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Abstract. In the present paper we obtained 2 identities, which are satisfied
by Riemann curvature tensor of generalized Kenmotsu manifolds. There was
obtained an analytic expression for third structure tensor or tensor of f-
holomorphic sectional curvature of GK-manifold. We separated 2 classes of
generalized Kenmotsu manifolds and collected their local characterization.

1 Introduction

Let M be a connected smooth manifold of (2n+1) dimension, C* (M) is the algebra of
smooth functions on M, X' (M) - C* - module of smooth vector fields on M, d is the operator
of exterior differentiation. If M preserves Riemannian metric (-,-), then corresponding
Riemannian connection is expressed as V. In the future, all manifolds, tensor fields (tensors,
and similarly objects are assumed to be smooth of class C®.

Differential 1-form of maximal rank on an odd-dimensional Riemannian manifold
produce a special differential-geometric structure called contact metric structure that
naturally generalizes to the so-called almost contact metric structure.

We recall [1] that a contact form or contact structure on an odd-dimensional
manifold M, dim M = 2n + 1, is called 1-form 7 on M, which in each point of the manifold
isnA(dn) A...A(dn) #0,1ie.rgn = dim M is in each point of M. Manifold with a fixed

ntime
contact form on it is called a contact manifold [2]. Distributions £ = kern,dim £ = 2n, and

M = ker(dn),dim M = 1 are determined on such manifold internally. It is easy to derive
from Darboux theorem [1] that L N M = {0}, consequently X (M) = LOM . Let us take & €
M such that n(§) = 1. Then, it is possible to determine mutually complementing projections
m = EQn and £ = id — £Q®n on distributions M and L respectively.

Let Riemannian metric & be fixed on M. Based on the metric h|L, it is not difficult
to build metric (-,-) on L such that the operator I: L — £, which is determined with the
identity (X, 1Y) = dn(X,Y); X,Y € L, will be involutory, i.e. I? = —id, and thus {(IX,[Y) =
(X,Y). Hence vector &, covector 1, operator f =1 o ¢ and Riemannian metric (X,Y) =
(£X,2Y) + [h(¢, )] Th(mX, mY) on M, clearly, possess the following properties:
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D@ =0;2)nof=0;3)n¢) =1 4) f? = —id + n®S; 5) (X, fY) =
dn(X,Y); 6) n(X) = (&, X); ) (fX, fY) =(X,Y) =n(X)n(¥); X,Y € X(M). (I.D

A contact manifold M that is provided with Riemannian metric {-,-), for which
relations (1) are true, is called a contact metric manifold.

The given construction makes the following definition natural.

Definition 1.1 [3]. Almost a contact metric (or almost Gray's) structure on a
manifold M is a set of {g,f,& n} tensor fields on M, where g = (-,-) is a (pseudo-)
Riemannian metric, f is a tensor of (1.1) kind called structure endomorphism, & is a vector
field, which is called characteristic, 1 is a differential 1-form, which is called a contact form
of structure. Here:

L) =0; 2nof=0; 3.n(¢) =1; 4.f*=—id +n®¢; 5.(fX,fY) =(X,Y) -
nXm); X,Y € X(M). (1.2)

