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Abstract. An impact to the boiler of a railway tank car in an emergency in 
the event of a car derailment and falling onto a track has been considered. In 
this case, boiler breakdown, spillage of the transported cargo and fire can 
occur. When developing a method, the following objectives have been 
solved: - development of a method for determining a stress-deformed state 
(SDS) of a cylindrical shell at the initial elastic stage of deformation; - 
development of a method for calculating the deformation energy for the 
boiler shell when the yield point in the impact zone is reached; - 

development of a method for estimating the conditions for the beginning of 
the limiting state (shell destruction). For the shell behavior to be modeled, a 
moment theory of shells has been used with taking into account the nonlinear 
terms in stress-strain deformations. The energy principles in the form of the 
Lagrange principle have been applied to compile a resolving system of 
equations. The onset of the limiting state is taken according to the condition 
of a cut along the striker perimeter. A system of the nonlinear equations at 
the first stage and a transcendental equation at the second one has been 

solved using numerical methods. The proposed method makes it possible to 
develop methods of protection in terms of the choice of methods for 
attaching add-on elements to the boiler. 

1 Introduction 

An emergency situation in which a railway tank boiler undergoes an impact is considered. 

Add-on elements welded to the boiler can act as an impacting body (striker) in the event of a 

car derailing from the rails and falling onto the railway road. This emergency situation is very 
dangerous since it can cause boiler breakdown followed by leakage of transported cargo and 

fire. 

A method developed for modeling the boiler behavior under this impact will make it 

possible to develop reliable protection methods for attaching the add-on elements to the 

boiler. Thus, the development of a method for estimating the breakdown conditions of the 

boiler shell under emergency collision is relevant and topical for the design engineering of 

tanks for dangerous goods. 
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It should be noted that this problem has not been fully studied. In particular, in the work 

[1] the standard collision process that takes place during shunting operations was considered. 

In the works [5, 6, 7] the process of an emergency impact of a foreign body into the tank 

boiler was studied. In this case, the initial elastic phase of shell deformation during dent 

formation was not taken into account.  

There are approaches to studying an emergency impact at the bottom in which the boiler 

is approximated not on the basis of the shell theory but by a rod system. The paper [8] 

describes a method for protecting the boiler bottom in case of an emergency impact by a 
disengaged automatic coupler of a neighboring car. However, this method does not allow to 

the boiler to be protected from impacts to its cylindrical part, for example, in case of an 

emergency fall of the tank. 

2 Goal and objectives 

The goal of this work is to create a method for modeling the behavior of the tank boiler shell 

during an emergency collision. 

To achieve this goal, it is necessary to resolve the following objectives: 
- development of a method for determining a stress-deformed state (SDS) of the 

cylindrical shell at the initial elastic stage of deformation; 

- development of a method for calculating the deformation energy of the boiler shell when 

reaching the yield point in the impact zone of the striker; 

- development of a method for estimating the conditions for the beginning of the limiting 

state (shell destruction). 

3 Materials and methods 

The method is based on the following assumptions.  

1. The cylindrical region of the shell is considered; outside this region the shell 

deformations are neglected. 

2. The shell material is assumed to be solid and isotropic. 

3. Only radial displacements of the shell are taken into account. 

4. In the phase of the leakage appearance, a dent in the shell is approximated by a 

rectangular truncated pyramid. 

5. In the phase of plastic deformations, plastic hinges appear along the perimeters of the 
bases and on the side faces. Membrane plastic deformations occur on the lateral faces of the 

dent. 

6. The boiler thickness is assumed to be constant in the process of deformation.  

7. The shell inertia is neglected. 

8. The impact direction is assumed to be normal to the shell. 

9. The beginning of the limiting state is characterized by cutting out of the shell a 

rectangle corresponding to the striker sizes. 

10. The deformation process is divided into two successive phases:  
- elastic phase with a constant value of the elastic modulus and  

- plastic one in which deformation occurs only when there is a yield point owing to 

stresses.  

When developing the method, the following methods were applied. 

When modeling the stress-deformed state of the shell in the elastic phase of deformation, 

a moment theory of shells [2] with consideration of the nonlinear terms was used to calculate 

stress-strain deformation [3]. 
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In the elastic phase of deformation, a resolving system of the equations is based on the 

Lagrange principle [4]. 

In the phase of plastic deformations, the total deformation energy of the shell is calculated 

taking into account the action of stresses equal to the yield point on the faces and edges of 

the dent [5,6,7]. 

