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Abstract. Form a design (or dynamic) model on the basis of studying the 

physical model of a mechanical system (object); build mathematical 

models of cargo securing with inclined side surfaces of stop elements 

(bars) with simultaneous influence of longitudinal and lateral forces; 

perform a mathematical solution of the problem in the form of specific 

analytical formulas for calculating inclined stop bars as one of the cargo 

securing elements on the railway platform; make a specific example of the 

calculation of the forces acting on the cargo securing elements.  

1 Introduction 

Analysis of scientific works, for example, [1 - 8], makes it possible to note that a dynamic 

and mathematical model of securing cargo with inclined side surfaces with stop elements 

(bars) with simultaneous impact of longitudinal and lateral forces (hereinafter - spatial force 

systems) has not yet been built. Note that a characteristic defect in the transportation of 

machinery, equipment and reinforced concrete products is the stretching and tearing of the 

guy ropes and, as a rule, the longitudinal shear of both the entire cargo and the individual 

cargo units. The current technical specifications (TS) for the carriage of goods in a car 

establish the ways of placing and securing goods that meet certain requirements. However, 

cargo of various configurations that are not provided by the technical specifications is 

presented for carriage. Therefore, the sender must calculate the fastening for each such 

cargo. For example, the results of the study [9-12] showed that they mainly describe the 

definition of forces in elastic and stop fasteners of the cargo when subjected to separate 

longitudinal and separate lateral forces. In this case, the forces in all elastic fasteners, 

regardless of their location (i.e. at an angle or perpendicular to the side surfaces of the 

cargo) relative to the side surfaces of the cargo, have the same values, which is erroneous. 

As a result, this leads to a breakdown in the placement and fastening in transit, and is the 

cause of the unsafe transportation of goods, which can lead to a safety threat of train traffic. 
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The acceleration of the car along the longitudinal and lateral axis of the car is mainly 

studied. The standards for calculating the cargo securing in fractions g are established (4g 

in the longitudinal direction, 0.4g in the lateral direction, 0.3g in the vertical direction). 

They recorded that the coefficient of friction between the contacting surfaces decreases by 

almost 30%, which is the cause of the longitudinal and lateral displacements of the cargo in 

the car. At the same time, in [4], there are no calculations for determining the forces in the 

cargo fasteners. The results of both analytical and calculated data on the determination of 

forces in elastic fasteners, depending on their location relative to the side surfaces of the 

cargo, are stated in [12], where it is proved that the forces in elastic fasteners depend on 

their fastening geometry and have different values, which corresponds to reality. 

As can be seen, in [1-12], the problems of calculating inclined stop elements for 

fastening (bars) cargo to the floor of a car under the simultaneous impact of spatial force 

systems are not studied at all. 

The objective of this study: 

─ formulate the conditions of the problem and the accepted assumptions in the 

preparation of a dynamic model. It should be borne in mind that in the dynamic model, the 

cargo securing elements are affected by spatial systems of forces that are perceived by the 

main constraint (car) and additional constraints (elastic and stop wooden fasteners); 

─ form a design (or dynamic) model of securing cargo in the car on the basis of the 

study of physical model of the mechanical system (object); 

─ build mathematical models of cargo securing with inclined side surfaces by means of 

stop elements (bars) under the influence of spatial force systems; 

─ perform a mathematical solution of the problem in the form of specific analytical 

formulas for calculating inclined stop bars, as one of the cargo securing elements on the 

railway platform; 

─ make a specific example of the calculation of the forces acting on the stop elements 

for securing cargo. 

2 Research methods 

The research methods are based on the most important principles of classical mechanics 

(for example, the concepts “constraints” and “constraint reaction”, the principle of 

replacing constraints of geometric statics, Coulomb's law, Hooke's law, equilibrium 

conditions of a rigid body during relative motion (rest), and the notion of “shearing” and 

“retentive” forces). For example, to build a dynamic cargo model (object) with cargo loops 

in the presence of stop bars, according to the principle of replacing geometric constraints, 

external constraints (the platform frame as the main constraint, and elastic securing 

elements as additional constraints) are mentally rejected from an object. 

3 Research results 

Formulation of the conditions of the problem and the accepted assumptions in the 

preparation of a dynamic model. Let us consider the case where the cargo of gravity force 

G, which is symmetrically placed relative to the longitudinal and lateral axis of symmetry 

of the car. One of the examples of the scheme (or drawing) of placing and securing cargo in 

the practice of cargo transportation is shown in Fig. 1 in the form of a physical model. 
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Fig. 1. The scheme of placing and securing cargo on a car with elastic and stop elements. 1 – 3, 1р – 

3р, 1а – 3а, 1ар – 3ар – elastic elements of fastenings of one and other direction; 4 – 6, 4а – 6а – 

stop bars; α05 and α06 – angles of inclination of the side surfaces of the stop bars 5 and 6. 

The elastic elements of the fasteners and the frame of the car as external constraints 

experience simultaneous effects of longitudinal, vertical and lateral forces - G , eI  

(  
ezeyexe IIII ,,  and вrF  (  yrxrr FFF ввв ,  )- the gravity force of the car with cargo 

(or without cargo), portable inertia forces [15] and the force of aerodynamic resistance. We 

believe that the longitudinal, lateral and vertical forces are perceived by elastic fastening 

elements that are opposite to the action of these forces, and fastening elements of the 

opposite direction are sagging (i.e. losing the properties of constraints). We assume that the 

cargo is massive and does not detach from the floor of the car, and the cargo does not 

overturn with respect to its side and end faces, i.e. the cargo will not lose constraint in the 

form of the car’s floor and will not acquire constraint in the form of the axis of rotation, 

coinciding with its faces. There is no rotation of the cargo relative to the vertical axis, i.e. 

the cargo is pressed to the floor of the car with previously stretched wires of the same size. 

