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Abstract. A mathematical model of dynamic interaction between two 
mining enterprises and one processing is formalized and studied in the 
paper. The process of interaction is described by a system of three delay 
differential equations. The criterion for asymptotic stability of nontrivial 
equilibrium point is obtained when all three enterprises co-work steadily. 
The problem is reduced to finding stability criterion for quasi-polynomial 
of third order. We found time intervals between deliveries of raw materials 
and manufacturing of finished products, in which the process of interaction 
of the three agents is stable. 

1 Introduction 
Let us consider the dynamics of competitive interaction between two mining enterprises 
and one processing, manufacturing finished products from the supplied raw materials. We 
will assume that we know the necessary amount of finished products for the region in 
which these products are sold. In this case, competition occurs between mining enterprises, 
which is characterized by the optimal distribution between them of the amount of extracted 
raw materials. 

The mathematical model of this process is described by a system of three delay 
differential equations. These equations are determined so that the nontrivial equilibrium 
point of the system is, as described above, three optimal values. The task is: to find the 
conditions under which the solution of the system will tend to the optimal equilibrium 
point. Conditions will be expressed only through the coefficients of the original system. 

These coefficients depend on the technology of extraction and manufacturing of 
finished products (technological coefficients), on the degree of competition between mining 
enterprises, on the value of supplies of raw materials to a processing company, on the time 
intervals in the supply of raw materials to the consumer and on the time on which finished 
products are manufactured. The task is to describe under which dependence and constraints 
on the coefficients the stability of the entire system is preserved. 
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A similar problem for two agents was considered in [1; 2; 3; 4; 5] and it was described 
by a system of two nonlinear delay differential equations. In particular, for the model of 
competition between two investors, delay played the role of capital turnover time. 
Moreover, the system was described in such a way that the stable co-work of both investors 
depended primarily on the coefficients of mutual competition, or rather, on their product. In 
all articles, the search for coefficient criteria for the asymptotic stability of the equilibrium 
state was reduced to finding conditions under which the roots of the characteristic quasi-
polynomial of the linearized system lay in the left half-plane. In [6; 7], coefficient criteria 
under which a system characterizing the dynamics between the extractive and processing 
industries is stable are indicated. In [8] the influence of the capital turnover time on the 
stability of the equilibrium point of two competing firms is obtained.  

Also in the article the maximum admissible time interval in both the supply of raw 
materials and the sale of finished products, called the maximum admissible delay, which 
will maintain a balance between production and processing is obtained. 

2 Mathematical model with two mining and one processing 
enterprises 
We will assume that the necessary and economically justified quantity of finished product 
K is known for this region. Then, according to the technology, the first two enterprises need 
to extract raw materials in the amount of 21 K  and  K  respectively. Let's write down a 
mathematical model of the process of mutual influence of three agents in such a way that its 
nontrivial equilibrium position is a point ),K ,( 21 KK : 
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In this system, 21, PP  are the raw materials produced by the first and second 
enterprises, respectively, and Q – the quantity of the finished product produced by the third 
enterprise. 21, rr  - technological coefficients that characterize the production of raw 

materials by the first two enterprises; 21,ββ  - competition coefficients that characterize 

the degree of pressure of one mining enterprise on another. Coefficients 21,γγ  
characterize the share of raw materials coming from each of the suppliers to the processing 
enterprise; 21, hh  - time intervals through which raw materials are sent to the processing 
enterprise. 

Coefficient c>0 – the rate of reduction of finished production in the absence of raw 
materials (in the system is marked with a minus sign). The coefficient l characterizes the 
share of old stocks of finished products in the processing enterprise, and the coefficients 

21, ll  characterize the share of raw materials consumed by the third enterprise; delay 3h   is  
the time of sale of the finished product. 
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If the condition clll +=+ 21  is met, the nontrivial equilibrium position of the system 
(1) is a point ),,( 21 KKK . We'll find it conditions under which this equilibrium point is 
asymptotically stable. 

3 Linearized system and characteristic equation. Asymptotic 
stability of a nontrivial equilibrium point at zero delays 
To study the stability of the non-trivial equilibrium point of the system (1), we move from 
the equilibrium point ),,( 21 KKK  to the equilibrium position (0,0,0), making the 
substitution of variables 

2,1  )),(1()( =+= jtxKtP jjj ;   ))(1()( tzKtQ += . 