The system of nonlinear equations at the first stage and the transcendental equation at the 

second one is solved by numerical methods. 

4 Results 

4.1 Modeling the elastic phase of deformation 

Consider the initial elastic phase of the shell deformation. The unfolded shell is shown in Fig. 

1. Here a and Rb are the sizes of the shell area under study along the longitudinal x and 

circumferential  coordinates, respectively. The contact force Fk from the striker is evenly 

distributed over the area with the sizes xk and R k. 

In accordance with the accepted assumptions, geometric nonlinearity is taken into account 
in the initial equations. The geometric ratios of the shell are as follows [2, 3]: 

{
𝜀1 =

1
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(
𝜕𝑤

𝜕𝑥
)
2

; 𝜀2 =
𝑤

𝑅
+

1

2𝑅2
(
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𝜕𝛽
)
2
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𝜕𝑤

𝜕𝑥

𝜕𝑤

𝑅𝜕𝛽
;

𝜅1 = −
𝜕2𝑤

𝜕𝑥2 ; 𝜅2 = −
𝜕2𝑤

𝑅2𝜕𝛽2 ; 𝜏 = −
𝜕2𝑤

𝑅𝜕𝑥𝜕𝛽
,

                             (1) 

where 1, 2 are the stress-strain deformations in the directions of the generatrix and 

the circle, respectively; is the shear deformation; 1, 2 are the deformations of the 

change in curvature in the planes of the generatrix and the guide, respectively; is the 

torsional deformation; w is the radial displacement; R is the radius of the median surface; x 

is the longitudinal coordinate; β is the circumferential (angular) coordinate. 

 

Fig. 1. The shell area under study. 

The physical relations of the shell theory [2] have the form:  

{
𝑁1 = 𝐵(𝜀1 + 𝜇𝜀2);𝑁2 = 𝐵(𝜀2 + 𝜇𝜀1); 𝑆 = 𝐵𝑐𝜔;

𝑀1 = 𝐷(𝜅1 + 𝜇𝜅2);𝑀2 = 𝐷(𝜅2 + 𝜇𝜅1);𝐻 = 𝐷𝑐𝜏,
                                 (2) 

where N1, N2 are the inner stress-strain forces in the direction of the generatrix and the 

circumference, respectively; S is the shear force; М1, М2 are the bending moments acting in 
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the planes of the generatrix and the guide, respectively; H is the torque; B, Bc, D, Dc are the 

cylindrical stiffness of the shell in stress-strain, shear, bending and torsion; μ is the Poisson 

ratio. 

The stresses in the shell are: 

𝜎11 =
𝑁1

ℎ
±

6𝑀1

ℎ2
; 𝜎22 =

𝑁2

ℎ
±

6𝑀2

ℎ2
; 𝜎12 = ±

6𝐻

ℎ2
,                               (3) 

where σ11, σ22 are the normal stresses in the directions of the generatrix and guide; σ12 

is the shearing stress; h is the shell thickness. 

The action of the contact force Fк from the striker, which can be considered either 

distributed over the area or concentrated, which goes into the safety factor, is taken as an 

outer influence. 
Let us take a displacement approximation similar to that used in [9], which corresponds 

to the form of dent formation: 

𝑤 =
1

4
∑ (1 − 𝑐𝑜𝑠

2𝑚𝜋𝑥

𝑎
) (1 − 𝑐𝑜𝑠

2𝑚𝜋𝛽

𝑏
)𝑤𝑚

∞
𝑚=1 ,                          (4) 

where, wm   -  is the amplitude of the member of the displacement series with the number 

m. 

The resolving system of equations is based on the Lagrange principle:  

𝑑П

𝑑�⃗⃗� 𝑚
−

𝑑𝐴

𝑑�⃗⃗� 𝑚
= 0,                                         (5) 

where, П - is the potential energy of deformation; A is the work of the outer forces; 

 1 2, ,...mw w w
  is the vector of amplitudes of a number of displacements. 