Note that these relations are not independent; for example, (1.2:1) and (1.2:2) result
from (1.2:3) and (1.2:4) [4]. In addition, it follows from (1.2:1), (1.2:3) and (1.2:5) that
n(X) = (¢,X),X € X(M); and from (1.2:2), (1.2:4) and1.2:5) that tensor Q(X,Y) = (X, ®Y)
is skew-symmetric; this tensor is called the fundumental form of the structure. A triple
{f, &, 1}, which meets the conditions (1.2:3) and1.2:4), is called an almost contact structure;
it was introduced by S. Sasaki in [3] as such. Its assignment matches the assignment of G-
structure on M with the structural group R* X GL(n, C), where R* is a multiplicative group
of positive real numbers. In fact, this is how J. Gray introduced it in 1959 [2]. Assignment of
the almost contact structure {®, £, n} on manifold M induces a canonical hyper-distribution
L = kern on this manifold, called contact, which is invariant in relation to f. Due to (1.2:4),
operator f induces an almost complex structure on L. This gave grounds for J. Bouzon to
assume an almost contact structure as an almost complex [5]. If {g, f,&,n} is an almost
contact metric structure, then by the virtue of (1.2:5), the pair {f|£, g|L} sets an almost
Hermitian structure on this hyper-distribution, due to which an almost contact metric
structure can be naturally called a metric almost cocomplex structure. Obviously, its
assignment equally matches the assignment of G-structure on M with a structural group
{e} x U(n). We note that the concept of an almost contact structure has historically evolved
in the following sequence: S.S. Chern [6] found that contact manifold admits G-structure
with structural group {e} x U(n); J. Gray called manifolds that admit such structure as
almost contact manifolds [2]. S. Sasaki noticed that such a G-structure generates a triple
{f, &,n} that has the above mentioned conditions (1.2:3) and (1.2:4), from which it is to derive
(1.2:1) and (1.2:2). Moreover, based on an arbitrary Riemannian metric /# on such manifold,
he constructed Riemannian metric {(X,Y) = h(fX, fY) + h(f2X, f2Y) + n(X)n(y) ,
complementing {f, &, n} to almost contact metric structure [3].

The most important example of almost contact metric structures, which largely
determines their role in differential geometry, is the structure induced on the hypersurface N
of the manifold M equipped with an almost Hermitian structure {J, (-,)}. Let us recall this
construction. Let n° be a unit normal field to N. Then vector is & = J(n°) € X (N), where its
orthogonal complement £ on N is invariant to J. We define in X' (N) a linear operator ® =
J12DO|M, where M is the linear hull of the vector &, and 1-form is n(X) = (¢, X). Then
{(-), f, & n} is the almost contact metric structure on N. In particular, such a structure is
induced on the odd-dimensional sphere S?"~! considered as a hypersurface in the
realification of the space C™. This is the most important and, apparently, historically the first
concrete example of such a structure.

Then {g = ('), f, &, n} is the almost contact metric structure on manifold M. It is
well-known [1] that in this case almost Hermitian structure {J, h} induces on the manifold
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M X R, where | = f|2B];,h = g|28Bg,, J; is a canonical almost complex structure on the
2-dimensional distribution I X R, g, is a metric on this distribution being a direct sum of
metric g|9M and the canonical metric on R. An almost contact structure {f, &,n} is called
normal if the structure {J, h} is integrable [4]; a necessary and sufficient condition for the

structure to be normal has the form N + %{ ®dn = 0, where N is the Nijenhuis tensor of the

operator f[4].

Today, there active studies of the geometry of almost contact metric structures on
manifolds. One of the most pressing issues in this section of geometry is the study of
individual classes of almost contact metric manifolds. In 1972, Kenmotsu [7] introduced a
class of almost contact metric structures characterized by an identity Vy(f)Y = (fX,Y)¢ —
n(Y)fX; X,Y € X(M). Kenmotsu structures, for example, naturally arise in the Tanno
classification of connected almost contact metric manifolds such that automorphism group
has maximum dimension [8]. They have a number of remarkable properties. For example,
Kenmotsu structures are normal and integrable. They are not contact structures, so they are
not Sasakian. There are known examples of Kenmotsu structures on odd-dimensional
Lobachevsky spaces of curvature (—1). Such structures are obtained using the construction
of warped product R X¢ C™ in the sense of Bishop and O'Neill [9] of complex Euclidean
space and a real line, where f(t) = cet (see [7]).

Polarizing the identity characterizing the Kenmotsu manifolds, S.V. Umnova [10]
identified in his thesis paper a class of almost contact metric manifolds; this class was a
generalization of Kenmotsu manifolds and was called the class of generalized (in short, GK-
) Kenmotsu manifolds. In [10], it was proved that generalized Kenmotsu manifolds of
constant curvature are Kenmotsu manifolds of constant curvature —1.

In [11], this class of manifolds is called as a class of nearly Kenmotsu manifolds.
The authors prove that a second-order symmetric closed recurrent tensor, recurrence covector
of which annihilates the characteristic vector &, is a multiple of the metric tensor g. In
addition, the authors consider the f-recurrent nearly Kenmotsu manifolds. It is proved that f-
recurrent nearly Kenmotsu manifolds are Einstein manifolds, and locally f~recurrent nearly
Kenmotsu manifolds are manifolds of constant curvature —1.