Such assumptions suggest that the force of the cargo’s impact is evenly distributed along 

the length of the stop bars, which, in turn, makes it possible to note that the fastener (nail) 

on it is loaded with evenly distributed loads. 

The dynamic model is based on the assumption that cargo securing elements are 

influenced by spatial force systems, which are perceived by the main constraint (car) 

and additional constraints (elastic and resistant wooden fasteners). To build a dynamic 

cargo model (object) with cargo loops in the presence of stop bars, according to the 

principle of replacing geometric constraints, external constraints are mentally rejected 

from the object - the platform frame as the main constraint and the elastic fastening 

elements as additional constraints (see, for example, Fig.2  

The influence of the rejected constraints is replaced by reactions   FNR ,  

(platform frame) and aii RR ,  (elastic elements of fastenings in one direction, and 

another direction -
apipi RR , );  yx RRR .bar.barbar , - so far unknown reactions of stop 

bars, which keep the cargo from shearing both along and across the car. Here, Rbar.y is 

the unknown resultant reaction of two bars, 5 and 6 (see Fig. 1), laid close to the sides 

of the cargo. 
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The reaction R  of external constraint is decomposed into normal N and tangential F  

components, i.e.  FNR . The tangent component 
F  directed along the surface of 

the car’s floor is known to be called the friction force F  determined by Coulomb's law. 

The coordinates 
RR yx , and/or 

NN yx , - points of application of the reaction of external 

constraint   FNR ,  are unknown and must be determined. 

Active (G, Ie, Frв) and reactive (R, Ri, Rbar) forces are applied to the object. The active 

forces are conditionally (formally) applied to the center of mass of the material system 

(cargo) C, but in reality, they are perceived by external constraints and they are directed 

from the object, reactive forces   FNR ,  - to the object, and the reactive forces of elastic 

elements of fastenings of one direction 
aii RR ,  and another direction 

apipi RR ,  - from the 

object. 

It should be noted that since the influence of spatial force systems as active forces is 

experienced by external constraints - a car (main constraint), elastic fastening elements and 

stop wooden bars (additional constraints), in reality, it is impossible to specify the 

coordinates of the points of application of these forces. At the same time, in the dynamic 

model of the object (cargo), these forces are conditionally (mentally) applied to the center 

of mass of the material system (cargo). 

Let us write the equilibrium condition of the cargo in relative motion (rest) in the 

projections on the coordinate axes, where  iziyixi FFFF ,,  - the elastic forces of the 

elastic cargo securing elements ( р,1 ni  - the number of securing elements, usually 

chosen depending on the gravity force of the cargo G);  zryrxrr FFFF в.в.в.в ,, - 

aerodynamic drag; N and F - the normal and tangential components of the reaction of the 

main constraint (car) R ;  yx RRR .bar.barbar , - reactions of stop bars. 

Let’s recall that Fi includes the elastic forces of securing elements Ri not only from 

the impact of external forces but also from the force of preliminary wire twists R0i 

(usually 20 kN on average [15]), i.e.  iii RRF 0, . Therefore, the forces (tension) in 

the elastic securing elements (Ri) and the reaction of the stop bars Rbar.x and Rbar.y are 

unknown. 

Determination of the cargo shear in the plane of the car’s floor. As in [15-16], the 

cargo shear ∆s in the plane of the car’s floor, m, in the direction of the impact of resultant 

spatial force system ∆F is found by (3.86) in [15], and the equivalent stiffness of elastic 

securing elements in the direction of the impact of spatial force systems — 
F

cequiv.  in 

projections of securing elements according to (3.86 b) in, kN/m. 

Further, as a special case, the cargo shears are determined both along ∆x and across 

∆y of the car (m), finding the equivalent stiffness of the securing elements xcequiv. and 

ycequiv. in the direction of impact of the resulting flat force system ΔFlong. = ΔFx and 

ΔFlat. = ΔFy. Then the cargo shears can be found both along and across the car, m: 

 ,/ equiv.xx cFx   (1) 
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 ./ equiv. yy cFy   (2) 

In practice, the carriage of cargo during shunting collisions at the pitch park of a 

marshalling station may in fact result in shears of cargo along the car. 

Determination of the equivalent stiffness of the elastic cargo securing elements. In terms 

of the elastic cargo securing element from annealed wire, whose elastic modulus is E = 

1∙10
7
 kN/m

2
, and the cross section area is A = n (π10

-6 
d

2
/4) (d and n - the wire diameter (in 

mm) and the number of threads in the wire (in pcs.) of fasteners), formulas for determining 

the equivalent stiffness of elastic cargo securing elements can be represented through the 

projections of elastic securing element on the coordinate axis Oxz and Oyz: 
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 (4) 

Determination of the elongation of each elastic securing element. Then the elongation 

(stretching) of each i-th pre-tensioned elastic securing element ∆li, depending on the cargo 

shear along (i.e. )( xfl x

i  ) or across the car (i.e. )( yfl y

i  ), is similar to, 

through projections of elastic securing elements on the longitudinal and lateral axis is in the 

form: 

 ,
i

ix

i
l

a
xl   (5) 

 .
i

iy

i
l

b
yl   (6) 

Here the designations are the same as in (3) and (4). 

