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Abstract. One of the problems of modernizing multimodal transportation
of goods in post-Soviet countries is the optimization of the transport supply
chain. This requires, in particular, a software package that is to be adapted
to local conditions, to the expanded set of risks and the need, in general, to
perform optimization on the base of fuzzy data. When choosing the
objective function, it is necessary to take into account not only the cost of
the specific option of route, the time of transportation, but also the degree
of reliability of both the contractors and the infrastructure. For creating a
mathematical model were used graph theory and fuzzy logic. Separate
types of transport are considered as directed graphs. The set of directed
graphs of modes of transport is a multidimensional graph, under the
presence of connecting arcs between their nodes. These nodes represent the
points of transshipment. The software package assesses the reliability of
each section of the supply chain. The developed software package using
the proposed mathematical model will allow improving multimodal
transportation of goods.

1 Introduction
Ukraine is rapidly integrating into the world economy. Geographic location of the country,
proximity to European transport corridors makes it a promising transport hub. The
developed network of seaports, railways, motorways, pipelines and aviation transport
allowed Ukraine to play the role of a transport hub for the USSR, being its part, to meet the
needs for multimodal transport of its own market. But, nowadays, transport infrastructure,
legislative support, transport logistics need to be modernized. First of all, planning and
forecasting of the risks of multimodal transportation require such modernization. For
qualitative planning and forecasting of the risks of multimodal transportation, there was a
need to develop software and a mathematical core that would be adapted to the realities of
the Ukrainian transportation system.
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The planning and forecasting of transport risks have been long and widely used by
various countries throughout the world [1, 2, 3, 4]. These functions are included into
application packages. The problem of direct application of such software in Ukraine is
associated with the necessity of its adaptation to the conditions of practical implementation.
A set of transportation risks, for example, is wider than that for developed economies.
In Ukraine, computerized decision support systems (SPDRs) were also introduced into
practical operation for the transportation of goods, their transshipment, the choice of the
most efficient routes [5, 6]. These systems proved to be reliable basing on the experience of
operation of transport organizations of the USSR. However, the conditions of
transportation, too big data sets, inherent to the modern operation of transport systems,
capabilities of modern computer technologies require new mathematical approaches to the
formation of the core of SPDR computer software [7, 8].
In addition, the practical operation of various software systems aimed at finding the
optimal route for the transportation of goods by different modes of transport, in the
presence of transit points for their transshipment, in the case of large databases, shows that
there is still a need to create a mathematical model that would allow them to carry out
efficiently and with minimal load of computer resources to perform such calculations [9,
10, 11, 12].
Therefore, the purpose of this work was to develop such a mathematical model of
software packages of SPDR multimodal transport, which would meet the modern
requirements of multimodal transportation in Eastern European countries, in particular, in
Ukraine.

2 The mathematical modeling of multimodal transportation
An array of destinations, intermediate points of overload and points of dispatch of cargoes
by each type of transport: sea, river, railway, automobile, aviation, pipeline or other are
considered as an array of vertices (nodes) of directed graph. This directed graph (digraph)
can take both a canonical and a non-canonical form.
A consistent set of ribs (arcs) linking specific points of dispatch and the destination of
the cargo is named “way”. For each of the arcs a set of parameters is given: the cost of the
operation (transportation or overload), the time of operation (transportation or overload),
etc. Obviously, the set of these arrays, uniting separate arrays attributed to individual mode
of transport, is a multidimensional array. The requirement to the existence of a
multidimensional array will be the presence of at least one edge (arc) of the relationship
between the vertices of the specified arrays. In general case, the relationship between the
vertices of the specified arrays is not an arc, but a tree of possibilities (implementation
options). The specified multidimensional array, in general case, will be classified as a large
system, or as a large set of data - big data.
In the case of using a matrix analysis for each of the possible digraphs by type of
transport, we form an incidence matrix. The matrix of the incision of the digraph, subject to
the presence in the orthograph q tops and w arcs is a matrix of size q × w, elements of
which 𝑎𝑎𝑖𝑖𝑖𝑖 meet the requirement:
𝑎𝑎𝑖𝑖𝑖𝑖 = �

1 when for the i − th vertex j − th edge is incidental
0 when for the i − th node the j − th edge is not incidental

(1)

The canonical oriented graph represents a system that has an analytic solution. Since not
all arrays of destination and dispatching of cargoes by each mode of transport in general
will be a canonical graph. Such arrays, in particular, may be non-canonical, that is, in the
general case, have no solution in the analytical form. The lack of a solution will not allow a
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formal representation of the target function in the mathematical model being developed. To
eliminate this discrepancy, we suggest that the non-canonical graph being converted into a
canonical form in a formal way. Imagine a graph like an array of real and fictitious vertices,
the relationship between which will be characterized by the values of the time of
transportation of the cargo and the cost of this transportation equaling zero. Since transport
services, in particular, points of dispatch of goods, their transshipment, points of receipt of
cargo of the district, transportation routes [3, 6, 10], etc., are described by sets of
parameters, each of which can, in general, represent a matrix of sub-parameters, that is an
over-large set of data (big data), an expedient mathematical apparatus for their description
would be tensor analysis. Then the orthograph, which combines the orthographs of certain
types of transport, can be regarded as a topological structure in the multidimensional space.
Using the invariance of a tensor, one can determine the required parameters of a
multidimensional digraph structure when changing system of coordinates, for example,
when changing the target function of finding an optimal chain of multimodal transport. We
represent a non-coordinate formalization of the tensor equation of the specified structure:
𝑊𝑊𝑊𝑊 = 𝑉𝑉

(2)