For the new system, we write only its linear part, discarding the quadratic terms, which, 
according to the theory of differential equations, will not affect the asymptotic stability of 
the trivial equilibrium point: 
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The characteristic equation corresponding to system (2) has the form: 
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First, let's consider the case when all the delays 0321 === hhh . After calculating 
the determinant, we get:  

022
))(2()2(

21212122121112221121

212122112121
2

21
3

=−−−+++
+−++++++++

rrlrlrlrlrlrlr
rrllrrlrrlrr

ββγβγβγγ
λββγγλλ  .           (4)  

The trivial equilibrium point of the system (2) is asymptotically stable if and only if the 
roots of the characteristic equation (3) lie in the left half-plane. For zero delays, the roots of 
the polynomial (4) will be in the left half-plane if and only if the coefficients of the third-
degree polynomial are positive, i.e.  

212122112121 )(2 rrllrrlrr ββγγ >++++                                  (5) 

212121221211122211212 rrlrlrlrlrlrlr ββγβγβγγ ++>++ .                   (6) 

Inequality (5) means that the mutual competition between two extractive enterprises 
should not be large and the product of the coefficients characterizing competition is limited 
by the upper-left part of the inequality (5). Inequality (6) also gives restrictions on the 
coefficients of competition 1β  and 2β . 
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If we consider a particular case of competition between two mining companies in the 
absence of a third processing, then all the coefficients 021 === lll . In this case, from 
inequality (5) we have 

212121 rrrr ββ>    or 121 <ββ .                                             (7) 

Inequality (7) is a necessary and sufficient condition for the stable coexistence of two 
competitors, two investors, two competing for a common food of individuals and is found 
in the works [1;2;3;4;5]. Note the following fact. Biologists divide the coefficients of a 
biological system into primary and secondary characteristics. The primary characteristics 
are coefficients that characterize the natural growth of the population, and the secondary 
ones are competition coefficients. In biological studies and observations, it is indicated that 
the stability of the biosystem is primarily affected by secondary features. Inequality (7) 
indicates that the stability of an ecosystem or biosystem is primarily affected by the 
interaction of secondary features, which should be small. 

4 Quasi-polinomial and its roots with identical delays 

Consider the characteristic equation (3) for identical delays 0321 >=== hhhh . Let's 
calculate the determinant (3), writing it in descending order by degrees λ  and ascending by 
degrees he λ− : 
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Multiplying equality (8) by heh λ33  and making a change of variable in the resulting 
equation λhz = , we get that the third degree quasi-polynomial equals to zero with 
respect to z and ze : 
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Rearrange the terms in (9) in descending order of exponential powers multiplied by the 
corresponding polynomial: 
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To shorten the entry, we denote 
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Then quasi-polinomial will look like: 
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It follows from the theorem of L. S. Pontryagin [9] that if a quasi-polinomial does not 
have a principal term, then there is a chain of its roots whose real parts tend to +∞ . In our 
case, the quasi-polinomial (12) has the principal term of the bi-degree (3,3). We will look 
for conditions under which its roots lie in the left half-plane. 

Substitute z = iy in quasi-polinomial (12) and select the real 
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We will also need derivatives 
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Theorem 1. [4, p.78; 9]. In order for the roots of the quasi polinomial (12) lay in the left 
half–plane, it is necessary and sufficient that the vector of the amplitude-phase 
characteristic turns monotonously around the origin in a positive direction and with a 
positive speed, without passing through the origin. Analytically this is expressed by the 
following condition 

0)()(')()(' >− yGyFyFyG for all y.  (17) 

Remark 1. Inequality (17) means that the amplitude-phase the characteristic when it 
rotates around the origin intersects any straight line passing through a point (0,0) at a 
positive angle and does not touch it. 