Thus, elongation in an elastic securing element when exposed to a flat system of forces 

will occur only when the cargo is sheared in the floor plane along the car by ∆x, and across 

the car - ∆y. The converse is also true, when ∆x = 0 and ∆y = 0, the elastic securing 

elements are not included in the work of keeping the cargo from shearing. In this case, the 

cargo is held only by fasteners (nail) calculated according to the formulas in technical 

specifications. 

Determination of the tension of each elastic securing element. The tension Ri in i-th 

elastic fasteners when exposed to a flat system of forces is determined according to Hooke's 

law. As applied to the elastic cargo securing element from the annealed wire depending on 

the diameter di, the number of threads of wire ni should be determined, taking into account 

(5) and (6) both along and across the car, in the form: 

  i
i

i

i

i
i

x R
l

a
x

l

n
dR

i
 2584,7

elast.
 (7) 
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  i
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y R
l
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i
 2584,7

elast.
 (8) 

Where [Ri]  the allowable value of the elastic forces in the fastenings, determined by 

technical specifications, depending on the number of threads ni and the diameter di of the 

fastener wire, kN; EAi - stiffness of fasteners, as a straight rod working in tension, kN; Ai - the 

cross-sectional area of fastener wire ),( iii ndfA  , m
2
. 

Note that in (7) and (8), it is enough to find Ri for a securing element that is short in length, 

and not for everyone, as in technical specifications. 

Thus, the criterion for assessing the loading of the elastic securing elements is their 

permissible value, which is determined by the Table 20 in technical specifications 

Based on the study of the physical model of the mechanical system (object) (see Fig. 1), 

it is necessary to form a design (or dynamic) model of cargo securing on the car. The 

design scheme of application of the reaction of inclined stop bars 5 and 6, 5 and 5a in the 

form of Rbar.x and Rbar.y to the cargo, both along and across the car, will be taken as shown in 

Fig. 2 and 3. 

 

Fig. 2. The scheme of application of the reaction of stop bars 5 and 5a along the car. 

 

Fig. 3. The scheme of application of the reaction of stop bars 5 and 6 across the car. 

Building of mathematical models of cargo securing with inclined side surfaces by 

means of stop elements (bars) under the influence of spatial force systems. In this case, 

mathematical models of cargo securing with inclined side surfaces by means of stop 

elements (bars) will be considered using examples of calculations for keeping cargo from 
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shearing separately from the impact of longitudinal forces and separately from lateral 

forces. 

Mathematical models for keeping the load from shearing along the car. We take into 

account that the shear of cargo along the car will be completely limited only by inclined 

bars 5 and 5a. For example, if the useful area of a carriage allows placing the cargo with 

specific outlines using stop wooden bars 5 and 5a (see Fig. 2), then the required number of 

fasteners (nail) needed to fix the stop bars with which the cargo will not shear along the car, 

can be found by the formula (see (46) in [9]): 

 
 

,
nail.bar

.bar
.nail

Rn

R
n

x

x
x   (9) 

where xn .bar  – number of stop and/or spacing bars, pcs. (usually take 1 or 2 pieces); 

[Rnail] - permissible load on one fastener (nail), kN (see Table 32 in [12]). For example, for 

a nail 4 mm and a length of 100÷120 mm, [Rnail] = 0.047 kN, for 5 mm and a length of 

100÷150 mm, [Rnail] = 0.075 kN, and for 6 mm and a length of 150÷200 mm, [Rnail] = 

1.08 kN. According to the standard of European countries [8, 18], for fasteners 5 mm and 

a length of 100÷150 mm, [Rnail] = 1.25 kN, and 6 mm and a length of 150÷200 mm, [Rnail] 

= 1.5 kN. 

In (13) xR .bar - the reaction of stop bars: 
long..bar FR x  . Here, 

xx FFF .ret.shearlong  , taking into account the fact that 
xFshear.

and 
xFret.
are “shearing” 

and “retentive” forces, which will be perceived by stop bars 5 and 5a used as additional 

means of fastening: 

 exxx IGF .shear  (10) 
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where Gx and Gz  gravity force projections on the x and z axes, kN: Gx = Gsinψ0 and Gz 

= Gcosψ0; ψ0 – the descent angle of the rolling stock; i = 1,nр  number of fasteners 

(pieces); 

R0iz projection of the reaction of preliminary twisting of the fastener wire R0i on the z 

axis, which is found by the formula: 

 

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
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 (12) 

taking into account the fact that hi – the projection of the i-th securing elements of 

length li on the vertical, m; 

R0ix  projection of the reaction of preliminary twisting of the fastener wire R0i on 

the x axis: 

 



р

1

00

n

i i

i
iix

l

a
RR  (13) 

taking into account the fact that ai – – the projection of the i-th securing elements of 

length li on the horizontal, m. 
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In accordance with this, the longitudinal force ΔFlong perceived by the elastic securing 

elements, kN, is found by the formula: 

 
xx FFF .ret.shearlong   (14) 

In the limiting case, the equality 
xx FF .ret.shear  holds for ΔFlong. = 0. In this case, the 

cargo will be at rest relative to the floor of the car, i.e. stop bars will still prevent the cargo 

from shearing along the car. 

Shear of cargo along the car will not occur if the following inequality holds: 

 
xx FF .ret.shear   (15) 

As can be seen, the cargo is also kept from a longitudinal shear by two pairs of stop 

bars 5 and 5a nailed to the floor of the car close to the two oppositely inclined side 

surfaces of the cargo AC and A0C (see Fig. 2 and 3). Suppose that according to the 

drawing data, the geometrical parameters of the inclined side surfaces of the cargo AB, 

A0B and BC are known. 