where the tensors 𝑊𝑊 and 𝑄𝑄 describe the parameters of multivariance transport system of
multimodal transportation, tensor 𝑉𝑉 may be the throughput of a tree or a separate branch of
communication between the graphs of individual modes of transport, in the case when 𝑊𝑊 –
is a network connectivity tensor that can be obtained if knowing the incidence tensor of a
large system, and 𝑄𝑄 − characterizes the throughput of a tree or a single branch of
communication in the presence of a specific set of transportation risks. Since the risks are
stochastic terms that change at certain, defined intervals, then the tensor 𝑉𝑉 may represent
the probability of having a throughput for transporting of a specific, determined cargo
through the specified branch / communication tree. But this can be if and only if 𝑊𝑊 – the
probability of the existence of a flow of goods in certain nodes at certain intervals of time.
That is, the given representation may have a deterministic or stochastic nature, depending
on the conditions of actual shipments of the goods. This invariance facilitates the solution
of the problem while changing the parameters of the cargo flow.
For example, when the objective function is to minimize the time of multimodal
transportation, taking into account the probability of deviation of each risk on each
branches from the time schedule can be transformed into the tensor 𝑊𝑊 –the tensor of cargo
delays in individual branches as a result of the existence of specific risks. In this case, the
tensor 𝑄𝑄 still will be considered as the bandwidth of the tree or branch of connection. When
the risks are random variables, knowing the law of change in random variable for each
specific risk on each individual branch, we can define the correlation coefficient r as an
algebraic equation in the form: 𝑟𝑟 = 𝜑𝜑 (𝑘𝑘, 𝐷𝐷), where 𝑘𝑘 - correlation function, 𝐷𝐷 – dispersion
of each of the specific risks. The objective function of the suggested model may have a
different representation. When the main requirement for transportation is to ensure the
minimum total transport costs, then the target function will look like:
���⃗ В,
���⃗ – vector
���⃗ 𝐿𝐿,
��⃗ Е
�⃗� → 𝑚𝑚𝑚𝑚𝑚𝑚, where 𝐹𝐹$ - objective function of economic costs, С
𝐹𝐹$ = 𝜑𝜑 �С,
���⃗ cost of transportation of the unit of cargo on each section of the chain of transportation, В
�⃗ – vector of
single cargo vector, 𝐿𝐿�⃗ - vector of specific stages of the transportation chain, Е
mathematical expectations of the effects of risks on each section of the transport chain.
When the main requirement is to ensure a minimum transport time, the target function
���⃗ 𝐿𝐿,
��⃗ Е
�⃗) → 𝑚𝑚𝑚𝑚𝑚𝑚, where 𝐹𝐹𝜏𝜏 - objective delivery function of the cargo,
has the form: 𝐹𝐹𝜏𝜏 = 𝜑𝜑 (Т,
�Т⃗ – vector of time spent on each stage of cargo transportation. Obviously, the choice of a
direction of transportation could be substantiated by the requirements of provision and
minimum transport costs, and the least time for cargo transportation.
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The time of cargo transportation can not be greater than that of critical route. Critically,
we call the path critical if it needs the maximum time to go through it, even with the time
reserved for each of its operations, which are qual to zero. In general case, the ways that
satisfy each of the requirements can be different. Then the target function will take a
compromise form of minimizing the function of the compromise objective function by
minimizing the coinciding paths simultaneously and the economic costs i.e. 𝐹𝐹 →
𝑚𝑚𝑚𝑚𝑚𝑚(𝐹𝐹𝜏𝜏 , 𝐹𝐹$ ) at 𝐿𝐿𝑚𝑚𝑖𝑖𝑛𝑛 𝜖𝜖 � 𝑙𝑙1𝑚𝑚𝑚𝑚𝑚𝑚 , … 𝑙𝑙𝑛𝑛𝑚𝑚𝑚𝑚𝑚𝑚 �.
Sometimes you have to select, in addition to the mentioned objective functions, the
objective function of trust (𝐹𝐹𝑝𝑝 ), which runs along the way with minimal risk of cargo loss.
This function may, in some cases, coincide with the level of the insurance premium for
damage or loss of cargo.
Many leading specialists are paying attention to this peculiarity of the transport system
of the post-Soviet countries, in particular, Jean-Francois Arvi, founder of the LPI project.
"In countries with a high level of logistics costs, the main determinant of their magnitude is
often not the distance between trading partners, but the reliability of the supply chain", he
notes [13]. That is why, there are attempts to disassociate the difficult supply situation with
the help of the LPI and, using this index, to characterize supply chains.
In the presence of three objective functions, a compromise function can be found as
follows: 𝐹𝐹 → 𝑚𝑚𝑚𝑚𝑚𝑚(𝐹𝐹𝜏𝜏 , 𝐹𝐹$ , 𝐹𝐹𝑝𝑝 ).
In case of the influence of risk factors, subject to their stochastic nature, the method [5]
can be used to find the optimal value of the target function.
Each specific risk or exposure factor may take valid values and invalid values. When a
risk takes a valid value, it varies from an appropriate minimum to the corresponding
maximum value. When 𝐸𝐸ƺ𝑦𝑦 – mathematical expectation of the influence of accidental risk,
respectively, 𝐹𝐹�𝐸𝐸ƺ𝑦𝑦 � – integral objective function of transportation, 𝑘𝑘 = 1, 2,3 … – index of
risk in the vector of available risks, 𝑓𝑓𝑖𝑖 - a function inherent to the transport on the i-th
section of the path or edge (arc) of the corresponding digraph, 𝑖𝑖0𝑘𝑘 - initial value of the
acceptable risk interval, 𝑖𝑖1𝑘𝑘 - endpoint of the risk tolerance interval 𝛾𝛾�𝑦𝑦, 𝐸𝐸ƺ𝑦𝑦 , 𝜎𝜎𝑦𝑦 � - density
distribution factor 𝑦𝑦, 𝜎𝜎𝑦𝑦 - mean square deviation. That is:
𝑛𝑛

𝑖𝑖1𝑘𝑘

𝐹𝐹�𝐸𝐸ƺ𝑦𝑦 � = � 𝑓𝑓𝑖𝑖 � 𝛾𝛾(𝑦𝑦, 𝐸𝐸ƺ𝑦𝑦 , 𝜎𝜎𝑦𝑦 )𝑑𝑑𝑑𝑑
𝑖𝑖=1

(3)

