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Abstract. A complex solution of problem of creating mathematical models of multi-energy systems is 

possible using a unified approach. An approach that will ensure consistent construction of mathematical 

models and unification of computational algorithms. The paper presents the elements of the concept of 

energy circuits as a basis for unified modeling of systems of different physical nature. The existing and 

developed approaches to solving the problems of calculating the flow distribution in multi-energy systems 

are presented, based on the analysis of publications on this subject. The general structure of the 

mathematical model of the flow distribution in a multi-energy system and the set of optimization problems 

for steady-state operating conditions are described. A possible formulation of the optimization problem for 

the short-term operation of a multi-energy system is presented. 

1 Introduction 

Integrated management of an energy system means 

considering it as a multi-energy system taking into ac-

count the production, transmission, distribution and 

consumption of various energy resources in their inter-

connection. Management of the development (planning 

and design) and functioning (operation) of energy sys-

tems of this type implies the coordination of one-product 

(electrical, heat supply, gas transportation, etc.) subsys-

tems included in them. 

The main difficulties in the analysis and synthesis of 

multi-energy systems are associated with the heterogene-

ity of the observed physical phenomena and the com-

plexity of their mathematical description and the variety 

of system elements. A complex solution of problem of 

creating mathematical models of multi-energy systems is 

possible using a unified approach. An approach that will 

ensure consistent construction of mathematical models 

and unification of computational algorithms. The basis 

for such a unified approach can be the concept of energy 

circuits [1, 2], which in turn proceeds from the principle 

of the similarity of phenomena of different physical 

nature [3]. 

A mathematical model of the steady state of the sys-

tem is a base of the calculation of the flow distribution. 

Such a model includes topological equations (corre-

sponding to Kirchhoff's circuit laws) and component 

equations (determining the relationship between the state 

parameters along the arcs of the system graph) in its 

most general form for single-product system. 

It is natural to apply a similar approach to multi-

energy (multi-product, i.e. with several energy re-

sources) systems. However, when it is enough to take 

into account the laws of resource distribution and deter-

mine the values of the state parameters in case of single-

product system, the calculation becomes more compli-

cated in presence of several resources and their mutual 

transformation. The topologies of the system are differ-

ent for different energy resources, and the interconnec-

tion (integration) of one-product systems is carried out 

through the nodes common to these systems – energy 

hubs [4]. Energy hubs are nodes that are converting 

energy resource from one type to another. Therefore, in 

addition to two or more types of energy resources, the 

model includes the equations for the interconnection of 

single-product systems (the equations of energy hubs). 

In a multi-energy system (as well as in single-product 

systems) the calculation of flows distribution (determina-

tion of the values of the state parameters in the nodes 

and connections of the system that satisfy Kirchhoff 

circuit laws) has two purposes. First, it is performed to 

determine the existence and permissibility of operating 

conditions. Secondly, it is an essential component of 

solving the problems of states optimization in order to 

ensure the minimum cost of operation. 

Traditionally, a means of such minimization is the 

redistribution of the load between sources, consumers 

and storage of energy resources. As a consequence, this 

redistribution applies to the elements of transmission and 

distribution networks. This means are supplemented also 

by the possibility of converting energy resources from 

one type to another in multi-energy system. 

Covering the needs of the end consumer in different 

types of energy can be provided from different primary 

energy carriers through the chain (sequence) of their 

transfer and transformation from one type to another. 

Such a variety of the ways of energy supply, along with 
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the possibilities of storing (accumulating) energy, pro-

vides necessary degrees of freedom for solving states 

optimization problems [5]. 

The paper presents the existing and developed ap-

proaches to solving the problems of calculating the flow 

distribution in multi-energy systems, basing on the anal-

ysis of publications on this subject. Besides approaches 

to formulations and methods of solving optimization 

problems of steady-state of multi-energy systems are 

presented. 

2 Energy analogies principle and the 
concept of energy circuits 

A characteristic feature of multi-energy systems is 

the heterogeneity of physical phenomena that should be 

described in the model. The concept of energy circuits 

[1, 2] should be used in this case for a generalized repre-

sentation of the components properties in technological 

chains of production and delivery of energy resources. 

