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Abstract. The article is devoted to the development of a mathematical
model of dynamic characteristics of a drive with a planetary gear
mechanism. The subject of research is a drive with a planetary gear
mechanism. The following issues were considered in the article: the
synthesis of a planetary gear mechanism; the development of a
mathematical model that describes the dynamic characteristics of the
system; the determination of the dynamic characteristics of a drive with a
planetary gear mechanism. Research is based on the method of
determining the number of gear teeth; the method of determining the
kinetic energy of the James gearbox; the method of determining the
dynamic characteristics of an electric motor. The possible number of
satellites is given in the article; the pitch radii of the wheels for a given
modulus are defined; the moment of inertia of the mechanism reduced to
the movable central wheel is determined; a mathematical model of the
motion of a drive with a planetary gear mechanism is developed. Equations
of motion of a drive with a planetary gear mechanism were obtained.
Assuming, in a particular case, all the links of the drive with the planetary
gear mechanism as rigid links, a mathematical model was developed for
this system, considering the dynamic characteristics of an electric motor. A
mathematical model was developed that describes the dynamic
characteristics of the system. Analytical solutions for the developed
mathematical model are given.

1 Introduction

Drives with planetary gear mechanisms are widely used in various branches of
technology and industry. Simulation of dynamic characteristics and determination of the
actual laws of motion of the working bodies play an important role in the design of such
drives.

Numerous publications [1-8] are devoted to the study and analysis of various
mechanisms of various functions. Analyzing numerous studies aimed at improving the
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operation of the mechanisms and their wide application, the theoretical foundations and
designs of planetary and biplanetary drives of the working bodies of doughing machines
were developed in [2]. Mathematical models for controlling the parameters and constraints
of the friction mechanism were developed in [3]. The theory and designs of friction
mechanisms with controlled friction were developed in [4, 5]. In [6], the analytical
implementation of the mathematical model of the controlled motion of the positioning
mechanism was developed. A new coaxial eccentric indexing cam mechanism for high-
speed automatic units was proposed [7]. A review of the development and state of the
kinematics and dynamics of the cam mechanism was conducted [8].

Below, the equations of motion of the grinder drive with a planetary gear mechanism
are proposed. Considering, in a particular case, that all the links of the drive with the
planetary gear mechanism are rigid, a mathematical model was developed for this system,
taking into account the dynamic characteristics of an electric motor. Analytical solutions for
the developed mathematical model are given. The obtained research results were used in
the design of a universal planetary mill.

2 Methods

Research is based on the method of determining the number of gear teeth; the method of
determining the kinetic energy of the James gearbox; the method of determining the
dynamic characteristics of an electric motor.

3 Materials

Determination of the actual laws of motion of the working body of a grinder is a necessary
factor in its design. The working body of the grinder receives motion from an asynchronous
electric motor through a planetary gearbox. To reduce the number of revolutions of the
working disc of the grinder, it was proposed to install a James planetary gearbox. The
kinematic diagram of the drive is shown in Fig. 1, where, 1 is a fixed central wheel, 2 is a
satellite, 3 is a movable central wheel, 4 is a working body, H is a carrier.
Consider the methods for determining the number of teeth of a given gearbox [1].
Suppose that it is necessary to design a planetary gear that reproduces the gear ratio
uf?_} = a, where u1(131) —is the gear ratio between wheels 1 and 3 when the carrier H is
z
stopped, and equal to ug =1- ”1(131) = b. In this case ug = -3 = b, then the number
z
1
of teeth of wheel 3 is

z, =221 (1)

or

z 2
2 5 > ()
Considering this, we obtain
Z, 2-b
= 3)
z, (b-1)
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The number of teeth z, should be chosen so that there is no undercut or interference
between the teeth. As is known, for normal gear wheels with an engagement angle

oL = 20° and a head height coefficient equal to one for external engagement, it is

z, = 212;34 (4)
P 34-2.z
and for internal gearing it is
z;-34
A )
2.z, 34

Formulas (4), (5) serve to select the permissible number of teeth in the absence of
undercutting or jamming of the gear. Calculations according to formula (5) show that the

least number of teeth of the little wheel is z, =17, while the greater wheel 3 must have

the number of teeth z, = 00, that is, wheel 3 turns into a toothed rack.
It should be noted that calculations according to formula (5) can be made up to the
number of teeth z, = 26 since at the number of teeth z, > 26 for internal gearing, the

phenomenon of teeth interference becomes dangerous, and the tooth head of the little wheel
is pressed into the tooth head of the large wheel outside the engagement area.