Let’s obtain the minimum number of fasteners (nail) nnail.x required to hold the stop 

bars 5 and 5a from the impact of the longitudinal force Rbar.x = ΔFlong (see Fig. 2), 

conditionally taking the number of stop bars nbar = 2 Then, rounding off the calculated 

value of fasteners nnail.x upwards, so that it has an even number, we find the reactions of 

the stop bars using the same formula from technical specifications. 

Mathematical solution of the problem in the form of specific analytical formulas for the 

calculation of inclined stop bars. Note that in the following, it is possible to determine the 

value of the force ΔFx.bar, which is able to affect the fasteners. In this case, if the sign of the 

force ΔFx.bar turns out to be negative, it means that retaining the cargo from shearing along 

the car is ensured and elastic securing elements of one direction will not be included in the 

work of retaining the cargo from shearing in the direction of the impact of longitudinal 

forces. Conversely, if the sign of the force ΔFx.bar turned out to be positive, then this means 

that the retention of the cargo from shearing along the car is not provided with stop bars 5 

and 5a, which are inclined towards the side surfaces of the load. In this case, a clear shear 

of the cargo along the car with the inclusion of elastic securing elements of one direction 

can occur. In this case, the stop bar 4 nailed to the floor of the car close to the end surface 

of the cargo (see Fig. 1) will be included in the work to retain the cargo from shearing along 

the car. 

Considering that the angle of inclination of the side surfaces of the stop bars 5 and 5a is 

the same, i.e. 05а 05b   (see Fig. 2), by the cosine theorem, we find the unknown 

components bar5a bar5bR R  of the longitudinal Rbar.x = ΔFlong. along the fibers of the stop 

bar per each stop bar 5 and 5a (see Fig. 3), with the exception of the forces perceived by the 

stop bar 4 (see Fig. 1): 

 
,

))cos(1(2 5,5

bar.
bar5

a

xR
R


  (16) 

where α5,5а – the angle between the reactions of the stop bars 5 and 5а: α5,5а = π – (α05а + 

α05б). 

The angles of inclination of the side surfaces of the stop bars 5 and 5a in the form of 

α05а and α05b are calculated from the geometry of the side surface of the cargo (see Fig. 3): 
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
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0
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


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
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where BC, AB and A0B – parameters of inclined surface of the cargo (see Fig. 2 or 3). 

Define the proportion of the longitudinal force ΔFlong. = Rbar.x per bar 5 in the form (see 

Fig. 2): 

 ,
)cos( 05

bar5a
bar5a

a

R
R




  (18) 

considering that each bar is evenly loaded, i.e. Rbar5b = Rbar5а, because α05b = α05а. 

Let’s find the component bar5aR   of the force Rbar5а expanding the stop bar 5 across its 

fibers 

 
aRR 05bar5abar5a sin  (19) 

Note that the component bar5aR of the full reaction Rbar5а of the bar 5, determined by 

(20) depending on the reaction of the bar along the fibers Rbar.x = ΔFlong., tends to shear 

the stop bar along its fiber, and the component bar5aR   - across the fiber. Similarly, the 

component bar5bR of the full reaction Rbar5б of the bar 5b, also determined by (20) 

depending on the reaction of the bar along the fibers Rbar.x = ΔFlong., tends to shear the 

stop bar along its fiber, and the component bar5bR - across the fiber. 

Let’s obtain the minimum number of fasteners (nail) nnail5 and nnail5а, which are 

required to retain the stop bars 5 and 5a from the impact of the longitudinal force ΔFlong. 

= Rbar.x, using the formula from technical specifications [9, 12]. 

We obtain the total number of fasteners nnail (where nnail = nnail5 + nnail5а), rounding off 

the result upwards, so that it has an even number. 

It should be borne in mind that if the condition bar5a bar5bR R  is met, then the 

action of the force 
bar5аR  across the fiber does not exclude the probability of splitting the 

stop bar 5a [15]. 

In the particular case, if the side surfaces of the cargo are parallel to the longitudinal 

axis, which corresponds to 05а 05b 0   , then it will become apparent from formula 

(16) that the stop bars 5 and 5a are not loaded with the longitudinal force ΔFlong. = Rbar.x 

(see Fig. 2). It should be noted that if the shape of the cargo is such that it is not possible 

to nail the stop bars 5 and 5a (also 6 and 6a) to the floor of the car using the total number 

of fasteners (nail) nnail, then it is possible to take nnail with a smaller amount nnail0, i.e. nnail0 

< nnail, and calculate the new value of the reaction Rbar0 from (13) (see (46) in [12]), 

perceived by the stop bars 5 and 5a. Then it is necessary to find the value of the reaction 

Rbar4.x, which will be perceived by stop and/or spacing bars 4 (see Fig. 1), in the form: 

 
bar0bar.bar4.x RRR x   (20) 

where Rbar0 = nbar5nnail0[Rnail], taking into account that nbar5 – number of the stop bars 5 

and 5а (2 pcs.); [Rnail] – permissible load on one fastener (nail) (see. Table 32 in [12]), kN. 

In the particular case, if the configuration of the cargo is such that it allows the use of 

only stop and/or spacing bars nailed to the floor of the car close to the end surface of the 

cargo (see Fig. 2 and 3), then the number of fasteners is determined as in [9, 12]. In this 
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case, the reaction of the stop bars, according to the action and reaction law of mechanics 

[19], are equal and opposite in the direction to the longitudinal force 
long.bar FR x  . 