This concept is based on the principle of similarity of 

phenomena of different physical nature [3]. 

Energy analogy means the identity of mathematical 

dependencies for systems of different physical nature. 

Considering this, a complex energy system can be imag-

ined as consisting of a set of generalized components, 

which characteristics do not depend on the type of ener-

gy. 

The existing theories of homogeneous in physical 

phenomena circuits (electrical, mechanical, hydraulic, 

pneumo-hydraulic, thermal, etc.) are the basis for the 

construction of mathematical models of the correspond-

ing phenomena and technical systems. In its turn, the 

concept of energy circuits considers the general laws 

inherent to the energy circuit, independent of the proper-

ties of a particular type of energy resource. According to 

this concept, the conditions for the unification of the 

description of mathematical models of systems of differ-

ent physical nature are as follows [1, 2]: 

 Circuits must be formed from components defined 

using two types of generic parameters: 

 series parameters, which can be measured using a 

device series connected to a component and com-

ply a law similar to Kirchhoff's first law, 

 parallel parameters, which can be measured using 

a device connected in parallel to a component and 

comply a law similar to Kirchhoff's second law. 

 The dimensions of both types of parameters must be 

physically compatible. It is preferable that the multi-

plication of the parameters determines the strength or 

flow rate of the energy resource. 

In particular cases, generalized variables describe 

electromagnetic, mechanical, thermal and hydraulic 

phenomena, generating mathematically equivalent ex-

pressions. These expressions represent energy analogies 

(Table 1), due to the energy conservation law [6]. Possi-

bilities of unification of the mathematical description 

and integration were studied in detail in [2]. This study 

considered different physical nature of elements, their 

properties, state and behavior. Also, this study consid-

ered the issues of analysis and synthesis of mechanism’s 

drives s that structurally and functionally combine com-

ponents of different physical nature, which require joint 

description (modeling). The concept of energy circuits 

was further developed in [6, 7, etc.]. 

For a circuit, represented by components of one 

physical nature, can take place internal transformations 

of energy from one form to another. These transfor-

mations are identical for electrical, mechanical and hy-

draulic circuits according to the principle of energy anal-

ogies. For each of these circuits, the energy conservation 

law can be represented as [2] 

             , 

Table 1. Parallel and series variables in energy circuits of different physical nature. 

Circuit type 
State variables Action variables 

Parallel Series Parallel Series 

Electric Charge  , C Magnetic flux  , Wb Voltage   
  

  
, V 

Electric current 

  
  

  
, A 

Mechanical:     

Translational 

motion 

Displacement 

 , m 
Momentum  , kg⋅m/s Force   

  

  
, N 

Speed 

  
  

  
, m/s 

Rotational 

motion 

Rotation 

angle  , rad 

Angular momentum  , 

kg⋅m2/s 
Torque   

  

  
, N⋅m 

Angular speed 

  
  

  
, rad/s 

Thermal 
Entropy  , 

J/K 
Undefined Temperature  , K 

Entropy flow 

  
  

  
, W/K 

Hydraulic 
Displacement 

  , m 

Motive fluid momentum 

   ∫  
   

  
   

 
 (kg⋅m)/s, 

where 

  – density, kg/m3; 

  – volume, m3 

Hydraulic head force 

   ∫    
 

 
   

  
, N, 

where 

  –surface of volume  , m2; 

  – pressure, Pa 

Average cross-

sectional speed 

of fluid motion 

   
   

  
, m/s 

Adapted by [2, 7]  
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Table 2. Expressions for power and energy in energy circuits of various physical nature. 

Circuit type Power Kinetic energy Potential energy 

Electric          
     

    
 ∫       

  

 

 

 

   
 ∫      

  

 

 

 

 

Mechanical:    

Translational 

motion 
           

      
     

 ∫        
  

 

 

 

    
 ∫       

  

 

 

 

 

Rotational 

motion 
           

      
     

 ∫        
  

 

 

 

    
 ∫       

  

 

 

 

 

Thermal          
     

  Undefined   
 ∫      

  

 

 

 

 

Hydraulic             
      

 
   

 ∫         
  

 

 

  

 

   
 ∫         

  
 

 

  

 

 

Adapted by [7] 

 

where 

  and   are parallel and series variables; 

    
  

 
 is energy of parallel variable; 

    
  

 
 is energy of series variable; 

   ∫     is energy of dissipation. 

