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Abstract. In this paper, the integro-differential equations of natural
oscillations of a viscoelastic ribbed truncated conical shell are obtained
based on the Lagrange variational equation. The general research
methodology is based on the variational principles of mechanics and
variational methods. Geometrically nonlinear mathematical models of the
deformation of ribbed conical shells are obtained, considering such factors
as the discrete introduction of edges. Based on the finite element method, a
method for solving and an algorithm for the equations of natural
oscillations of a viscoelastic ribbed truncated conical shell with articulated
and freely supported edges is developed. The problem is reduced to solving
homogeneous algebraic equations with complex coefficients of large order.
For a solution to exist, the main determinant of a system of algebraic
equations must be zero. From this condition, we obtain a frequency
equation with complex output parameters. The study of natural vibrations
of viscoelastic panels of truncated conical shells is carried out, and some
characteristic features are revealed. The complex roots of the frequency
equation are determined by the Muller method. At each iteration of the
Muller method, the Gauss method is used with the main element selection.
As the number of edges increases, the real and imaginary parts of the
eigenfrequencies increase, respectively.

1 Introduction

Conical shell structures are widely used in rocketry, aircraft construction, shipbuilding, and
construction. To give greater rigidity, the thin-walled part of the shell is reinforced with
ribs, while a slight increase in the weight of the structure significantly increases its strength,
even if the ribs are of low height.

Of great practical interest is the study and elimination of resonant phenomena in shells.
A considerable number of theoretical and experimental works have been devoted to the
study of the natural oscillations of circular cones. However, there are still no reliable
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solutions that allow us to determine the parameters of resonances in a wide range of
changes in physical and geometric parameters. There are also works in which the
dependences for determining the resonant frequencies [1] and the vibration forms of
truncated conical panels [2,3] are obtained by theoretical and experimental methods.
Another method is mainly used to study shells, which allows us to move from the stability
equations of conical shells to the corresponding equations for cylindrical shells with a
circular cross-section. In many works, the non-momentary and semi-momentary theory of
shells is used [4,5]. Approximate methods are also used to solve problems of natural
oscillations [6,7]. A particular difficulty is caused by the problems of vibrations of
reinforced conical shells in a geometrically nonlinear formulation, taking into account the
material's rheological properties, for which there are practically no solutions. The literature
analysis shows that the existing optimal shell designs for the given geometric and
rheological parameters cannot be implemented in practice; the level of research remains
only theoretical. In this regard, despite the long history of solving the problem, the
determination of the resonant frequency of natural oscillations, taking into account the
structural properties of ribbed shells, remains relevant. The results obtained in this paper
can be directly used in practice in dynamic calculations and the design of structures whose
elements are ribbed shells of rotation. The aim of this work is to develop a method,
algorithm, and program for finding resonant frequencies and vibration forms for circular
ribbed viscoelastic conical shells under various boundary conditions.

2 Methods

2.1. Problem statement and basic relations

Consider a closed circular conic shell with a taper angle 0 , with thick h (Fig. 1) with
edges 1 and n (in the longitudinal and annular directions, respectively). To obtain the
equations of natural oscillations, we use the principle of possible Lagrange displacements,
which takes into account the boundary conditions

S(K+M—A)=0

where K is the kinetic energy of the shell and the edge, P is the potential energy of the
shell and the edge, and A is the work of external forces. The median surface of the shell is
taken as the coordinate surface. Axes X, Y The orthogonal coordinate system, directed along
the lines of the main curvature, is shown in Figure 1, and the axis is directed orthogonally
to the median surface in the direction of concavity. For a conic shell, the Lame and
curvature parameters given in [8] take the following form A = 1, B = xsin 0,

k=0, ky="E2
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Fig.1. The truncated conical shell with reinforced ribs

Deformations in the coordinate surface of the shell are expressed in terms of
displacements u, v, w along the axes X, y, z accordingly, as follows
du 1 9w\ 2
e = it: (50) M

2

x sin 6 ay X

¥ = Xsin® 9y 'x x w3

1 dv u ctgh 1( 1 aw ctge)
—vV

xsin® dy X

_6V+ 1 Jdu v 6w< 1 av ctge)
Yoy = 5% " Xsin® dy x 0x v

Deformations in a layer spaced at a distance of z from the coordinate surface, taking
into account the transverse shifts, have the form

W =u+z- Yy, v =v+zfy, w? =w)
=tz X1 ; =8y tZ: X2 5 Vg =VYxyt2:Z2:X12 (2)
and in addition
Yoo = kg@) - (W +55) vy, = k2@ - (Wy + 55 5 + ctg07) 3

Here Y, Yy are the angles of rotation of the normal segment at the coordinate surface
in sections XOZ and YOZ accordingly; g(z) is function describing the distribution T, and