According to the Pontryagin criterion [4; 9], the roots of the quasi-polinomial will be in 
the left half-plane if and only if the vector )(iyHw =  rotates around the origin by an angle

rks ππ +4 , when ]2;2[ kky ππ−∈   for large k.  that is, intersect the axes )(yF  and )(yG  
rks +4  times. In our case, the quasi-polinomial (12) has a bi-degree (s=3, r =3), 

therefore, on the segment ]2;2[ kk ππ−  functions )(yF  and )(yG  must have 12k+3 roots. 
With the exception of the segment ]2 ;2[ ππ−  on the other segments of length π4 , 
functions )(yF  and )(yG  must have 12 roots. 

The inequality (17), which characterizes a monotonous turn of the amplitude-phase 
characteristic in the positive direction at a point 00 =y , looks like this: 

0))(3()0()0(' 33232 >+++−++−= vuqpuqpрFG  (18) 

In the problem under consideration (the smallness of the coefficients of mutual 
competition), inequality (18) is equivalent to a system of inequalities 
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Returning to the coefficients of the system (2), from (19) we obtain 

5

E3S Web of Conferences 193, 01051 (2020)
ICMTMTE 2020

https://doi.org/10.1051/e3sconf/202019301051



212121212121212121222111

212121212211

)(3)(
22

rrhrrlllrrrrlrlrl
llllll

βββββγβγγγ
βββγβγγγ

+++>++++
++>++

. (20) 

The first inequality in (20) is always satisfied if the competition between extractive 

enterprises is small ( 121 <ββ ), which is consistent with the above statements about the 
stability of economic and biological systems. The second inequality in (20) imposes stricter 
restrictions on the competition coefficients. Moreover, from the second inequality we 

obtain the maximum admissible delay maxh , in which there will be no loss of stability of 
the economic system: 
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Now we give a stability criterion for the quasi-polynomial (12) with non-negative 
coefficients. In contrast to the Hermite – Biller criterion we will require that inequality (17) 
be satisfied not at the roots of the functions F (y) or G (y), but at the points of their 
intersection. 

Theorem 2. The roots of a quasi-polynomial (12) with non-negative coefficients lie in 
the left half-plane if the following conditions are fulfilled: 

1. 0)0(',0)0(',0)0(',0)0(,0)0(',0)0( >−<+=>>= FFFFGG         .(22) 

2. The equation )()( yGyF =  has 6 roots on the segment [0; 2π], and 
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3. At the points yi, the graphs of the functions )(yF  and )(yG  intersect and the 
inequalities hold at these points: 
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5(6 ππ
∈y  0)(',0)(',0)()( 6666 ><<= yFyGyFyG  

or similar conditions are fulfilled with the replacement of inequalities by opposite. 
Proof. Necessity. If all the roots of the quasi-polynomial (12) lie in the left half-plane, 

then with increasing y the amplitude-phase characteristic monotonously rotates around the 
origin in the positive direction without passing through the point (0; 0). This means that 
inequality (17) holds for all y. Therefore, all inequalities in formulas (22) - (24) are 
satisfied. 

Sufficiency. It follows from formulas (13) - (16) that the function )(yG  is odd, and its 
derivative is even. The first part of condition 1 means that the function )(yG  increases 
passing through the point (0; 0). On the other hand, the function )(yF  is even, but its 

derivative is odd and it follows from conditions 1 that at the point 00 =y  the function 
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)(yF  has a positive maximum. Then the function )(yF  will decrease, passing the point

00 =y , while the function )(yG  in the same interval will increase. 

Let 1y  be the intersection point of these graphs. At this point, the functions )(yF  and 
)(yG  are positive, with )(yG  increasing and )(yF  decreasing. Therefore, at the point, 

the first of inequalities (24) holds. With further movement, the function )(yF  intersects 
the axis Oy and at this point 0)(' <yF , а 0)( >yG , as well. Therefore, inequality (17) 
also holds. The sign of the derivative )(' yG at this point is unimportant, since 0)( =yF  
in it. 

According to the properties of trigonometric polynomials, the function )(yG  reaches 
its positive maximum before the function )(yF  reaches a negative minimum. After the 
maximum, the function )(yG  decreases, and after the minimum, the function )(yF  
increases. Their new intersection at the point 2y will occur at negative values of )(yF  and 

)(yG . This means that before the point 2y  there will be a root of the function )(yG . 