There 

  
 

    ⁄
 is generalized capacitance characterizing the 

ability of a component to store energy in a form de-

termined by the value of the parallel variable (kinet-

ic energy of a moving body, energy of an electric 

field, potential energy of fluid pressure); 

  
 

    ⁄
 is generalized inductance, which characteriz-

es a component's ability to store energy in a form de-

termined by the magnitude of the series variable (po-

tential energy of a solid, energy of a magnetic field, 

kinetic energy of a fluid flow). 

Thus, in accordance with the three terms of the ener-

gy conservation equation, resistive, capacitive and induc-

tive parameters can be considered as inherent in energy 

circuits of any physical nature [2]. 

So, according to the principle of energy analogies, 

action variables determine the rate of energy dissipation 

in an element, and state variables are integral character-

istics of action variables that change over time [7]. Then 

(Table 2): 

 rate of energy dissipation in an element is determined 

by the product of parallel and series action variables; 

 Kinetic energy is determined by integrating succes-

sive action variables over successive state variables; 

 Potential energy is determined by integrating parallel 

action variables over parallel state variables. 

3 Model structure for calculating 
steady-state operating conditions 

Traditionally, problems of calculating the steady-

state conditions of the system include: 

1) Calculating the flow distribution; 

2) Determining the permissible steady state conditions. 

The model includes technical restrictions of the con-

trolled quantities. 

3) Determining the optimal steady state conditions. The 

model contains an optimality criterion along with the 

flow distribution equations and constraints. 

3.1 Flow distribution calculation problem 

The mathematical formulation of the flow distribu-

tion calculation problem of a system is traditionally 

based on a topological model in the form of a structural 

graph. This makes it possible formalizing the process of 

obtaining a system of model equations in a generalized 

ordered form and using methods and algorithms of graph 

theory. 

Hereinafter, we will consider the rate of movement of 

a resource in space and the rate of transformation of one 

type of resource into another as quantitative measures of 

the flow of energy resources. Respectively, the flow of 

energy resources is measured in units of mass, volume or 

energy per unit of time. 

The mathematical model for the flow distribution 

calculation contains topological and component equa-

tions for each single-product system and the intercon-

nection equations for common nodes of system. In 

addition, the model can contain the static characteristics 

of the injection along with potential changes ratios (this 

characteristic is used for transformer or throlling 

connections). The coefficients of the model equations are 

set as input data for solving the problem. 
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Topological equations (linear, corresponding to two 

Kirchhoff's circuit laws) include the constraint equations: 

 of series parameters in the node. It includes injections 

of the energy resource flow and medium flows in the 

incident edges; 

 of parallel parameters in the circuit. It includes active 

potential changes and passive potential changes in the 

edge resistances of circuit. 

Component equations (non-linear in the general case) 

connect the parallel and series parameters of each edge. 

It expresses the relationship between the flow in the edge 

and the passive change of the potential in its resistance. 

The interrelation of models of single-product systems 

in it’s simplest case is provided by the equations of sys-

tem interconnection for nodes that are common to two or 

more systems (energy hubs). Note that, depending on the 

formulation of the problem, more detailed models of the 

hub can be used [4, 8–11, etc.]. 

In some cases, the process of calculating the flow 

distribution of a multi-energy system is advisable to be 

carried out alternately for single-product systems. Initial 

data (i.e. nodal injections of resource flow) of next cal-

culation should be based on the results of previous one. 

Implementation of such an approach is presented in [12]. 

In this paper joint operation of electric and heat supply 

systems is being explored and the problem of calculating 

it is being solved. 