Then, as in (9) (see (46) in [12]), by the value of Rbar.x, by the number of stop and/or 

spacing bars nbar and the permissible load on one fastener (nail) [Rnail], it is possible to 

find the number of fasteners (nail) nnail, pcs. 

Mathematical models for retaining the cargo from shearing across the car. An 

example of cargo retention across the car in the practice of cargo transportation is 

presented in Fig. 2 and 3, a method of placing and securing cargo on the car, where the 

cargo is retained from lateral shear by two pairs of stop bars 5 and 6 nailed to the floor of 

the car against two oppositely inclined side surfaces of the cargo AC and CA0 (see Fig. 3). 

The required number of fasteners (nail) needed for fastening the stop bars 5 and 6, 

with which the cargo will not shear across the car, can be determined by (46) in [12]: 

 
  ,nail.bar

.bar

.nail
Rn

R
n

y

y

y 
 (21) 

where yn .bar  – the number of stop and/or spacing bars, pcs. (usually take 1 or 2 pieces); 

[Rnail] - the allowable load on one fastener (nail), kN (see Table 32 in [12]). 

In formula (21), yR .bar - the reaction of stop bars: 
lat..bar FR y  . Here, 

yyy FFR .ret.shear.bar  , taking into account the fact that yFshear. and yFret. are the 

“shearing” and “retentive” forces, which will be perceived by a stop bar placed across the 

car and used as an additional means of fastening (see formulas (15) and (16) in [18]): 

  cos)( .в.shear уrпeyy FIIF  (22) 

 

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

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
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

рр

1

в.

1

.ret 0)()(0

n

i

zizrnzezz

n

i

yiyy RFIIGfRGF
 (23) 

where Gy and Gz  projections of gravity on the axes Oy and Oz, kN (see (15));  

Inz and Frв.z  projections of force In and Frв. on the axis Oz, kN: Inz = Insinθ and Frв.z = 

Frв.sinθ; i = 1,nр  number of fasteners (pcs.);  

R0iz  projections of the reaction of preliminary twisting of fasteners wire R0i on the 

axis Oz, which are found by (16); 

R0iy  projections of the reaction of preliminary twisting of fasteners wire R0i on the 

axis Oy: 

 
,00

р

1





n

i i

i
iiy

l

b
RR

 (24) 

where bi – projection of the i-th fastener elements with the length li on the axis Oy, 

m  

In accordance with this, the lateral force ΔFlat. perceived by elastic securing elements, 

kN, is found by the formula (see formula (14) in [14]): 

 
yy FFF .ret.shearlat.   (25) 
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In the limiting case, the equality yy FF .ret.shear  holds for ΔFlat. = 0. In this case, the 

cargo will be at rest relative to the floor of the car, i.e. the stop bar will still prevent the 

cargo from moving across the car. 

Shear of cargo across the car will not occur if the following inequality holds 

 
yy FF .ret.shear   (26) 

In addition, applying the bar reaction yR .bar to the cargo, according to the action and 

reaction law of mechanics [19], we write down 
lat..bar FR y   (see Fig. 3). 

Let us carry out the mathematical solution of the problem in the form of specific 

analytical formulas for calculating inclined stop bars. We will show the result of 

decomposition of the resulting reaction Rbar.y of two inclined bars 5 and 6 (see Fig. 2 and 3) 

laid close to the inclined side surfaces of the cargo AC and CA0. According to the cosine 

theorem, we write down [16]: 

 ,cos2 6,56bar5bar

2

6bar

2

5bar.bar  RRRRR y
 (27) 

where α5,6 – the angle between the reactions of the stop bars 5 and 6: α5,6 = π – (α05а + 

α06), taking into account that α05а and α06 are calculated according to the geometry of the 

side surface of the cargo (see Fig. 3). 

After the reaction Rbar.y is found, its components Rbar5 and Rbar6 can be determined using 

the sinus theorem [20] 

,
sinsin 06

bar5

05

6bar





RR

a

 

from where it follows that 

 .
sin

sin

06

05
bar56bar 


 aRR  (28) 

In the particular case, if the side surfaces of the cargo are parallel to the longitudinal 

axis, which is the case when 006а05  , then equality 
6bar5bar.bar RRR y   becomes 

obvious from the formula (27). 

Using the formula (27) and the relation (28), after the elementary mathematical 

calculations, we can find the reactions Rbar5 of the stop bar 5, in contrast to [16], in the 

form: 

 
,

cos
sin

sin
2

sin

sin
1 6,5

06

a05

2

06

a05

bar.

bar5



















 yR
R

 (29) 

and the reaction Rbar6 of the stop bar 6 is found by (28). 

According to the obtained data, one can find the projections of the reaction of the 

stop bar 5 along and across the car (along the axis Ox and Oy) (see Fig. 3): 

 
a05bar5bar5 sin RR x
 (30) 
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a05bar5bar5 cos RR y

 (31) 

In this case, the reaction Rbar.5x should be included in the number of “retentive” forces 

acting on the cargo along the car. 

Similarly, we find the projections of the reaction of the stop bar 6 (see Fig. 3) on the 

cargo both along and across the car, kN: 

 
06bar6bar6 sin  RR x

 (32) 

 
06bar6bar6 cos  RR y

 (33) 

In this case, the reaction Rbar.6x should be included in the number of “shearing” forces 

acting on the cargo along the car (see formula (14)). 