In [12], M.B. Banaru studied hypersurfaces of almost Hermitian manifolds of class
W, with the Kenmotsu structure and obtained interesting properties of Kenmotsu manifolds.

In our papers [13-14], Einstein's generalized Kenmotsu manifolds were studied;
contact analogs of Gray identities were obtained, three classes of this type of manifolds were
distinguished; a local characterization of the distinguished classes of manifolds was obtained.
In [15], the curvature identities for the Riemannian curvature tensor were considered for the
particular case of generalized Kenmotsu manifolds, called special generalized Kenmotsu
manifolds of second kind [10].

The paper [16] examines the integrability properties of generalized Kenmotsu
manifolds. In this paper, we investigate GK-manifolds, the first fundamental distribution of
which is completely integrable. It is shown that an almost Hermitian structure induced on
integral manifolds of maximum dimension of the first distribution of a GK-manifold is nearly
Kahlerian. Local structure of a GK-manifold with a closed contact form is obtained,
expressions for the first and second structure tensors are given. The components of the
Nijenhuis tensor of a GK-manifold are also calculated. Since defining the Nijenhuis tensor is
equivalent to defining four tensors NV, N@ N® N® the geometric meaning of vanishing
of these tensors is studied. Local structure of an integrable and normal GK-structure is
obtained. It is proved that characteristic vector of GK-structure is not a Killing vector.

It is clear from the given reviews of works on generalized Kenmotsu manifolds that
the interest in studying of this class of manifolds does not fade, but rather grows.
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In this paper, we continue the study of generalized Kenmotsu manifolds and
investigate the geometry of the Riemannian curvature tensor for this class of manifolds.

This paper is organized as follows. In paragraph 2, we give preliminary information
needed in the further presentation and construct the space of the adjoint G-structure. In
paragraph 3, we give a definition of generalized Kenmotsu manifolds, provide a complete
group of structure equations, and give the components of the Riemann-Christoffel tensor on
space of the adjoint G-structure. In paragraph 4 we, using the procedure of restoring the
identity of [17- 18], obtain some identities, which are satisfied by the Riemannian curvature
tensor of generalized Kenmotsu manifolds and, on their basis, we separate two classes of
generalized Kenmotsu manifolds. In addition, we get a local characterization of these classes.

2 Preliminaries

Let M be a smooth manifold of dimension 2n + 1, X (M), C* be a module of smooth vector
fields on manifold M. Further, all manifolds, tensor fields and similarly objects are assumed
to be smooth of class C*.

Definition 2.1 ([17-18]). Almost contact structure on a manifold M is a triple
(1, &, f) tensor fields on this manifold, where # is a differential 1-form called the contact
form of structure, & is a vector field called characteristic, fis endomorphism of module X (M)
called the structure endomorphism. Here

D@ =1 2)nef=0; 3)f =0 4)f>=-id+n Q<. (2.1)
Moreover if Riemannian structure g = (-,-) is fixed on M such that
(fX,f7) =X Y) —nCOn(), X,Y € X(M), (2.2)

four (n, &, f,g = () is called an almost contact metric (AC-) structure. Manifold with a
fixed almost contact (metric) structure is called an almost contact (metric (AC-)) manifold.

Skew-symmetric tensor Q(X,Y) = (X, fY), X, Y € X (M) is called the fundamental form
of AC-structure ([17], [18]).

Let (1, ¢, f, g) be the almost contact metric structure on manifold M 2741 1n the module
X (M), two mutually complementary projections m =71 ® & and £ = id — m = —f? are
defined internally [18]; thus, X (M) = L @ M, where L = Im(®) = kern is the so-called
contact (or first fundamental) distribution, dimL = 2n, M = Imm = ker(f) = L(§) is the
linear hull of structure vector or the so-called second fundamental distribution (moreover, £
and m are projections onto submodules £, M respectively) [17-18]. Obviously, distribution
L and M are invariant to f and mutually orthogonal. It is also clear that f2 =
—id, {(fX,fY) =(X,Y),X,Y € X(M), where f = f|L. Consequently, {f,,g,|L} is the
Hermitian structure on manifold £,,.