𝑖𝑖0𝑘𝑘

When a risk takes a valid value, it varies from an appropriate minimum to the
corresponding maximum value. That is 𝑖𝑖𝑘𝑘 𝜖𝜖 � 𝑖𝑖𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚 , 𝑖𝑖𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚 �. Then the probability of falling
into the range of admissible values for each of the risk factors is defined as
𝑖𝑖1𝑘𝑘
∫𝑖𝑖0𝑘𝑘 𝛾𝛾(𝑦𝑦, 𝐸𝐸ƺ𝑦𝑦 , 𝜎𝜎𝑦𝑦 ).
When choosing a variant of transportation, when calculating the parameters of
transportation, the basic option is the smallest value of the magnitude of the mathematical
expectation of the effects of random risk, that is, for example, the value 𝐹𝐹�𝐸𝐸ƺ𝑦𝑦 � → 𝑚𝑚𝑚𝑚𝑚𝑚(𝐹𝐹)
under condition of a smooth change of the objective function:
𝑚𝑚𝑚𝑚𝑚𝑚(𝐹𝐹) 𝑤𝑤ℎ𝑒𝑒𝑒𝑒 𝑚𝑚𝑚𝑚𝑚𝑚�𝐸𝐸ƺ𝑦𝑦 �
𝐹𝐹�𝐸𝐸ƺ𝑦𝑦 � = �
𝑚𝑚𝑚𝑚𝑚𝑚(𝐹𝐹) 𝑤𝑤ℎ𝑒𝑒𝑒𝑒 𝑚𝑚𝑚𝑚𝑚𝑚�𝐸𝐸ƺ𝑦𝑦 �

(4)

When the risk takes valid values, it varies in an interval from a certain minimum to the
corresponding maximum value. That is 𝑖𝑖𝑘𝑘 𝜖𝜖 � 𝑖𝑖𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚 , 𝑖𝑖𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚 �, then the probability of falling
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into the range of admissible levels of each of the risk factors is defined as
𝑖𝑖1𝑘𝑘
∫𝑖𝑖0𝑘𝑘 𝛾𝛾(𝑦𝑦, 𝐸𝐸ƺ𝑦𝑦 , 𝜎𝜎𝑦𝑦 ).
The integral objective transportation function is calculated according to a different
formula representation, depending on whether it is a continuous function over the entire
range of its definition, whether it has discontinuities or discrete one [7, 14, 15].
A significant number of risk factors that influence the definition of the objective
function of transport are fuzzy values. In order to calculate the cost / time of transportation,
it is necessary to consider not only the transport costs / loss of time on each of the edges
(branches) of the cargo route, but also, for example, the loss of these resources upon the
receipt for transportation and transmission to the consumer. Losses at this stage of
transportation may arise when the fuzzy values of the impact of transportation of
goods/overload of goods on time, volumes, the size of the batches. Anthracite supply to the
heat power station in Ukraine can serve as a concrete example. Suppliers from different
countries, different modes of transport, delivery, imposed on different speeds of
consumption, require maximum synchronization at all stages - beginning with the
approaching of empty rail cars to loading up and ending up with changing the size of coal
reserves in warehouses suppliers, transshipment warehouses and at the side of consumers.
Violation of synchronization leads to losses. For example, when a load of coal was delayed
on the road, it leads to losses due to lack of supply, when it came earlier, it increases stock
losses. Let's consider, as an example, the task of minimizing economic losses associated
with the risks of desynchronization, at the stage of cargo handling. Total freight handling
costs consist of a transport component and a component related to storage costs. We
represent the costs of cargo handling in analytical form:
𝑆𝑆 = 𝑆𝑆1 + 𝑆𝑆2 + 𝑆𝑆3 + 𝑆𝑆4 + 𝑆𝑆5

(5)

where 𝑆𝑆 - total handling costs, 𝑆𝑆1 – transportation costs, 𝑆𝑆2 - storage costs, 𝑆𝑆3 - costs
associated with cargo lag when maximizing delivery risks, 𝑆𝑆4 - overhead storage costs, 𝑆𝑆5 overload costs (which is important for multimodal transport - from one mode of transport to
another).
𝜏𝜏