Due to the nonlinearity of deformations, equation (5) leads to a system of nonlinear 

equations of the following form: 

[𝑟𝐼]�⃗⃗� 𝑚 + [𝑟𝐼𝐼]�⃗⃗� 𝑚
𝐼𝐼 + [𝑟𝐼𝐼𝐼]𝑤𝑚

𝐼𝐼𝐼 = 𝑝 ,                                          (6) 

where [𝑟𝐼], [𝑟𝐼𝐼], [𝑟𝐼𝐼𝐼]  are the coefficient matrices obtained in [9]; �⃗⃗� 𝑚
𝐼𝐼 =

{𝑤1
2, 𝑤2

2, . . . };�⃗⃗� 𝑚
𝐼𝐼𝐼 = {𝑤1

3, 𝑤2
3, . . . }; 𝑝  is the vector of outer loads. 

The vector of outer loads is found as a derivative of the work of outer forces with respect 

to the amplitude vector �⃗⃗� 𝑚
𝐼 .  The work of outer forces is equal to: 

𝐴 = −∫ ∫
𝐹к

𝑥к𝑅𝛽к

𝑅𝑏

0

𝑎

0
⋅ 𝑤 𝑑𝑥𝑅𝑑𝛽.                                         (7) 

Substituting in (7) the approximation of displacements (4) and taking the derivative, we 
obtain an expression for the components of the vector of external loads: 

𝑝𝑚 = −
𝐹к

4𝑥к𝛽к
(𝑥к −

𝑎

𝑚𝜋
𝑠𝑖𝑛

𝑚𝜋𝑥к

𝑎
) ⋅ (𝛽к −

𝑏

𝑚𝜋
𝑠𝑖𝑛

𝑚𝜋𝛽к

𝑏
)                       (8) 

If the contact force is considered to be applied concentrated, then the work will be equal 

to𝐴 = −𝐹к ⋅ 𝑤|
𝑥=

𝑎

2
;𝛽=

𝑏

2

, and 𝑝𝑚 = −𝐹к. It should be noted that such an assumption will lead 

to overestimated results. 

The matrix equation (6) is solved numerically. 

The aim of the calculation at this stage is to determine the conditions under which the 

stresses in the area under study reach the yield point. For the next stage of the calculation, 
the initial data is a value of the elastic deformation energy Пel. 
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4.2 Modeling the plastic phase of deformation 

Let us consider the plastic phase of deformation development. At this stage, it is assumed 

that stresses equal to the yield point appear in the dent formation zone. The design scheme 
of the dent is shown in Fig. 2. The dent is approximated by a truncated tetrahedral pyramid. 

The sizes of the lower base are a Rb; the sizes of the upper one are xk R k . At the beginning 

of this phase of deformation, the dent is shown by solid lines, the initial height is equal to 

w0. The deformed dent is shown with dashed lines. Its height is w0 +Δw. The angles at the 

base are   and . 

 

Fig. 2.  A scheme of the dent in the plastic phase. 

In the process of dent deepening, the deformation energy is spent on stretching the side 

faces and turning the faces around all edges (plastic hinges). The total energy of the dent 
formation is: 

П𝑠ℎ = ∬ 𝑃т𝜀𝑑𝑆
𝑆𝑠𝑖𝑑𝑒1

+ ∫ 𝑀т𝛥𝜙1𝑑𝑥 +
2(𝑎+𝑥к)

0

 

+∫ 𝑀т𝛥𝜙2𝑅𝑑𝛽 +
2(𝑏+𝛽к)

0
 4𝑀т𝛥𝜙3𝑙𝑠𝑖𝑑𝑒,              (9) 

where Pт=σтh   is the inner strain force under leak conditions; 𝑀Т =
𝜎тℎ

2

4
 is the bending 

moment under leak conditions; σт is the material yield point; ε is the strain deformation; 

Sside  is the value of the total area of the side faces at the beginning and at the end of this 

phase of deformation; lside  is the length of the side rib; φ3 is the angle between the adjacent 

side faces; Δφ1, Δφ2, Δφ3 are the changes in the corresponding angles in the process of 

deformation. 

Consider deformations and angles of rotation in expression (9) on the basis of the pyramid 

geometry.  

