 , b) S ( x, t ) t 0,5 , c) C ( x, t ) x 1 , d)
S ( x, t ) x 1 .

At t  0.5 , the graphs of the asymptotics and the numerical solution practically coincide.
At the moment t  0.5 on the concentration front the graphs of suspended particles
concentration are discontinuous (figures 2a, 3a, 4a), and the graphs of the retained particles
concentration have a kink (figures 2b, 3b, 4b). Break and kink points are determined by the
relation (6) at t Г  x   0.5 for the initial deposit (17).
Graphs of concentrations at x  1 (figures 2c, d, 3c, d, 4c, d) show the time interval of
applicability of the asymptotic solution at the porous medium outlet. Depending on the type
of particles, the asymptotics is close to a numerical solution for time intervals from 0 to 50200.
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5 Discussion
The paper considers the one-dimensional filtration problem of a monodisperse suspension
in a porous medium. The suspension displaces pure water from a porous medium with an
unevenly distributed initial deposit. In contrast to the standard model, it is assumed that the
pores accessibility and the fractional flow of solid particles change as deposit accumulates.
Such a problem is close to the filtration problem in an inhomogeneous porous medium [18].
In this case, the velocity of the concentration front depends on the distribution of the initial
deposit, and the concentration front of the of suspended particles is curvilinear.
Filtration of the suspension in a porous medium without an initial deposit occurs more
intensively near the inlet; the resulting deposit is unevenly distributed and is a decreasing
function of the coordinate. If during reverse pumping of pure water, incomplete
mobilization of the retained particles is proportional to the retained particles concentration,
then the remaining deposit also decreases with increasing x. The problem of the periodic
change of injection of suspension and reverse flow of water, taking into account the
mobilization of particles, is more complex and must be studied separately.
Accounting for the diffusion and dispersion of a suspension flow significantly complicates
the filtration model. At present, an explicit analytical solution of such problems has been
obtained only for the simplest cases [19].

6 Conclusions
An explicit analytical solution of the filtration problem in a porous medium with an initial
deposit has been constructed. The line of curvilinear concentration front of suspended
particles is obtained in explicit form.
It is shown that the solution of the filtration problem satisfies natural physical
conditions: the concentration of retained particles is constant in time before the
concentration front and increases in time behind the front; the suspended particles
concentration is zero before the front and is positive behind the concentration front.
An asymptotic solution of the filtration problem is constructed behind the concentration
front. Numerical calculations show the proximity of the asymptotics to the solution.
Depending on the type of suspended particles of the suspension, at the porous medium
outlet the acceptable accuracy of the asymptotic solution is maintained until time 50-200.
Analytical solutions of the filtration problem determine in an explicit form the
dependence of the suspended and retained particles concentrations on external parameters,
giving way to predict the results of experiments and reduce the amount of laboratory
research designed to optimize the filtration process [20].
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