Complexification X (M)¢ of the module X (M) decomposes into a direct sum X (M)¢ =
D}/__l @ Dy V-1 (&) D]9 of proper subspaces of structure endomorphism f, corresponding to
proper values V—1,v/—1 and 0 respectively. Moreover, the projections onto the summands

of this direct sum will, respectively, be endomorphisms [17-18] m =g o = —;(fz +
V=If), =G0t = (~f2+V=1f), m=id+f? , where o=-(id—V=1f),G =
~(id +V=1f).

V-1

The mappings 0;,: L, — D~ 1

and 6,: L, — Dy ! are, respectively, isomorphisms
and anti-isomorphisms of Hermitian spaces. Therefore, to each point p € M?™*! one can

attach a family of frames of the space T,,(M)€ of the form (p, &, &1, ..., &y, €3, ..., €2), Where
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&g = ﬁop(ea), &g = \/fﬁp(ea), g9 = &p; where {e,} is an orthonormal basis of Hermitian
space L,,. This frame is called an A-frame [18]. It is easy to see that matrices of the tensor
components f,, and g, in the A-frame have the form:

0 0 0 1 0 0
(FfH)=(0 V-1, 0 ,(gij)=<0 0 In), (2.3)
0 0 —/-1I, 0 I, 0

where I, is the identity matrix of size n. It is well-known [17, 18] that the set of such frames
defines the G-structure on M with the structure group {1} X U(n) represented by matrices of

1 0 0
the form (O A O), where A € U(n). This G-structure is called adjoint [17, 18].
0 0 A

Let (M2, ®,&,m,g = (-)) be an almost contact metric manifold. Let us agree
that throughout the entire paper, unless otherwise stated, the indices i, j, k, [, ... take values
from 1 to 2n, the indices a, b, ¢, d, ... take values from 1 to n, and let @ = a + n, Gd=a0=
0. Let (U, ) be a local chart on the manifold M. According to the Main Theorem of Tensor
Analysis [17, p. 243], the assignment of a structural endomorphism f and Riemannian
structure g = (-,-) on the manifold M induces the assignment on the total space BM of a frame
bundle over M of a system of functions { ff}, {gi j}, satisfying in the coordinate neighborhood
W = n~1(U) c BM the system of differential equations of the form

dfji + fjkelic - fkigjk = fjl;kwk' dgij — 9i;0F — gubf = 9ij k" (2.4)

where {w'}, {9}} are the components of solder form and Riemannian connection V,
respectively, fjl;k, Jij x are the components of covariant differential of tensors f and g in this
connection. In addition, by the definition of Riemannian connection Vg = 0 and, therefore,

gij,k =0. (25)

Relations (2.4) on the space of the adjoint G-structure can be written in the form [17-18]

fb?k = O»fgék = O»fo(,)k =0,

v—1 R v—=1
0§ = V=1f5hw*, 08 = —V=1fghw", (2.6)

09 = —V-1f2 0", 03 = V-1f3, 0",
6/ + 6 =0,00 =0.

On top of that, note that, since the corresponding forms and tensors are real, @' = w!, 9_] =
Hji,m =V f]‘k, where t — t is the complex conjugation operator.

The first group of structure equations for Riemannian connection dw’ = —9} A @’ on the
space of the adjoint G-structure of an almost contact metric manifold, can be written in the
following form, called the first group of structure equations for an almost contact metric
manifold [17-18]:

dw = Caw® A 0P + C®wy Awy, + CLw®* Awy, + Cow A 0% + Cw A wy;
dw® = =02 A w? + B* .0 A w, + B w, A w. + B*w A w, + B0 A w?; 2.7)
dwg = 02 A wp, + Bgp“we A 0P + Bapew? A 0 + Bgyw A wP + B.Pw A wy,
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where w = w® = 7*(n); mis the natural projection of the space of the adjoint G-structure
on the manifold M, w; = g;;w",

Bab _ V—lan B c _ _“_lfﬁ_ Babc _ _"_:lffl
c = 2 b,c’Pab  — 2 b6 - 2 b,¢’
11_1 R .
Bape = _bec,lchab = V_lfot,lb,Bab = _V_lfot,lz‘:'
1 —(ca _1ca
B = \/__l(fo‘,lﬁ _EfB(?o)’Bab =-—v-1 (f‘fb B Efb%)’ 28)