𝑗𝑗

𝑚𝑚𝑚𝑚𝑚𝑚
∑𝑗𝑗𝑛𝑛1 𝑐𝑐𝑗𝑗 (𝜏𝜏) 𝑏𝑏𝑖𝑖𝑖𝑖 (𝜏𝜏)
𝑆𝑆1 = ∑𝜏𝜏=0

(6)

where 𝜏𝜏 - time of transportation, 𝜏𝜏 ∈(0,𝜏𝜏𝑚𝑚𝑚𝑚𝑚𝑚 ), 𝑐𝑐𝑗𝑗 - freight cost per unit of cargo, 𝑏𝑏𝑖𝑖𝑖𝑖 single cargo, the indices of which belong to the interval 𝑗𝑗 ∈ (𝑗𝑗1 , 𝑗𝑗𝑛𝑛 ). Storage costs can be
estimated by
𝜏𝜏

𝑗𝑗

𝑚𝑚𝑚𝑚𝑚𝑚
∑𝑗𝑗𝑛𝑛1 𝑎𝑎𝑗𝑗 (𝜏𝜏) 𝑏𝑏𝑗𝑗 (𝜏𝜏)
𝑆𝑆2 = ∑𝜏𝜏=0

(7)

where 𝑎𝑎𝑗𝑗 - the cost of storage of a unit of cargo. Costs associated with cargo delays
when maximizing delivery risks, are determined by terms of contract. For multimodal
transport, these costs will also depend on the stage of transportation where the delay occurs.
If it is the initial stage, then there will be delays at all subsequent stages [8, 11, 16, 17, 18].
One can determine the costs associated with cargo lag as:
𝑢𝑢

𝑆𝑆3 = � ℎ𝑢𝑢 ∗ 𝑆𝑆3𝑢𝑢
1

(8)

where u - number of the transportation stage, 𝑆𝑆3𝑢𝑢 - costs and penalties for the u-the stage
of transportation, ℎ𝑢𝑢 - Boolean function that takes values ℎ𝑢𝑢 = 0 in the absence of delays,
ℎ𝑢𝑢 = 1 in the presence of delays.
5
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Costs associated with cargo delay vary within intervals 𝑆𝑆3 ∈ (0,∞). A condition of the
occurrence of a situation where non-zero values of costs associated with cargo delay will be
in place: 𝜏𝜏 > 𝜏𝜏1𝑓𝑓 , where 𝜏𝜏 - current time of the operation of cargo transportation, 𝜏𝜏1𝑓𝑓 - the
boundary value of delivery time.
In the case [2, 8, 19, 20, 21, 22], when fines are dependent on the time of delay, an
analytical expression for finding the value of the costs associated with the delay of the
goods will be:
𝜏𝜏

𝑗𝑗

𝑆𝑆3 = ∫1𝑓𝑓2 ∑𝑗𝑗𝑛𝑛1 𝑐𝑐𝑗𝑗 ((𝜏𝜏1𝑓𝑓 − 𝜏𝜏2 ) 𝑏𝑏𝑗𝑗 (𝜏𝜏1𝑓𝑓 − 𝜏𝜏2 ) 𝑑𝑑𝑑𝑑

(9)

where 𝜏𝜏2 - delivery time value, с𝑗𝑗 - specific economic losses associated with untimely
receipt of a unit of cargo. Additional costs associated with storing the cargo can be found as
𝜏𝜏