Now let us determine the possible number of satellites K using the conditions of
neighborhood and assembly

T zZ, +z
K < ,K="1- 3 (6)
. 22+2 n
asin ——
Zl-|-Z2

K and n in formulas (6) must be integers. Next, we determine the pitch radii of the
wheels for a given modulus m

For values of ”1(131) equal to 4, 5, 6, 7, 8, the number of gears teeth 1, 2, 3, the number of

possible satellites, and the pitch radii of these gears were determined. The results are shown

in table 1.
Table 1. Values of geometrical parameters of the James gearbox.
N | uy |uy | M|z | g Z3 K R, R, R,
1 4 0.25 5 20 20 60 5 50 50 150
2 5 0.2 5 18 25 68 2 10 62.5 170
3 6 0.17 5 17 34 85 3 42.5 85 212.5
4 7 0.143 5 18 45 108 3 45 112.5 270
5 8 0.125 5 18 50 120 3 45 125 300

We define the kinetic energy of the James gearbox as:
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IT=T,+T,+T1T.+T,

where T < —is the kinetic energy of the electric motor rotor; 75 —is the kinetic energy of

the gear 3; 7. — is the kinetic energy of satellites; 7}, — is the kinetic energy of the carrier.

Lr

1
T:E(Jg-coz+J3-co§+k-J2-w§+K-m2-R§,-m§,+JH-coi,)

where J ¢ is the moment of inertia of the electric motor rotor; J. 5 — is the moment of

inertia of gear 3 relative to the axis of rotation; J, — is the moment of inertia of the
satellite relative to its axis of rotation; K — is the satellite number, RH — is the radius of

the satellite center trajectory; m, — is the mass of the satellite, J,, — is the moment of

inertia of the carrier relative to the axis of rotation.
Let us determine the moment of inertia of the mechanism rated to wheel 3. In this case,
the working disk is connected to the carrier, and wheel 3 is the driving link, then

2 2 2 2

, 2
=J, + L +K-J,| — | +K-my-Ry-| —= | +Jy| —| +Jp| —
®; ; 5 5

J

npl

If we assume that all grinder links are rigid, then the dynamic model of the system is
reduced to a single-mass model. The mathematical model for this system, considering the
dynamic characteristics of the electric motor, has a well-known form [11]:

dM
wa=w01—v0@W0+Ty d;j
(7
do 1
o= Lot -1,)
a1,

where ®, — is the angular speed of the electric motor rotor and the disk on which the
rotating working bodies are installed; /,, — is the total moment of inertia of the electric
motor rotor and the disk with the working bodies; M » — 1s the moment developed by the
asynchronous electric motor; M, — is the resulting moment from the resistance forces
acting on the working body; ®, is the angular speed of the rotor of the electric motor and
the disk with working bodies; ®, — is the angular speed of the ideal no-load speed of the
electric motor; Vv, — is the steepness of the static characteristic; M » — 1s the moment

developed by the electric motor; T » — 1s the electromagnetic time constant of the engine,
depending on the parameters of its electrical circuit.
For an asynchronous electric motor with a squirrel-cage rotor, v, and 7', can be

determined by the following dependencies:
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1 S, ® o
T,=—F; V,=—"—; S ={1-— (7»+ Xz—l)
21f.S. 2M -\ o,
where M ,; —is the nominal moment of the motor; A — is the ratio of the critical moment

to the nominal moment (overload factor); ﬁ — is the circuit frequency; S, — is the

critical slip; ®,, — is the motor rated angular speed.