𝜀 =
𝑆𝑠𝑖𝑑𝑒2−𝑆𝑠𝑖𝑑𝑒1

𝑆𝑠𝑖𝑑𝑒1
,                                                              (10) 

where 𝜀 =
𝑆𝑠𝑖𝑑𝑒2−𝑆𝑠𝑖𝑑𝑒1

𝑆𝑠𝑖𝑑𝑒1
𝑆𝑠𝑖𝑑𝑒1 = (𝑎 + 𝑥к)√

𝑅2(𝑏−𝛽к)
2

4
+ 𝑤0

2 + 𝑅(𝑏 + 𝛽к)√
(𝑎−𝑥к)

2

4
+ 𝑤0

2 ; 

and 𝑆𝑠𝑖𝑑𝑒2 = (𝑎 + 𝑥к)√
𝑅2(𝑏−𝛽к)

2

4
+ (𝑤0 + Δ𝑤)2 + 𝑅(𝑏 + 𝛽к)√

(𝑎−𝑥к)
2

4
+ (𝑤0 + Δ𝑤)2  are 

the value of the total area of the side faces at the end of this phase of deformation. 

The angles of rotation around the edges can be calculated by the following formulas:  
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𝛥𝜑1 = 𝑎𝑟𝑐𝑡𝑔
2(𝑤0+𝛥𝑤)

𝑅(𝑏−𝛽к)
− 𝑎𝑟𝑐𝑡𝑔

2𝑤0

𝑅(𝑏−𝛽к)
;                                         (11) 

𝛥𝜑2 = 𝑎𝑟𝑐𝑡𝑔
2(𝑤0+𝛥𝑤)

𝑎−𝑥к
− 𝑎𝑟𝑐𝑡𝑔

2𝑤0

𝑎−𝑥к
;                                           (12) 

𝛥𝜑3 = 𝑎𝑟𝑐𝑐𝑜𝑠 {𝑐𝑜𝑠 [𝑎𝑟𝑐𝑡𝑔
2(𝑤0 + 𝛥𝑤)

𝑎 − 𝑥к

] ⋅ 𝑐𝑜𝑠 [𝑎𝑟𝑐𝑡𝑔
2(𝑤0 + 𝛥𝑤)

𝑅(𝑏 − 𝛽к)
]} − 

−𝑎𝑟𝑐𝑐𝑜𝑠 {𝑐𝑜𝑠 [𝑎𝑟𝑐𝑡𝑔
2𝑤0

𝑎−𝑥к
] ⋅ 𝑐𝑜𝑠 [𝑎𝑟𝑐𝑡𝑔

2𝑤0

𝑅(𝑏−𝛽к)
]}.                (13) 

The lengths of the side ribs are equal to: 

            𝑙𝑠𝑖𝑑𝑒 = √
𝑅2(𝑏−𝛽к)

2+(𝑎−𝑥к)
2

4
+ 𝑤0

2                                               (14) 

Let us determine the work required to destroy the shell by cutting out a rectangular plate 

along the perimeter of the striker (with the sizes xк by R к). We assume that along the shell 

thickness there is a place of the cut stress cut. Then the work done by the cutting force of 

displacement Δw will be equal to 

𝐴𝑐𝑢𝑡 = 2(𝑥к + 𝑅𝛽к)ℎ𝜏𝑐𝑢𝑡𝛥𝑤                                                  (15) 

Both the deformation energy (9) and the work (15) are expressed by a change in the 

pyramid height Δw. The resolving equation is compiled with the use of the energy principle: 

𝑑П𝑠ℎ

𝑑(𝛥𝑤)
−

𝑑𝐴𝑐𝑢𝑡

𝑑(𝛥𝑤)
= 0                                                          (16) 

After substituting relations (10) - (14) into expression (9) and calculating the derivatives 

with respect to Δw from equation (16), we obtain a transcendental equation (17). 

Equation (17) is solved numerically. As a result, a limiting value of displacement at which 

destruction occurs is determined. This value is substituted into expression (9) taking into 

account (10) - (14) and a limiting value of the energy Пsh at the plastic stage of dent 

formation is found. 

2𝑃т(𝑎 + 𝑥к)(𝑤0 + 𝛥𝑤)

√𝑅2(𝑏 − 𝛽к)
2 + 4(𝑤0 + 𝛥𝑤)2

+
2𝑃т𝑅(𝑏 + 𝛽к)(𝑤0 + 𝛥𝑤)

√(𝑎 − 𝑥к)
2 + 4(𝑤0 + 𝛥𝑤)2

+ 

+
16𝑀т(𝑎 + 𝑥к)𝑅(𝑏 − 𝛽к)(𝑤0 + 𝛥𝑤)

𝑅2(𝑏 − 𝛽к)
2 + 4(𝑤0 + 𝛥𝑤)2

+
16𝑀т𝑅(𝑏 + 𝛽к)(𝑎 − 𝑥к)(𝑤0 + 𝛥𝑤)