Next, taking the number of stop bars 5 and 6, for example, nbar.5 = 1 and nbar.6 = 1, we 

find the minimum number of fasteners nnail.5 and nnail.6 necessary for fastening two stop bars 

5 and 6 placed across the car. Then it is possible to determine the value of the force ΔFbar.y 

capable of acting on the fasteners. At the same time, if the sign of the force ΔFbar.y turns out 

to be negative, it means that retaining the cargo from shearing across the car is provided, 

and elastic securing elements will not be included in the work of retaining the cargo from 

shearing in the direction of the lateral forces. And vice versa, if the sign of force ΔFbar.y 

turned out to be positive, it means that the cargo retention across the car is not provided 

with inclined stop bars 5 and 6. At the same time, there will be a shear of the cargo across 

the car with the attachment of elastic securing elements of one direction. 

Let’s make a specific example of the calculation of the forces acting on the stop cargo 

securing elements when separately exposed to longitudinal and lateral forces. 

1. An example of calculating the reaction of inclined stop bars using the derived 

analytical formulas (16) - (20). Initial data corresponding to Fig. 1 and 2: 

ΔFlong1 = 616 - the longitudinal force perceived by the elastic securing elements, kN 

(adopted from data previously calculated by (14) for the gravity force of the cargo of 560 

kN); 

ΔFlong. = Rbar.x = 430 - the longitudinal force perceived by elastic securing elements, 

taking into account the projections of the forces of preliminary wire twists (FlongR0elast = 

106.7 kN) and the friction force from them (Ffr.longR0 = 80 kN) (according to previously 

calculated data), kN; 

nbar5 = nbar5а + nbar5b = 2 - the number of stop bars 5 and 5a (under the condition nbar5а = 

nbar5b), pcs.; 

[Rnail] = 1.08 - the allowable value of force per one fastener 6 mm and a length of 

150÷200 mm according to the Table 22 in technical specifications [12], kN. 

Calculation results: 

nnail5 = Rbar.x/(nbar5 [Rnail]) = 199 – the estimated number of stop bars 5 and 5a, pcs. (see 

formula (37) in [12]); 

nnail5long = 200 - the accepted even number of fasteners for fastening the stop bars 5 and 

5a, pcs.; 

Rbar.x1 = nnail5long nbar5 [Rnail] = 432 - reactions of the stop bars 5 and 5a, kN. 

Then the force capable of acting on the means of cargo securing (elastic and stop means 

of securing), taking into account the reactions Rbar.x1, turned out to be ΔFbar.x = ΔFlong.– 

Rbar.x1 = 430 - 435 = –2 kN 

Note, as before, since the sign of force ΔFbar.x turned out to be negative, the retention of 

cargo from shearing along the car is provided, and the elastic elements of securing of one 

direction will not be included in the work of retaining the cargo from shearing in the direction of 

the longitudinal forces. 
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Let us consider the case when the configuration of the cargo is such that it does not allow 

fastening the stop bars 5 and 5a with the accepted number of fasteners (nail) nnail5long, and the 

number of fasteners nailed to the stop bars nnail5long0 is less than previously accepted, i.e. 

nnail5long0 < nnail5long. For example, let nnail5long0 = 150 pcs. Then the newly calculated values of 

the reactions of the stop bars 5 and 5a Rbar.x0 = nnail5long0 nbar5 [Rnail] = 324 kN. 

In this case, the force capable of affecting the means of cargo securing, taking into account 

the reactions Rbar.x0, turned out to be ΔFbar.x = 106 kN. 

In this case, since the sign of the force ΔFbar.x turned out to be positive, the retention of the 

cargo along the car is not provided by the stop bars 5 and 5a, which are inclined to the side 

surfaces of the cargo. In this case, a clear shear of the cargo along the car can occur with the 

inclusion of elastic elements of securing of one direction and the stop bar 4 nailed to the floor of 

the car close to the end side of the cargo into work (see Fig. 1). 

In this regard, we will continue the calculation of fasteners for the stop bars 5 and 5a. 

The angles of inclination of the inclined stop bars 5 and 5a, calculated by the formula (21) 

according to the geometry of the inclined surfaces of these bars, turned out to be 
05а 05b

  = 

0.76 rad. (or 4.35 degrees). The value of the angle )( б05а05а055   = 2.99 rad. 

(171.3 degrees). 

The value of the unknown components 
bar5bbar5a RR  of the longitudinal force Rbar.x = 

ΔFlong. along the fibers of the stop bar, calculated by the formula (18), were equal 

to
bar5bbar5a RR  = 53.15 kN. The reactions of the stop bars 5 and 5a Rbar5а = Rbar5b from the 

longitudinal force 
bar5bbar5a RR  , calculated by (22), turned out to be equal to Rbar5а = Rbar5b = 

53.3 kN. 

The calculated value of the component
bar5aR   of the force Rbar5а expanding the stop bar 5 

across its fibers, calculated by (19), turned out to be 
bar5aR  = 4 kN. 

Let us consider another possible case where the configuration of the cargo is such that it does 

not allow fastening the stop bars 5 and 5a with the accepted number of fasteners (nail) nnail5long0 

and the number of fasteners nailed to the stop bars nnail5long01 is less than previously accepted, i.e. 

nnail5long01 < nnail5long0. For example, let nnail5long01 = 100 pcs. Then the newly calculated values of 

the reactions of the stop bars 5 and 5a Rbar.x01 = nnail5long0 nbar5 [Rnail] = 216 kN. 