Taking into account the above, the equation of motion of the grinder drive can be
written in the following form:

. . ® .
VT, i, +v, 10, +—2=1-v,(M, +T,-M,) ®)
®,
Let us represent the moment of resistance M _ as the sum of the average value of M :
and the variable component M . (t) In a similar way, we represent the angular velocity

W, as O, (t ) = coz +® R (t ) It should be noted that the DC component can be determined

from the static characteristic of the electric motor. For this, we assume that 7" 9 = 0, then

coi;:o)o(l—vd-M:) ©9)
Taking into account expression (9), equation (8) can be written in the following form:
o) +2n0, + KD, =W () (10)
where
n=L; K’ :;; w(t)= _ L A:IC +Ajlc
2T, v, T, 1, o, I,\T,

To solve equation (6), we use the Fourier series [2, 3]. As is well known, if the force
Q(l‘) is a periodic function of the time period T = 27t/ ®, then under general assumptions,
always satisfied in real dynamical systems, it can be expanded in a Fourier series:

0(r)=0, +in -sin(j(nt+9j) (11

where
17 27 . 2 o
0, :_IQ(t)dt; Ojc :_,[Q(t)COSJU)t‘dt; Qs = —IQ(t)51n]®t dr;
T Ty ‘ T

— 2 2. _ QjS . _ QjC
Q;=4/0;c + 055 cosB, = 0 ;8in@; = 0
J J
The individual terms of the series (11) are called harmonics. In linear systems, the
principle of superposition is valid, according to which forced oscillations from each
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harmonic can be determined separately, and the results can be summed. Based on this, for
the case of a harmonic exciting force, the expression for forced vibrations is written in the
following form

q =4, +2Ajsin(jcot+9j —Aj)
j=1
where 4, = Q, /c; 4,=4,K, 4., = Qj/c.
The dynamic factor K ¢ and phase shift can be determined using the following

formulas:
1 ) 2jz0
Kg:\/ 2 2 20 2 Z‘gAj:l—jzzz
(1—] z )Z+48 Jjz

n
where 0 = — — is called the fraction of critical damping, bearing in mind that at d =1 the

dynamic process under free vibrations goes from oscillatory process to periodic z = co/ k.
It is known that the use of Fourier series turns out to be more effective with well-
converging functions Q(l‘) and at a relatively small excess of the frequency of free

oscillations "k" over fundamental excitation frequency ® = 27:/ r.

In the grinder of mineral raw materials, considered in the article, an asynchronous
electric motor is used with a power of N=18,5kW, rated speed of ny = 3000rpm. Let us

determine the angular velocity of the electric motor ®,.
2
J. =0,1kg-m";

M. =(50-18,2cosw-t—15sinw-t +9cos2w-t—20sin2w-t) N -m

at ®=90s"!.
Determine nominal moment
\ N
I . =9549—"—=60,IN-m.
ny

Nominal slip is

S, =1-"12002.5, ~ SH(MW —1): 0,057;

n,
v:L:2,96-10’4L.
2M,, - A N-m
T =;=0,056s,
£ 2z f.-S,
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o, =o,(1-v,M)=309,55",
here @, :%:314,2 s M =50N-ms”,

wW=0, sin(wt + 91)+ 0, sin(2(nt + 92),
where O, = 40000 s°; Q, =38000 s; 6, =89"; 6, =32".

The solution to the differential equation (10) is

0, =0, sin((m‘+ 0, —A1)+ o, sin(203t +0, —Az)

o o

where @, = 5 0y = )
V2 - ) +4n%e? V(e - 402 +16n°0°
2nw 4nw
A= arctgm; A, = arctgm;
I =43,855";n :L=8,95S71;
v T.J,@, 2T,

4 Results and discussion

On the basis of the analytical expressions obtained, the pattern of changes in the angular
velocity of the driving link was determined for the steady-state operation of the grinder. The
calculations showed that with the above parameters, the peak-to-peak amplitude of the
angular velocity of the electric motor rotor is approximately 18.6 s .

The results obtained were used in the design of a universal planetary mill.

Based on the study conducted, the following results (conclusions) were drawn:

1. A mathematical model of the motion of a drive with a planetary gear mechanism was
developed.

2. On the basis of the analytical expressions obtained with the developed mathematical
model, the pattern of changes in the angular velocity of the driving link in the steady-state
operation of the grinder was determined.

3. The results obtained were used in the design of a universal planetary mill.
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