When calculating the flow distribution, the number 

of unknown (dependent state parameters) is equal to the 

number of equations of the flow distribution model. The 

calculation consists in determining dependent parameters 

that satisfy these equations for given values of independ-

ent parameters  

It seems important to note the following considera-

tion. In the general case, topological equations are a 

combination of balance equations corresponding to 

Kirchhoff's laws for nodes (the first law) and for circuits 

(the second law) of the system graph. In electric power 

systems, the application of the second law for calculating 

the flow distribution is associated with huge difficulties 

for most combinations of independent and dependent 

parameters of the state. This is due, firstly, to the com-

plexity of the state parameters and, secondly, to the pres-

ence of power losses in the circuit elements. That is why 

for power flow calculations in electrical power systems 

Kirchhoff's first law is mainly used. If the parameters of 

the state are real and there are no losses during the trans-

fer of energy resources (as in hydraulic calculations), 

then the two Kirchhoff laws can be used together or 

interchangeably. The obvious conclusion follows that 

nodal balance equations based on Kirchhoff’s first law 

should be used for calculating the flow distribution as 

the most universal one. 

Kirchhoff's circuit laws are linear. However, the 

mathematical model of nonlinear component equations 

(which is typical for most types of energy resources) will 

be a system of nonlinear algebraic equations. 

There is still nothing better than classical Newton-

Raphson method with some modifications for solving 

systems of nonlinear algebraic equations. As far as it can 

be judged from [13–16] and many other publications. 

Other methods proposed in the literature show greater 

efficiency in terms of convergence and speed. Usually, 

these methods have limitations on the scope themselves 

– either by the configuration of the graph schemes, or by 

the problems being solved. Therefore, they are inevitably 

combined with the Newton-Raphson method during 

algorithm formalization. 

Such combinations seem to be justified because the 

Newton-Raphson method has a high sensitivity to the 

initial approximation. It means that, fast convergence of 

it takes place only with a “good” initial approximation. 

For example, the convergence of the simple iteration 

method is often far from the final solution. Therefore, a 

combination of several methods is an effective solution 

[17]. As an example: forward–backward algorithm [13, 

18] for calculating radial fragments of network, the 

method of holomorphic embedding of power flows [14] 

for finding a "good" initial approximation, optimization 

methods for obtaining fixed values of the state parame-

ters (for example, the particle swarm method [15] is used 

for searching for “optimal” values of the active power of 

renewable sources). Thus, the Newton-Raphson method 

is currently the most effective method for calculating the 

flow distribution of various energy carriers systems, both 

single- and multi-energy, in combination with other 

methods that provide a “good” initial approximation. For 

example, in [16], this method was successfully applied to 

calculate the flow distribution of the combined gas 

transportation and electric power systems. 

3.2 Determining permissible and optimal 
operating conditions 

The calculation of the permissible conditions consists 

in determining the values of dependent and independent 

parameters. These parameters. These parameters must 

satisfy the following conditions: the equations of the 

flow distribution model are fulfilled, and the controlled 

values (dependent and independent parameters of the 

state, as well as functions from them) correspond to 

technical constraints in the form of equalities and ine-

qualities. To be able to comply with the restrictions, the 

number of dependent parameters must exceed the num-

ber of flow distribution equations per number of re-

strictions. 

It is necessary to change the independent parameters 

to ensure the existence of a solution if the permissible 

state does not exist at a certain step of iterative process. 

State optimization problems are solved in conditions 

of operational and automatic states control of power 

systems and grids. The calculation of the optimal state 

consists in determining such an permissible state in 

which the objective function is equal to the minimum (or 

maximum) value. In this case, the flow distribution equa-

tions act as equality constraints on the state parameters. 

Costs for the time interval between two control actions, 

or costs per unit of time for a given consumer load at 

each moment of time are used as the target function. 

Variable cost components, which depends on the net-

work conditions, are often taken as the target (mini-

mized) function. 

When optimizing the current state of the power sys-
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tem according to the power generation of energy re-

sources, the volumes distribution of the produced re-

source per unit of time is determined. In this case, the 

producers' capacity injections that correspond to the 

minimum operating costs for given consumer loads are 

determined. A more particular problem is to optimize the 

electrical grid conditions. This means the calculation of 

the optimal node voltage, reactive power of sources and 

transformation ratios of variable transformers and auto-

transformers, taking into account technical constraints to 

minimize losses. In this case, the target function can be 

the losses of active power in the grid, which leads to the 

power flows distribution in the network with only active 

resistance taking into the account. Since the objective 

function is a quadratic form, and the constraints are a 

system of linear equations, in mathematical terms this is 

a quadratic programming problem. In the most general 

formulation, such a problem of optimizing the network 

conditions corresponds to the determination of the min-

imum active power of the balancing station and the dam-

age to consumers from low-quality voltage [19]. 