In this case, the force capable of affecting the means of cargo securing, taking into account 

the reactions Rbar.x01, kN, turned out to be ΔFbar4.x = Rbar5а – Rbar.x01= 53.3 - 216 = –162.7 kN. 

In this case, since the sign of force ΔFbar4.x turned out to be negative, the retention of cargo 

along the car is provided by stop bars 5 and 5a, which are inclined to the side surfaces of the 

cargo. In addition, there will not be a clear shear of the cargo along the car with the inclusion of 

elastic elements of securing of one direction in the work. In this case, the stop bar 4 nailed to the 

floor of the car close to the end surface of the cargo (see Fig. 1) will not be included in the work 

to retain the cargo along the car. 

2. An example of calculating the reaction of inclined stop bars using the derived 

analytical formulas (27) - (33). Initial data corresponding to Fig. 1 - 3: 

ΔFlat1 = 181.5 - the lateral force perceived by elastic securing elements, kN (adopted 

from data previously calculated by (25) for the gravity force of the cargo of 560 kN); 

ΔFlat = Rbar.y = 66 - the lateral force perceived by the elastic securing elements, taking 

into account the projections of the forces of the preliminary wire twists (FlatR0elast = 36.1 

kN) and the friction force from them (Ffr.latR0 = 79.4 kN) (taken from previously 

calculated data), kN; 

nbar.y = nbar5а + nbar6 = 2 - the number of stop bars 5 and 6 (under the conditions nbar5a 

= nbar6), units; 

[Rnail] = 1.08 - the allowable force value per one fastener 6 mm and a length of 150÷

200 mm according to the Table 22 in technical specifications, kN. 
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Calculation results: 

nnail.y = Rbar. y /(nbar.y [Rnail]) = 30.6 – the estimated number of stop bars 5 and 6, pcs. (see 

formula (38) in [9]); 

nnail.ylat = 36 - the accepted even number of fasteners for fastening the stop bars 5 and 6, 

pcs .; 

Rbar.y1 = nnail.ylat nbar.y [Rnail] = 77.8 - reactions of the stop bars 5 and 6, kN. 

Then the force capable of acting on the means of cargo securing (elastic and stop means 

of securing), taking into account the reactions Rbar.y1, turned out to ΔFbar.y1 = ΔFlat.– Rbar.y1 = 

66 - 77.8 = –11.8 kN. 

As you can see, the sign of the force ΔFbar.y1 is negative. In this case, the retention of the 

cargo from the shear across the car by the stop bars 5 and 6 is provided. In addition, elastic 

elements of securing of one direction will not be included in the work on retaining the 

cargo from shearing in the direction of the impact of lateral forces. 

Let us consider the case when the configuration of the cargo is such that it does not allow 

fastening the stop bars 5 and 6 with the accepted number of fasteners (nail) nnail.ylat and the 

number of fasteners nailed to the stop bars nnail.ylat0 is less than previously accepted, i.e. nnail.ylat0 

< nnail.ylat. For example, let nnail.ylat0 = 20 pcs. Then the newly calculated values of the reactions 

of the stop bars 5 and 6 Rbar.y01 = nnail.ylat0 nbar.y [Rnail] = 43.2 kN. 

In this case, the force capable of acting on the means of cargo securing, taking into account 

the reactions Rbar.y01, turned out to be ΔFbar.y1 = 22.8 kN. 

Then, since the sign of force ΔFbar.y1 turned out to be positive, retention of the cargo across 

the car is not provided by the stop bars 5 and 6. In this case, a clear shear of the cargo across the 

car can occur with the inclusion of elastic elements of securing of one direction in the work (see 

Fig. 1). 

In this regard, we continue the calculation of fasteners for the stop bars 5 and 6. As before, 

let the inclination angles of the inclined stop bars 5 and 6, calculated by (21) according to the 

geometry of the inclined surfaces of these bars, be а05 = 0.76 rad. (or 4.35 degrees) and 06 = 

0.065 rad. (or 3.7 degrees). The value of the angle )( 6а05056  = 3 rad. (171.3 

degrees). 

The reaction values of the stop bars 5 and 6, calculated by (28) and (29), and directed across 

their fibers, turned out to be Rbar5 = 10.52 and Rbar6 = 12.34 kN, respectively. 

The projections of the reaction of the stop bar 5 along and across the car (along the 

axis Ox and Oy), calculated by (30) and (31), were Rbar5x = –0.8 and Rbar5y = –10.5 kN, 

respectively. In this case, the reaction Rbar.5x should be included in the number of 

“retentive” forces acting on the cargo along the car (see formula (15)). 

Similarly, we find the projections of the reaction of the stop bar 6 (see Fig. 3) along 

and across the car, calculated by (32) and (33), which were Rbar6x = 0.8 and Rbar6y = –

12.32 kN, respectively. In this case, the reaction Rbar.6x should be included in the 

number of “shearing” forces acting on the cargo along the car (see formula (14)). 

Next, taking the number of stop bars 5 and 6, for example, nbar5 = 1 and nbar6 = 1, we 

find the minimum number of fasteners nnail5 and nnail6 necessary for fastening two stop 

bars 5 and 6 placed across the car. 