C% =V=1fia 5 Cap = —V=1fjgp), Cd = —V=1(f5, + fos) = B’ — B,
= _V_lfa(?o' Co= \/__1f£0~

Let us introduce the following notation [17]
V-1 N
Cabc = Tflhgc”’ Cab(: = - betfcx Fab = \/__1f6251 Fab = _\/__1f£b' (29)

Consider the following function families on the space of adjoint G-structure [17]:
e B= {Bijk}; B%;,. = B, B%, . = B,,"; all other components of family B are zero;
o C={Ci} C%e = C%¢; €, = Cype; all other components of family C are zero;
e D= {Dij}; D%; = B%; D&, = B, ; all other components of family D are zero;
o F= {Eij}; E®, = B%,; E%; = B,"; all other components of family D are zero;
o F= {Fij}; F@; = F; F&, = F_,: all other components of family F are zero;
o G ={G'}; G* =C% G* = Cg; all other components of family D are zero.
These systems of functions define tensors of the corresponding kinds on the manifold M;
these tensors are called the first, second,.., sixth structure tensors of the AC-structure,

respectively. The following takes place
Proposition 2.1 [17]. Structure tensors of the AC-structure have the following properties:

1) f e B(X,Y) = —B(fX,Y) = B(X, fY);
2) (B(X,Y),Z)) + ((Y,B(X,2))) = 0;
3)foCX,Y)=-C(fX,Y) = —C(X,fY);
4 {CX,Y),Z) + (Y, C(X,2))) = 0;
5)feD=-Dof;
6)feE=E-of;
7)feF=-Fof;
8) G € L; were ((X,Y)) = (X,Y) + V=1(X, fY), (X, Y, Z € X (M)).

3 Generalized Kenmotsu manifolds

Let (M?™*1,f,&,n,g = (-)) be an almost contact metric manifold.
Definition 3.1 ([10], [11]). A class of almost contact metric manifolds characterized by
the identity

V(Y + Yy (HX = —n(NfX —n(X)fY;X,Y € X (M), G.1)

is called generalized Kenmotsu manifolds (GK-manifolds).

Note that this class of manifolds appears as nearly Kenmotsu manifolds ([11] and others).
We will call these manifolds, as in [10], generalized Kenmotsu manifolds, and in short GK-
manifolds.

The following theorem takes place.
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Theorem 3.1 [13]. The complete group of structure equations for GK-manifolds on the
space of the adjoint G-structure has the form:

1 dw = Fapw®* Aw? + FPw, A wpy;
2)dw® = -0 Aw? + C%w, A w, —%F“bw Awp + 6fw A w?;
3) dw, = 02 A wy, + Copew? A @ —;Fabw Awb + 82w A wpy;
3
4)dof = -0 NS + (Agg —2C%9Cyp — EFadec) 0 Awg +
1 2 2
+<_§6I‘J1ch +§6g'de +§63Fbc) C()C /\(Ud +
+(§6;}FC‘1 —§6ng“—§6gFac)wcAwd;

5) dcabe + Cdbcga + Cadcgb + Cabdgg — Cabcdwd _ 25‘[1an€](1)‘1 — Cabc,
6) dCqpc — Capc8s Cadcgb — Capab8 = Capeaw® — 25d Fbc]wd — Capcw;

7) dFab Fcbga Faceb Fab
8) dFqgp — Fepbaq — Facelf = _2Fabw (3.2)
9) dASE + Abe O + ApeOr — ARy — ARROC = Afgy " + A" wy + Ao,
where
C[abc] Cabc C[abc = abc: C_ - Cabcx Fab + FPa = 0, Fab + Fba =0, m = Fab,

3

A[bC :Aglcd = 0 Ca [bed] = Fa bFCd] C [bed] ZEFa[bFCd]' FadCdbC = O (33)

Corollary 1 [10]. If C%¢ = C,,. =0 and F* = F,, = 0 then GK-manifold is a
Kenmotsu manifold.

Definition 3.2 [10]. GK-structure is called: a special generalized Kenmotsu structure of
the first kinds (in short SGK-structure of the first kind) if C4°¢ = C4p. = 0; a special
generalized Kenmotsu structure of the second kind (in short SGK-structure of the second
kind) if F,y = F% = 0.