The problems of optimizing the power system condi-

tions and the grid conditions can be solved jointly (the 

so-called complex optimization of the operating condi-

tions) [20]. However, separate optimization is used more 

often to simplify the task [21]: the power system condi-

tions is optimized first, and then the power grid condi-

tions is optimized. 

The variables in all three described problems are 

continuous. Lagrange's method is usually used to ac-

count for equality constraints in the form of flow distri-

bution equations. Non-linear programming methods are 

used to account for inequality constraints. Optimization 

of the combined cold-heat-power system is proposed in 

[22]. Reduction of the operation cost, impact on the 

environment, energy efficiency is used as the criteria. 

Three optimization strategies were used - electrical load 

follow, heat load follow and hybrid. Various optimiza-

tion criteria (energy efficiency criterion, operating cost 

criterion, emission reduction criterion) were also applied 

to each of the strategies. 

The model proposed in [11] calculates the amount of 

required energy carrier based on the current load and 

energy cost. In addition, it takes into account the pres-

ence of energy storage elements in the system. 

In [7], many restrictions are described that are ap-

plied to the parameters of both the electrical system 

(capacitance of elements, nodal voltage, capacity of 

shunt capacitors, active and reactive power in nodes, 

active and reactive power flows), and water supply sys-

tems (pressure drop in lines and in units, step-down 

valves) and heat supply (water temperature, water con-

sumption, heat transfer). 

4 Energy hub modeling and 
optimization 

The transmission and distribution infrastructures 

(grids) of a multi-energy system are different both in 

topology (which is obvious due to the different physical 

nature of the transmitted resource) and in the network 

configuration. These infrastructures are interconnected in 

common for them nodes (energy hubs), in which the 

transformation of energy types from one type to another 

takes place. Along with this, hubs are capable of produc-

ing, consuming and storing various types of energy car-

riers [5]. 

From a modeling point of view, the hub can be 

viewed as: 

 an interconnection point for models of systems of 

different physical nature; fixed nodal injection of re-

sources in systems coupled through the hub (con-

sumption of one type of energy carrier with the simul-

taneous generation of another of its types, taking into 

account the losses for transformation [7, 9]); 

 an equation of the relationship between injections of 

different energy resources into the hub in the form of 

a static characteristic of nodal injections (terms are 

added to the static characteristic of the injection of a 

system node corresponding to a certain type of re-

source, which are functions of the node injection of 

another resource [5]); 

 complex system with its own flow distribution and 

capabilities to optimize functioning, and in which the 

conversion efficiency depends on the volume of the 

converted resource [10]. 

The authors of [10] propose an algorithm for calcu-

lating the flow distribution of an energy hub. In this 

algorithm, a preliminary calculation of all the parameters 

of the hub is done first, and then the data are transferred 

to the optimization unit. 

In the case of multi-energy systems, when solving 

optimization problems, the authors most often pay atten-

tion to the connecting nodes of the systems, that is, to 

energy hubs. After finding all the parameters of the sys-

tems under study, the authors of [7] and [9] sought the 

optimal conditions, relying on injections into the energy 

hub. In the first case, it was a cogeneration turbine, and 

in the second, a gas turbine generator. 

Optimization of energy hub control for short periods 

of time (20-30 hours) is considered in [11]. It is shows 

that the forecasting accuracy is mainly influenced by 

such parameters as changes in energy costs, fluctuations 

in demand, availability, and the effectiveness of the 

components. 

5 Formulation of the optimization 
problem for the short-term steady 
state conditions of a multi-energy 
system 

The total operating costs for the production, trans-

mission and distribution of energy resources per unit of 

time for a given useful supply of energy resources is 

taken in [23] as a target (minimized) function: 

  ∑[∑ (  
 (  

    ( ))    
 (  

 ))
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 ∑(  
 (     

 )    (  ))

  

   

 ∑  
 (  

    ( ))

  

   

] 

 

The components of this expression are: 

 Cost functions at a point in time t : 

   
 (  

    ( )) – to power generation; 

   
 (  

 ) – to generator; 

   
 (     

 ) – to power transmission; 

   (  ) – to the grid section; 

   
 (  

    ( )) – to transform the type of energy 

carrier. 