𝑗𝑗

𝑆𝑆4 = ∫1𝑓𝑓2 ∑𝑗𝑗𝑛𝑛1 𝑑𝑑𝑗𝑗 ((𝜏𝜏1𝑓𝑓 − 𝜏𝜏2 ) 𝑏𝑏𝑗𝑗 (𝜏𝜏1𝑓𝑓 − 𝜏𝜏2 ) 𝑑𝑑𝑑𝑑

(10)

where 𝑑𝑑𝑗𝑗 - specific economic losses associated with the storage of a unit of cargo.
The task set up supposed finding the minimum value of the total cost of transshipment,
that is, in analytical form 𝑆𝑆 → 𝑆𝑆𝑚𝑚𝑚𝑚𝑚𝑚 . The effect of untimely receipt of a unit of cargo varies
depending on the type of cargo, the consumer's needs, the time of delay, the size of
penalties assumed in the contract, which may depend on the parameters mentioned and be
their non-discrete or discrete function.
Therefore, the result of minimizing the total costs of transshipment can be as finding the
optimal time interval of delay, corresponding to the condition 𝑆𝑆 �𝜏𝜏1𝑓𝑓 − 𝜏𝜏2 � = 𝑆𝑆𝑚𝑚𝑚𝑚𝑚𝑚 when
�𝜏𝜏1𝑓𝑓 − 𝜏𝜏2 � = (𝜏𝜏1𝑓𝑓 − 𝜏𝜏2 )𝑚𝑚𝑚𝑚𝑚𝑚 , as well as reducing the risk of delivery or penalties for late
delivery of cargo, which is in line with the condition 𝜏𝜏 ≤ 𝜏𝜏1𝑓𝑓 . Overhead costs vary in
interval 𝑆𝑆5 ∈ (𝑆𝑆5 𝑚𝑚𝑚𝑚𝑚𝑚 , 𝑆𝑆5 𝑚𝑚𝑚𝑚𝑚𝑚 ). 𝑆𝑆5 𝑚𝑚𝑚𝑚𝑚𝑚 value, in particular, depends on the presence of cargo
delays during the transportation phase, because it increases the cost of rolling stock and
services of the next stage of transportation. For the analysis and evaluation of the reliability
of contractors, the type of transport on the route, etc., the parameters of delivery of each
cargo are required. For example, the average delivery time, the deviation from the average
(upper and lower limits), the level of prices for services, the quality of services, the level of
prices for cargo, quality of goods, timeliness (number and timing of violation of
timeliness), etc.
Depending on the qualitative estimation of the set of these parameters, an auxiliary
database is created for the categories of delivery: the use for each type of cargo, only for
logistics operations with the objective delivery function subject to time, only for logistics
operations with the objective delivery function subject to cost (for example, for formation
of warehouse reserves, in particular, coal for heat-power stations) [9, 19, 23-26]. Formation
of such an auxiliary database by categories of delivery allows to save time of calculations
and resources of computer equipment [27-30].
The test of this mathematical model was the analysis of the transportation of grain
cargoes from the city of Kremenchug to the port of Odessa. This made it possible to reveal
the most problematic areas of grain handling. Such areas are: points of overload from one
mode of transport to another, transportation by rail, issues of tariff policy of carriersmonopolies, regulatory risks of cargo transportation. It was established that alternative
transportation of goods by rail can be used on separate sections of river transport, which
will slightly (up to 5%) increase the cost of transportation of grain but will significantly
reduce the risks.
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3 Conclusions
In this paper, a mathematical model of SPDR for multimodal transport is suggested for
countries with a high level of logistics losses, with a set of risks of cargo transportation,
much larger than in developed countries. Its test usage indicated weaknesses in the supply
chains of Ukraine. These are the transshipment of multimodal cargoes, rail transport,
seasonal road transport risks, regulatory and tariff policies. Due to the lack of time, it is
needed to make a certain number of adaptations, implementation in the test code of the test
launches on large masses of real data with the subsequent verification of the predictions for
relevancy. Future work relates to the details of certain parts of the mathematical model, the
development of packages for individual variants of the event tree. In addition, since the use
of SPDR involves the use of large data arrays in algorithmic mathematical model, it is
necessary to predict its parallel work in multiprocessor systems. The analysis of the
situation of cargo transportation, in particular, multimodal transport with the help of the
presented mathematical device, allowed to reveal that the most significant problem is not
the stage of cargo transportation (by this or that mode of transportation), but the stage of
overload.
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