Identity

(430, — 2C%Y Cryic) Cigiany = 0 (3.4)

is called the first fundamental identity.
Identity

3
(45t —2Fa"Fy1.) Figg) = 0 (3.5

is called the second fundamental identity.
Identity

ZFabFCd — FaCde + FadeC; (36)

is called the third fundamental identity.

Let M be a GK-manifold. Let us recall the following theorems from [13-14].

Theorem 3.2 [13]. The nonzero essential components of the Riemann-Christoffel tensor
on the space of the adjoint G-structure have the form:

1) RYyy = FOFy, + 85 RO 5 = FycFP + 82,
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2) Rpea = _gachd + iangb + ;@?Fbc, Rgcd = —35217“‘1 + §6,§de + gSngC;
3) Ri.q = A3 — COUCyy, — - F4F, — 68585 R

1
bcd _Abd dehChaC + EdeFac +
588

bcd

8) Ry = 20" Cpeq + FF g — 26868 RE:q = 2CapnCM + Fop €4 — 281567

5) Ri,y = Coab — é(F“bF“i + F%F® + FOFP€); Ry y = Cacap —i(Fachd +
FocFap + FaaFpe)- (3.7)

4 Curvature identities for GK-manifolds

In [19], we obtained several identities for the Riemannian curvature tensor of generalized
Kenmotsu manifolds and separated two subclasses of GK-manifolds. In addition, there were
obtained the local structure of separated classes for GK-manifolds. In [20], two classes of
generalized Kenmotsu manifolds were separated, called the class of f~holomorphic and the
class of f-paracontact manifolds; a complete classification of the separated classes was
obtained. In this paragraph we will also, as in [19] and [20], consider two classes of
generalized Kenmotsu manifolds.

Definition 4.1. Let us call AC-manifold as a manifold of class R if its curvature tensor
satisfies the equation:

R(F2X, f2Y)f2Z — R(f2X, fY)fZ — R(FX, f2Y)fZ — R(fX, fY)f%Z = 0; VX,Y,Z €
xX(M). (4.1)

Theorem 4.1. A GK-manifold is a manifold of classR3 if and only if on the space of the
adjoint G-structure R%,, = R%,. = R%,. = 0.

Corollary. Let GK-manifold be a manifold of class R3. Then its Riemannian curvature
tensor satisfies the identity (4 1). Writing out 1dent1ty (4. 1) on the space of the adjoint G-

structure, we obtain: lel gk Xsfpfq qur R’kl 1 Xsf Y”fq Z9 —
R}klfn”fxmfszqpyqﬂjzr - klfr’ermfp Ypf fers =0,ie. Rabc - Rabc - Rabc =0.
Conversely, let the components of the Riemannian curvature tensor of the GK-manifold
satisfy the equations RS, = R%,, = Rgbc = 0. Applying the identity reconstruction
procedure to the equation RY,, = 0, we obtain the identity (4.1). [

Theorem 4.2. A GK-manifold is a manifold of class R if and only if'it is a special generalized

Kenmotsu manifold of the second kind such that Cyp.4 = 0.
Let M be a GK-manifold of class R3, then it follows from theorems 4.1 and (3.7) that:

1 2 2
1) Ricy = 268 Fpja) +2 (=3 08Foq + 288 Fap + 2 63Fyc) = 0;
2) Rpea = —2Cqp[ca) *+ FabFea — 2Fa[cFipja) = 0. (4.2)

The equation (4.2:1) we rewrite as 26§ F.q — 6&Fy, — 64F,c = 0. Let us contract the
latter equation by indices a and b, then we get 2(n + 1)F,; = 0. Hence, we obtain that F,; =
0, i.e. the manifold is a special generalized Kenmotsu manifold of the second kind.