Thus, at the point 00 =y  was the root of the function )(yG , then the root of )(yF , 

and then again the root of the function )(yG . We get the alternation of the roots of the 
functions )(yG  and )(yF  and the alternation of their intersection points, and the 
intersections occur in the intervals (23). From all this it follows that the amplitude-phase 
characteristic rotates monotonically around the origin and the roots of the quasi-polynomial 
lie in the left half-plane. C.T.D. 

Remark 2. If conditions 1 and 2 of Theorem 2 are fulfilled, then it is sufficient to verify 
conditions 3 only at the point )

3
;0(1
π

∈y . All other chains of inequalities (24) will be 

automatically fulfilled. 
It follows from the fact that the functions )(yF  and )(yG  are trigonometric 

polynomials of the same bi-degree; therefore, their roots and their intersection points have a 
periodicity of following each other. Inequalities (22) and (24) correspond to inequality (17). 
Whence it follows that the amplitude-phase characteristic will rotate monotonously around 
the origin. Therefore, all the roots of the quasi-polynomial (12) lie in the left half-plane. 

Taking into account Remark 2, we now express the conditions of Theorem 2 in terms of 
the coefficients of the quasi-polynomial (12). 

Theorem 3. The roots of a quasi-polynomial (12) lie in the left half-plane if and only if 
the following conditions are satisfied: 

1.                                        
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has 6 roots on the segment [0; 2π], moreover 
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Proof. The first inequality in (25) corresponds to the condition 0)0( >F  the second 
one to the condition 0)0(' >G , and the third inequality to the condition 0)0(' <F . The 
function F (y) must decrease after the point 0 so its derivative must be negative. The 
derivative F’(y) is odd. From (15) we write out the leading term of the derivative for y in 
the first power: 

0)22429233()(' 22313122 <−−−−−+−−−≈ yuqqqqppppyF   if 0>y . (31) 

From (31) we obtain one more condition on the coefficients of the quasi-polynomial 
(12) for which its roots lie in the left half-plane: 

332211 944622 puqqpqp >+++++ .   (32) 

Condition 2 of Theorem 3 is equivalent to condition 2 of Theorem 2. Condition 3 of 
Theorem 3 is equivalent to the first of conditions 3 of Theorem 2. In view of Remark 2, all 
conditions 3 of Theorem 2 are satisfied. Consequently, the amplitude-phase characteristic 
with an increase in y rotates monotonically around the origin in the positive direction and 
with a positive speed. This means that all the roots of the characteristic quasi-polynomial lie 
in the left half-plane. 

If, using formulas (11), we express the conditions of Theorem 3 in terms of the 
coefficients of the original system (1), we obtain a criterion for the asymptotic stability of 
its nontrivial equilibrium point. 

5 Conclusions 
1. In this article the mathematical model of the dynamics of competitive interaction 

between two mining enterprises and one processing enterprise is formalized and studied. 
2. In the particular case of system (1) in the absence of the third equation and zero 

delay, we obtain the condition 121 <ββ . This inequality means that the stable coexistence 
of two competitors primarily depends on weak mutual competition [1-5]. 

3. In the work of L. S. Pontryagin [13] an asymptotic formula for the angle of rotation 
of the amplitude-phase characteristic is given. From this formula conditions when the roots 
of the quasi-polynomial lie in the left half-plane are obtained. Theorem 1 proved that the 
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roots of a quasi-polynomial lie in the left half-plane if and only if the amplitude-phase 
characteristic rotates monotonically around the origin in a positive direction and with a 
positive speed. This result is valid not only for quasi-polynomials, but also for functions of 
a complex variable of a different kind. 

4. In contrast to the Hermite - Biller conditions, which verify that inequality (17) is 
satisfied at the roots of the functions F (y) or G (y), in Theorem 2 it is proposed to check 
inequality (17) at the intersection points of the graphs of these functions, more precisely, 
only in one point. 

5. Theorem 3 gives coefficient criteria for the stability of a third-order quasi-polynomial 
with respect to z and the exponent. Based on these criteria, it is indicated how to obtain the 
necessary and sufficient conditions for the stable coexistence of the economic system (1). 
(The conditions are long and the scope of this article does not fit). 

6. The formula (21) shows the maximum admissible delay, in which there will be no 
loss of stability of the economic system. 

 
The work is partially supported by the RFBR grant # 18-01-00796.  
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