 Power: 

   
  – of generation; 

   
  – passing through the grid section; 

   
  – obtained after transformation of the type of 

energy carrier. 

 Costs: 

   ( ) – of power generation; 

   ( ) – of transformation of the type of energy 

carrier; 

 Other parameters: 

    – length of grid section; 

   – number of power generators; 

    – number of grid sections; 

    – number of power converters; 

   – observable time period. 

As equality constraints there are: 

 The system of equations for the balance of electric 

power: 

  (         )   , 

where    – system power flows;      – system power 

loss;    – nodal power injections; 

 System of material balance equations for gas, heat, 

cold, water supply at a time  : 

  (     )      

where    – consumptions of the transported medium 

in gas, heat, cold and water supply;    – nodal values 

of inflows and withdrawals of the transported 

medium. 

 Closing ratio – the law of variation of variables de-

scribing the functioning of the system at a moment in 

time  : 
 (      )   , 

where     – magnitude of change of variables. 

The following inequalities are taken as two-sided 

inequality constraints: 

 on power of generators, 

 on the bandwidth of the grid section, 

 to convert power from one type to another, 

 for the joint delivery of electric and heat power at the 

combined heat and power plant. 

The solution of the formulated problem requires the 

development of new methods and development of 

existing methods. For this purpose, the existing 

approaches for calculating the flow distribution are used, 

as well as the procedures of mixed integer linear and 

nonlinear programming. 

6 Conclusion 

A characteristic feature of a multi-energy system is 

the heterogeneity of physical phenomena inherent in 

different types of energy resources. This creates difficul-

ties in forming a unified mathematical model of such a 

system. A comprehensive solution to the problem of 

creating mathematical models of energy systems is pos-

sible within the framework of a unified approach. This 

approach ensures the consistent construction of mathe-

matical models and computational algorithms. 

The concept of energy circuits offers a generalized 

representation of the properties of the components of 

technological chains of production (generation) and 

delivery of energy resources to the consumer. Energy 

circuits are described using generalized series and paral-

lel parameters. It is proposed to consider the rate of 

movement of a resource in space and the rate of trans-

formation of one type of resource into another as quanti-

tative measures of the flow of energy resources. In par-

ticular cases, such parameters describe electromagnetic, 

mechanical, thermal and hydraulic phenomena, generat-

ing mathematically equivalent expressions. This expres-

sions also reflect energy analogies due to the fundamen-

tal law of conservation of energy. 

The integration of single-product systems into multi-

energy systems is carried out through energy hubs, in 

which the type of energy resource is transformed. Such a 

transformation provides fundamentally new possibilities 

for optimizing modes specific to a multi-energy system. 

This important fact, apparently, explains the increased 

interest of researchers in the modeling and optimization 

of energy hubs and the immense growth of publications 

on this topic. 

At the same time, the main purpose of the hub – the 

interface of two or more systems of production, trans-

mission and distribution of different energy resources – 

is often decreasing. The attitude towards research or 

optimization of hubs as isolated objects seems to be very 

controversial as seen in a number of publications. At the 

same time, the issues of modeling multi-energy systems 

in general have been worked out very poorly today and 

require deep and comprehensive research. 

The equations of the flow-distribution model act as 

equality constraints on the parameters of the regime in 

optimization problems. It is possible to trace the continu-

ity of the formulations and methods for solving problems 

of optimization of the regime of a multi-energy system 

with similar optimization problems for single-product 

systems. The main distinguishing feature of the optimi-

zation of the operating conditions of a multi-energy 

system is to determine the optimal combination of the 

types of energy resources used. So, the parameters of 
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energy hubs are necessarily included in the number of 

optimized parameters. 

The work was carried out within the framework of 

the State assignment under the Program of fundamental 

research of the Siberian Branch of the Russian Academy 

of Sciences, Project III.17.4.1 "Theoretical foundations 

of the creation and management of integrated intelligent 

energy systems" (reg. # AAAA-A17-117030310432-9). 
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