(𝑎 − 𝑥к)
2 + 4(𝑤0 + 𝛥𝑤)2

+ 

+
8𝑀т𝑙𝑠𝑖𝑑𝑒(𝑎 − 𝑥к)(𝑤0 + 𝛥𝑤)

(𝑎 − 𝑥к)
2 + 4(𝑤0 + 𝛥𝑤)2

⋅
𝑠𝑖𝑛 [𝑎𝑟𝑐𝑡𝑔

2(𝑤0 + 𝛥𝑤)
𝑎 − 𝑥к

] ⋅ 𝑐𝑜𝑠 [𝑎𝑟𝑐𝑡𝑔
2(𝑤0 + 𝛥𝑤)
𝑅(𝑏 − 𝛽к)

]

√1 − 𝑐𝑜𝑠2 [𝑎𝑟𝑐𝑡𝑔
2(𝑤0 + 𝛥𝑤)

𝑎 − 𝑥к
] ⋅ 𝑐𝑜𝑠2 [𝑎𝑟𝑐𝑡𝑔

2(𝑤0 + 𝛥𝑤)
𝑅(𝑏 − 𝛽к)

]

+ 

+
8𝑀т𝑙𝑠𝑖𝑑𝑒𝑅(𝑏 − 𝛽к)(𝑤0 + 𝛥𝑤)

𝑅2(𝑏 − 𝛽к)
2 + 4(𝑤0 + 𝛥𝑤)2

⋅
𝑐𝑜𝑠 [𝑎𝑟𝑐𝑡𝑔

2(𝑤0 + 𝛥𝑤)
𝑎 − 𝑥к

] ⋅ 𝑠𝑖𝑛 [𝑎𝑟𝑐𝑡𝑔
2(𝑤0 + 𝛥𝑤)
𝑅(𝑏 − 𝛽к)

]

√1 − 𝑐𝑜𝑠2 [𝑎𝑟𝑐𝑡𝑔
2(𝑤0 + 𝛥𝑤)

𝑎 − 𝑥к
] ⋅ 𝑐𝑜𝑠2 [𝑎𝑟𝑐𝑡𝑔

2(𝑤0 + 𝛥𝑤)
𝑅(𝑏 − 𝛽к)

]

= 

= 2(𝑥к + 𝑅𝛽к)ℎ𝜏𝑐𝑢𝑡 .    (17) 
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4.3 Final calculations 

At the final stage of calculations, the resulting values of the main parameters corresponding 

to the limiting state, i.e. boiler shell destruction, are defined. 
The limit depth of the dent is a sum of the central deflection values obtained for the elastic 

and plastic stages of deformation: 

max 0w w w 
. 

The limit energy of the dent formation is found by summing the total values of the both 

calculation stages:  

max el shП П П 
. 

The limit (permissible) speed of impact is found from the condition that the total energy 
of the dent formation is equal to the kinetic impact energy:   

𝑉ℎ = √
2П𝑚𝑎𝑥

𝑚ℎ
. 

For the limit speed to be calculated, the mass of a really moving body should be taken as 

the mass: when the tank boiler falls it is the mass of the tank with cargo, when an outer object 

hits the boiler it is the mass of this object. 

5 Discussion 

The proposed method is intended for modeling the process of emergency collisions of tank 
boilers and covers the diverse variants of emergency situations. Despite the complexity of 

the equations being formed this method is very convenient and effective for computational 

realization and requires insignificant resources in RAM and time. This allows the method to 

be implemented in any software environment. 

Depending on the real conditions of emergency collisions, the different ratios of energy 

that goes into the elastic and plastic phases of deformation are possible. The situations are 

possible when the contribution of the initial elastic phase is relatively small and it can be 

neglected. 
On the other hand, there may be conditions under which the main part of energy falls on 

the elastic phase after which destruction occurs almost immediately. 

6 Conclusions 

A method for mathematical modeling of the behavior of the tank boiler shell during an 

emergency collision has been developed.  

The method makes it possible to estimate the conditions of shell damage with hole 

formation according to such characteristics as the mass and speed of the striking body, the 
depth and energy of the dent from the impact. 

This method can be applied for design construction of railway tank cars for dangerous 

goods in order to develop systems of boiler protection from mechanical emergency effects. 

Moreover, the method can be used for expertise of real emergencies to find out their 

causes. 
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