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Abstract. The methodology for calculating the contact stress state for 
various contact types of frogs and wheel is presented. The magnitudes of 
contact stresses in the frogs can be calculated according to the Hertz-
Belyaev method, taking into account certain evaluating factors. 

1 Introduction  

An increase in axial loads, train speeds, and railway load carrying capacity increases the 

failure of frogs due to contact fatigue damage [1, 2]. For that reason, about 25% of frogs 

that have not reached the limit of wear and tear are taken out of the track. 

The contact durability of crosses is increased by hardening the metal, improving its 
structure, improving the geometry of work surfaces and by other methods [3, 4, 5]. In order 

to successfully solve this problem, it is necessary to know the magnitude of the contact 

stresses arising in the frogs from the wheels of the rolling stock. 

The methods of measuring contact stresses of the frogs in the track have not yet been 

developed. Therefore, researchers involved in improving the contact-fatigue strength of 

frogs have to use the Hertz-Belyaev theory and other calculation methods. 

The contact of the wheel and the frog belongs to the class of problems, for which the 

premises of the Hertz-Belyaev theory are not fully satisfied. There are such features as the 
commensurability of the radii of the contacting bodies; the proximity of the contact pad to 

the edge of the side edge; the commensurability of the contacting body radius and the width 

of the contact pad, etc. [6, 7]. Contact stress epurs for this class of contact issues are similar 

to epurs obtained according to the Hertz-Belyaev theory. However, a large mismatch can be 

obtained in the numerical values of the stresses. It is possible to take into account these 

features with the help of a system of evaluation coefficients for the calculated values, which 

can be obtained according to the Hertz-Belyaev theory. Let us consider their definition. 

2 Research technique  

The study of contact stresses in the frogs was carried out experimentally using models and 

by the photoelasticity method, which allows accurately obtaining the stress values and 

studying the nature of their distribution inside the loaded element. 

The stress state of any loaded element depends on the magnitude of the load, the 

geometric shapes and sizes of the element, its elastic characteristics and the method of the 
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load application [8, 9, 10]. 

The contact pads of the wheels and frogs in the rolling zone have the shape of ellipses 

that are elongated along the element. According to experimental data, the average width of 

the contact pads in the rolling zone varies between 5.4 - 6.7 mm, and the minimum width 

varies between 2.0 - 4.0 mm. With such a width of the contact pads, the eccentricities of 

contact ellipses are in the range e=0.900 ÷ 0.999. In order to obtain statistics on e, the sizes 

of contact ellipses of new and middle-worn wheels and frogs were calculated, with wear in 

the 40 mm core section from 0 to 12 mm. The diameters of full-sized crosses taken by a 
profilograph were used. The diameter of the middle-worn wheel is taken according to the 

mass measurement of the wheels. A total of 120 different contact options were calculated. 

The calculated values of the eccentricity of contact ellipses were е=0.82 ÷ 0.999, and 

only in eight contact variants there were areas with е < 0.9. For values of е 0.9, the stress 

state parameters in the contact of the wheel and the frog differ little from those obtained 

from the condition of contact in an infinite strip (e = 1.0) [11, 12, 13]. So, it can be obtained 

that the magnitudes of the highest stresses calculated within this limit of the change in 

eccentricities (0.9≤е≤1.0) differ by no more than 4.8%. The ratio of the depth of points with 

the highest tangential stresses values to the width of the contact area differ by no more than 
12.8%. 

The greatest contact stresses in all cases arise in the cross section passing through the 

center of the contact ellipse. When contacting along an infinite strip, the element in the 

contact zone operates in a state of plane deformation [14, 15]. 

Thus, in most cases, the metal of the frogs in the contact region of the rolling zone is 

undergoing a deformation, which is close to plane (i.e., deformations along the axis 

perpendicular to the considered section can be neglected). 

Elastic characteristics are not included in the equilibrium equations of a stressed 
element. In a plane problem of six equations, only one equation for the compatibility of 

deformations remains: 
𝑑2𝜀𝑧

𝑑𝑦2 +
𝑑2𝜀𝑦

𝑑𝑧2 =
𝑑2𝛾𝑧𝑦

𝑑𝑧𝑑𝑦
       (1) 

where 𝛾𝑧𝑦, 𝜀𝑧, 𝜀𝑦 are relative strains; z is the axis directed normal to the contacting 

bodies; y is the axis perpendicular to the z axis in the plane of the cross section. 
The strain compatibility equation can be obtained through stresses: 

(
𝜕2

𝜕𝑧2 +
𝜕2

𝜕𝑦2
) (𝜎𝑧 + 𝜎𝑦) = −

1

1−𝜇
(

𝜕𝑍

𝜕𝑧
+

𝜕𝑌

𝜕𝑦
)     (2) 

where Z, Y — bulk forces;  — Poisson's ratio. 

In general case, the Poisson's ratio is included in the strain compatibility equation and 

affects the stress distribution within the loaded element. 

In the problem under consideration, the bulk load is only the dead weight of the frog, 

which does not depend on the coordinates. Therefore, 
𝜕𝑍

𝜕𝑧
= 0  and  

𝜕𝑌

𝜕𝑦
= 0. The strain 

compatibility equation is independent of the Poisson ratio, i.e. 