Now let us consider the equation (4.2:2). By virtue of F.; = 0, then, taking into account
equation (3.3), we obtain that C,;,.4 = 0. Since for a special generalized Kenmotsu manifold
of the second kind F,; = 0, then R%.; = 0. And by virtue of Cgpcq = 0, we have RZ,; = 0.
Hence, according to Theorem 4.1, the manifold M is a GK-manifold of class R;. [
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Sinc Rape = Aghy — C*" Cpap — %FOCFab — 8985 = 0,RGpe = Af — C*MCrpe —
1 3 i ; : .
gFadec — 8865, Rape = =04 Fpe + 85 Fue + 26(,Fpc) » i€, Rppe = Ay — C'"Cap —

%F eF,, — 8£8L. At fixed point p € M it is obvious equivalent to the relation R(gy, £5)eg =

Aleg, &y, €2) + V¢, (C)(eq, €p) — €p{q, €¢)- Since vectors {e,} form a basis for the subspace

(D}/__I)p, while vectors {&;} form a basis for the subspace (Df_ \/—_1)1)’ and projections of the

module X (M) onto submodules D}/__l, Dy VT are endomorphisms T = gof = — % ( 2+
V=1f)t=cot= %(—f2 +V=1f) , the identity R(ep ee)e, = Aleg, & €c) +
Ve, (C)(ar &) — €5{€q &) can be rewritten as R(f2X + V=1fX,—f2Y + V=1fY)(f?Z +
V=1fZ) = A(f?Z + V=1fZ, X + V=1fX, = f?Y + V=1fY) +

V_poyemipy (OPZ +V=1FZ, f2X + V=11X) = (f2X +V=1fX)(=f?Y +

V=1fY, f2Z +V=1fZ); VX,Y,Z € X (M). Developing this relation by linearity, splitting

the real and imaginary parts of the resulting equality, and taking into account the properties
of tensors A and VC (see [20] and [21]), we obtain an equivalent identity:

R(UF2X, F2Y)f2Z + R(f2X, fY)fZ — R(FX, f2Y)fZ + R(fX, fY)f2Z = —4A(Z,X,Y) +
Veay (CO)(f?Z, f2X) = Vg (ONFZ, fX) + Ve (OV(f?Z, fX) + Vey (O(fZ, f2X) —
2F2X(fY, fZ) — 2f XY, fZ); VX,Y,Z € X(M). (4.3)

We call identity (4.3) the fourth complementary curvature identity for a GK-manifold.

Let us introduce the following definition.

Definition 4.2. Let us call AC-manifold as a manifold of class R, if its curvature tensor
satisfies the equation:

R(f2X, f2Y)f2Z + R(f?X, fY)fZ — R(fX, f°Y)fZ+ R(fX, fY)f*Z=0; VX,Y,Z €
X (M). (4.4)

The following results immediately from (4.3) and Definition 4.2.

Theorem 4.3. A GK-manifold is a manifold of classR, if and only if A(Z,X,Y) =
{52y (OVF?Z, £2X) = Y2y (OVFZ, FX) + Yy (C)F2Z, £X) + Vpy (OVFZ, £2X) —
2f2X(fY,fZ) — 2fX(Y,fZ)}; vX,Y,Z € X(M).

Theorem 4.3 provides an analytic expression for the third structure tensor or tensor of f-
holomorphic sectional curvature of GK-manifold of class R,. This tensor was introduced in
[20]. An analytical expression for this tensor was also obtained in that work, when the
manifold is a manifold of pointwise constant f~holomorphic sectional curvature. And
properties of this tensor were proved in [21].

Theorem 4.4. A GK-manifold is a manifold of classR, if and only if on the space of the

adjoint G-structure R%,» = R, . = 0.

Proof. Let M be a GK-manifold that is a manifold of class R,. Hence, Riemannian
curvature tensor of such manifold satisfies the condition (4.4), which on the space of adjoint
G-structure takes the form: _ ‘

Ry (F2X) (F2Y) (f?2)! + R (F2X)(FN'FZ) = R (FXO* (2 (fZ) +
Ri (FX*(fVH(f22) = 0.