Calculation results: 

nnail5 = Rbar5/(nbar5 [Rnail]) = 10.5/(1×1.08) = 9.74 – the estimated number of the stop bars 

5, pcs.;  

nnail6 = Rbar6/(nbar6 [Rnail]) = 12.34/(1×1.08) = 11.43 – the estimated number of the stop 

bars 6, pcs.; 

nnail.long5 = 10 and nnail.long6 = 12 – the accepted even numbers of fasteners for fastening 

the stop bars 5 and 6, pcs.; 
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nnail56 = nnail.long5 + nnail.long6 = 22 – total number of fasteners for fastening two stop bars 5 

and 6, pcs.; 

nbar56 = nbar5 + nbar6 = 2 – the accepted quantities of two stop bars 5 and 6, pcs.; 

Rbar.y56 = nnail56 nbar56 [Rnail] = 47.2 – the reaction of the stop bars 5 and 6, kN. 

Then the force capable of acting on the means of cargo securing (elastic and stop 

means of securing), taking into account the reactions Rбр.y56, turned out to be ΔFbar56 = 

ΔFy01 – Rbar.y56 = 22.8 - 47.2 = –24.7 kN. 

As you can see, the sign of the force ΔFbar56 turned out to be negative. This means that 

there will not be a shear of the cargo across the car, and the elastic elements of securing 

of the same direction will not be included in the work of retaining the cargo from 

shearing in the direction of the lateral forces. 

Finite analytical formulas for calculating the reaction of inclined stop bars under the 

influence of a spatial force system. Let’s consider finding the reaction of stop bars 5, 5a and 6 

when exposed to a spatial force system: 
long.bar FR x  and 

lat.bar FR y   (see Fig. 2 and 3). 

The reaction of the stop bar 5 along the car should be found by the formula 

 
x5bara5bar

0

a5bar RRR   (34) 

The reaction of the stop bar 5 along the fibers –  

 
a05

0

a5bar

01

a5bar cos RR  (35) 

and across the fibers –  

 
a5bar5bar

02

a5bar RRR   (36) 

The reactions of the stop bar 5a along the car should be found by (22) and (23). 

The reaction of the stop bar 6 along the car should be found by the formula 

 
x6bar6bar

0

6bar RRR    (37) 

The reaction of the stop bar 6 along the fibers –  

 )cos( 06x6bar

01

6bar  RR  (38) 

or, taking into account (32), 

)cos()sin( 06066bar

01

6bar RR   

or, taking into account the formula of double angles [20], 

 )2sin(
2

06
6bar01

6bar 
R

R  (39) 

and across the fibers – find by (28). 

3. An example of the calculation of inclined stop bars using the derived analytical 

formulas (34) - (39) and the calculated data in examples 1 and 2, obtained by formulas 

(16) - (19) and (27) - (33). Calculation results: 

x5bara5bar

0

a5bar RRR   = 53.31 – (–0.8) = 54.1 – the reaction of the stop bar 5 along the car; 

a05

0

a5bar

01

a5bar cos  RR = 54.1×0.997 = 53.95 – the reaction of the stop bar 5 along the fiber; 
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a5bar5bar

02

a5bar RRR  = 10.52 – 53.31 = –42.78 – the reaction of the stop bar 5 across the 

fiber; 

x6bar6bar

0

6bar RRR  = 12.34 + 0.8 = 13.14 – the reaction of the stop bar 6 along the car; 

06x6bar

01

6bar cos RR = 0.8×0.998 = 0.797 – the reaction of the stop bar 6 along the fiber; 

Rbar6 = 12.34 – the reaction of the stop bar 6 across the fiber, kN. 

Thus, the calculation of the number of fasteners (nail) for fastening stop bars to the floor of 

the car under the influence of both flat and spatial force systems. 

4 Discussion 

Summarizing the results of the study performed, we will especially note the following. 

1. The problem’s conditions and accepted assumptions are formulated when creating a 

dynamic model, taking into account the fact that in a dynamic model, cargo securing 

elements are affected by spatial force systems that are perceived by the main constraint (car) 

and additional constraints (elastic and stop wooden fasteners). 

2. Based on the study of the physical model of the mechanical system (object), a design 

model of securing the cargo on the car is formed, which allowed the construction of 

mathematical models of its fasteners with inclined side surfaces by means of stop elements 

(bars) under the influence of spatial force systems. 

3. The mathematical solution to the problem of determining the reaction of inclined stop 

bars under the influence of a spatial force system is implemented. For example, the final 

analytical formulas for calculating the reaction of inclined stop bars as one of the cargo 

securing elements on the railway platform are written in a form convenient for calculating. 

4. Using final analytical formulas for calculating the reaction of inclined stop bars, 

specific examples of calculating the forces acting on the stop elements of the cargo securing 

were made. 

The results of previously published papers (see, for example, [3, 9, 10, 12 - 15]) are 

particular cases of this study. So, for example, when the angles of inclination of the side 

surfaces of the stop bars 5 and 6 in the form of α05 and α06 are zero (ie, α05 = 0 and α06 = 0), 

the reactions of the stop bars 5 and 6 are determined in the same way as in [3, 9, 10, 12 - 15] 

when exposed only to the lateral forces. 

The results of this study are of theoretical significance, since the final analytical formulas 

for calculating the reaction of inclined stop elements to the side surfaces of the cargo and the 

decomposition of the projection of these reactions in the direction of the axes of coordinates 

are given for the first time. Of practical interest for the carriage of cargo on a railway 

platform (car) is the determination of the number of fasteners (nail) needed to fasten the stop 

elements to the floor of the car. 

Further studies should be conducted, the results of which allow determining the reaction 

of stop elements for cargo that rely on the floor of the car with an optional configuration. 
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