(
𝜕2

𝜕𝑧2 +
𝜕2

𝜕𝑦2
) (𝜎𝑧 + 𝜎𝑦) = 0     (3) 

Since the frog sections under consideration are simply connected (there are no internal 

cavities), both conditions of the Levy-Mitchell theorem are satisfied for the conditions of 
the frog contact issue. Therefore, distribution of contact stresses in the frog does not depend 

on elastic characteristics [16]. This allows replacing the study of a plane strain state with a 

technically simpler study of a plane stress state, since the compatibility equations of the 

deformations of these two states only differ in a factor depending on the Poisson's ratio. 

The photoelastic method is used to study the stress state of transparent models made of 

a special piezoelectric material. 

If it is possible to establish a one-to-one correspondence between the stress state of the 
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model and the studied full-sized element using the theory of modeling and then study the 

stress state of the model, then it is possible to carry out a transformation allowing to study 

stress state of the full-sized element 𝐴н  =  𝑚𝐴𝐴м, where 𝐴н and 𝐴м, are the corresponding 

scalars, vectors or tensors for full size and for model; тА is the transformation that 

determines compliance. 

In the problem under consideration, the stress distribution in the contact region does not 

depend on the elastic characteristics of the elements material. Therefore, establishing a 

correspondence between the model and full-size reduces to establishing a geometric 
similarity between them [17, 18]. 

Contact stresses in contacting bodies substantially depend on the curvature value of 

their surfaces at the contact point. Therefore, in order to simplify the study, the geometric 

scale of the model was adopted as 1:1. In order to load models of the frogs with the wheel 

models, a special loading device was made, which was placed in the load frame of the 

installation and allowed varying loads in a wide range. Calibration and pricing of the model 

strip was carried out on a disk with a diameter of 60 mm. The disc is made of the same 

plate, from which the frog models were made of [19, 20]. 
A total of 87 different types of contact between the frog and the wheels were studied, 40 

of them for the frog cross section with a core width of 35 mm and 47 for the cross section 

with a core width of 20 mm. The frog models were made with transverse surface profiles 

corresponding to the new frog and worn one, with the maximum wear and tear limit. The 

diameters of the wheel models were taken with the following profiles: new, medium-worn, 

extremely worn out and with stepped section. Various forms of contact were investigated 

depending on the position of the wheels in the gutter of the frog. The strip patterns (Fig. 1) 

were photographed on photographic plates, and the isocline pictures were drawn directly on 
a sheet of paper fixed on the installation screen. 

а)  

b)  

Fig. 1. The strip pattern (a) and isocline (b) in the core model of an unworn frog in a 35 mm wide 
section from the impact of a new wheel 
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The highest tangential stresses in the model plane were obtained directly from the strip 

pattern (Fig. 2), and the normal stresses z and у were obtained by the separation method. 

Stresses were separated by numerical integration of the equilibrium equations. Normal 

stresses х in the plane perpendicular to the plane of the model were determined by the 

formula 𝜎𝑥 = 𝜇(𝜎𝑧 + 𝜎𝑦). 

 

Fig. 2. The strip pattern and the epurs of contact stresses obtained from it in the model of the frog 
core with a section of 20 mm 

In order to verify the accuracy of the experiment, contact stresses were studied for the 

case of disk pressure d = 60 mm per half-plane. The difference in the values of the stresses, 

which were obtained experimentally and theoretically, did not exceed 3-6% (a smaller 

figure refers to the maximum values of the stresses) [21, 22, 23]. 

3 Results and discussion 

For all contacting options, the results were compared with the stresses obtained by 

calculation using the Hertz-Belyaev theory. The correction coefficients 𝑘 =
𝜎𝐸

𝜎𝐶 were 

calculated, where 𝜎𝐸 are the stresses obtained experimentally by the photoelasticity 

method; 𝜎𝐶  are the stresses obtained by calculation by the Hertz-Belyaev method. 

The values of k ranged from 0.62 to 1.01, however, for each specific case, the range was 

small (up to 5%). The average values of k are shown in Fig. 3. The type of stress epurs 
coincided in almost all cases. Thus, the values of contact stresses in the frogs can be 

obtained by using the formulas 𝜎 =  𝑘𝜎𝜎∗ and 𝜏 =  𝑘𝜏𝜏∗, where 𝑘𝜎, 𝑘𝜏 are the transition 

coefficients; 𝜎∗, 𝜏∗ * are the corresponding stresses obtained by calculation according to the 

Hertz-Belyaev theory. 

In the case of contact between the frog and the wheel having a stepped tyre wear, the 

stresses could not be measured, since residual plastic deformations occurred even with a 

small initial load in the frog model. Nevertheless, this phenomenon in itself allows 

concluding that such wheels can significantly damage the frogs lying in the way. 
The methodology described above can be used to calculate the contact stress state for 

various contact variants of frogs and wheels. This will allow determining the location of the 

most stressed points in the contact region of the rolling zone, in which microdefects of 
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fatigue origin can arise, and also to predict the development directions of these defects. 

 

Fig. 3. Average correction factors for stress values, calculated according to Hertz-Belyaev theory 

4 Conclusions 

1. The numerical values of contact stresses in the frogs differ according to the values 

obtained by using the Hertz-Belyaev method by 0.62-1.01 times. 

2. The values of contact stresses in the frogs can be obtained by calculation according to 

the Hertz-Belyaev method, taking into account the correction factors obtained in this study. 
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