Taking into account (3.7) and the form of the matrix f, the latter equation will be written in
the form: R%, .X°Y°Z* + R%, .X,Y°Z, = 0. The resulting equation is fulfilled if and only if

R C C
R%, . =R% .=0.

ab¢ ab¢



E3S Web of Conferences 244, 09005 (2021) https://doi.org/10.1051/e3sconf/202124409005
EMMFT-2020

Conversely, if R%,, = Rgbc = 0 fulfilled, then, since the equality RO, =0 is also
satisfied for the GK-manifold, applying the identity restoration procedure to the equations
R}, = 0, we obtain identity (4.4), i.e. the manifold is the manifold of class R,. [

ab¢

Theorem 4.5. GK-manifold of class R, is an SGK-manifold of the second kind.
Proof. Let M be a GK-manifold of class R,. Then, according to Theorem 4.4 R%,. = 0

and considering (3.7), we have:

Ra

2 1 1
pea = Réba = =588 Fpa + 585 Foe +584Fep = 0. (4.5)

Let us contract this equation by indices d and a; then we obtain (n + 1)Fp, = 0 = F,, =
0, i.e. the manifold is a SGK-manifold of the second kind. [
Theorem 4.6. Let M be a GK-manifold of class R,. Then on the space of adjoint G-

structure: 1) A%% = —6ab, 2) C¥NMChyp = 85
Proof. Let M be a GK-manifold that is a manifold of class R,. Then, according to Theorem
44RY,. = Rabc = 0 and considering (3.7), we have:

1 2
D Rde Agg = C4% Cpe — EFadeC - agdb 0; 2) Rbcd Rcba - ESnga +
1
g(sb Fac + EagFCb = 0. (46)

Let us contract the second equation by indices d and a; then we obtain (n + 1)F,, = 0 =
Fy. = 0, i.e. the manifold is a SGK-manifold of the second kind. Hence the equation (4.6:1)
take the form: A% — CI"C,,, — 6564 = 0. Symmetrizing the latter equation, firstly, by
indices a and b, and then by indices ¢ and d, we get A(dz)) = 6508 = %S;g. Due to the
symmetry of tensor A in lower and upper pair of indices, the resulting identity can be
rewritten as: AS% = 6 . Hence the equation A% — C4°"C, ., — 6582 = 0 is rewritten as
CdChChab = 6a . D

Definition 4.5. Let us call AC-manifold as a manifold of class Rj if its curvature tensor
satisfies the equation:

R(fF2X, f°Y)f?Z + R(F2X, fY)fZ + R(fX, f2Y)fZ — R(fX, fY)f?Z = 0; VX,Y,Z €
X (M). 4.7)

Theorem 4.7. GK-manifold is a manifold of class R; if and only if this manifold is a SGK-
manifold of the second kind and is on the space of adjoint G-structure C%"Cy,, = 5[‘},6?].

Proof. Let M be a GK-manifold of the second kind that is a manifold of class Rs. Hence,
Riemannian curvature tensor of such manifold satisfies the condition (4.7), which on the
space of adjoint G-structure takes the form:

Ria(F2X(FPDNPZY + R (F2X) (P2 + Ry (FXO*(FPY) (fZ) -
R (FXO*(N(f22) = 0.
Taking into account (3.7) and the form of the matrix f, the latter equation will be written

in the form: R%, . X?Y¢Z, + R%; . X, Y.Z% + R XY, 2% + RE, XPY°Z, = 0. The resulting
equation is fulfilled if and only if Rabc abc = 0. According to (3.7):

ab¢ ab¢

1) C¥MChpe = 8468 — = F9Fy s 2) 283FP — 2 8LFed —Z5¢F = 0. (4.8)
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Let us contract (4.8:2) by indices d and a; then we obtain z (n+ 1)F* =0 = F’ =0, i.e.
the manifold is a SGK-manifold of the second kind. Hence the equation (4.8:1) take the form
CU M Chpe = 85,65

Conversely, if relations (4.8) are satisfied for a SGK-manifold of the second kind, then

the components of the Riemannian curvature tensor meet the conditions Rgl; e = RZB c=0.
Thus, the manifold is a manifold of class Rz [15]. Since a SGK-manifold of the second kind
is a GK-manifold, we get the required condition. [J

Corollary. GK-manifold of class R of 3 dimension is a Kenmotsu manifold.

Proof. Contract the equation C***Cy,. = 6[‘25 4 firstly, by indices a and b, and then by

c]>
indices ¢ and d, we get Yo p clCapel® = én(n — 1). From the obtained equation it follows

that for n = 1 we have C,y,, = 0, i.e. the manifold is the Kenmotsu manifold. [
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