Ty, tangential stresses; k =const.
Functions that characterize changes in curvature X;, X, and torsion y;, have the form

[10]
o, Loy

X1 = ax X2 = xsin® ady X

L|*'Y 1 a‘l»’x ‘*lJY

ZX12 = ax xsin® dy x '

The physical relations for an isotropic viscoelastic body take the form [11]
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oy = f\,z (€% +ver); oy = % - (€% + ver);

E Z E E
Ty = V% Txg = ——VYxz : Tvzg = —— Yz
Xy = 20+w) YxysTxz 2(1+v) Yxz > Tyz 2(14v) Yyz

where p is the Poisson's ratio of the shell material, which is assumed to be constant; E,

is operator elastic modulus of a conical shell and an edge

Ei[f()] = Eox [f() = [} Re(t — DE(T)d] )

here Ey, is instantaneous Young's modulus of elasticity (x=1,2,3..L); x=1 is
instantaneous modulus of elasticity of the shell, k=2,3...L is instantaneous elastic modulus
of the ribs, f(t) is continuous function; Rg,(t — T) is the core of relaxation.

The physical relations, taking into account the creep of the material based on the linear
theory of heredity, take the form [11

Eo t
Oy = T2 [s§ +vigf — J; (g% + vigy) Rgq (t — ‘r)d‘r] ;

E t
oy = 1—0\)2[8?, + v ek — j (g5 + v1eD) Ry (t— T)d‘t];
- 0

Txy = 2(1 T V) Y)Z(y - LY)Z(y REZ (t - ‘E)d‘[] ;
E t
L2k e [y - [ VaeReate- r)dr] :
0
E t
Ty, = s Vi = Jo Vin Rea(t = Ddt] ®)

Here Rgq(t— 1), Rg(t — 1) are relaxation cores. The influence of edge stiffness is
taken into account using the Dirac impulse function. The location and height of the edges is
set by the function

Hxy) =XR W6 x—x) + I, his(y—y) - I, I his x—x)8F—y) (6

Integrating voltages (4) by Z within the range from —2 to g + H, we obtain the forces,

moments, and transverse forces reduced to the median surface of the shell for the unit
length of the median surface

Ny =Gy[(h+F) & + Sy s Ny =Go[(h +F) - &+ Sus,]
ny = 612 [(h + E-“)Y)(y + §¢12]; Mx = Gl [§£1 + (}11_2 + i) l1’1] 5
My = GZ [SSZ + (E + T) ’ llJZ], Mxy = 612 [Eny + (E + T) ll’12]§ 7

= _ AW L = 1 0W  ctgb
Qx—kG13(h+F)'(¢x+E)' Qy—kGZS(h+F)(¢Y+XSinea_y+ X V)

Where

€1 = Exx T VEyy, € = Eyy +~V5xw Wy = X1 + VX2 W2 = X2 + VX1, W12 = 2X12,

_ . E E, t
GIf(W] = GIf()] = T— [(V] = m(f(t) - [ Rece- r)f(r)dr).
0
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Gualf(©)] = Gus O] = Ts f()] = Jr = 722 () = [y Rt = D))
F, S, ] are the areas (transverse or longitudinal) of the cross-section of the edges per unit
length of the median surface.
The static moment and the moment of inertia of the median surface of the shell have the
form

i h/2+H i h/2+H ) h/2+H
F =f dz ; S =f zdz; ] = z%dz.
h/2 h/2 h/2

Let a transverse dynamic load act on the shell g(x, y, t). Then the unknown desired
offset functions are U, V, W and the angles of rotation of the normal 1, ¥, are
functions of variables x, y, and t. The functional of the total strain energy of the
viscoelastic shell has the form

J= f[;(x — T+ A)dt . 8)

Here K is kinetic energy of the system, II is potential energy of the system, A is the
work of external forces, where

K= gf f fﬁ [(1%) + (%) + (W*)?] x sin 6 dxdy dz =

= f [(R+ F)@? + 9% + w?) + 2S (W, + 4, +
0
(’1[_; +j) (2 +2)|x sin 0 dxdy; )

3=M-4= —f f [Ne&xx + Nyeyy + NeyVay + Mexa +Myxs + 2Myy 12 +

a; Jo

+Qy (wx ax) +0Qy (Eby m Z‘;/ + Ctga ) — ZqW] x sin 6 dxdy; (10)

In the above formulas, the density of the shell material. In expressions (9) and (10), the
dots denote the derivatives of the variable ¢ ; b = 27 is for a conical shell. The energy can
be expressed in terms of deformations, then the expression (10) is represented as follows

5 aw\?
=30 2)f j [(h+ F)(e2 + €2 + 2uereyy + v += Az (wx ) +

( N 1 6W+ctg9
Wy xsinf dy

5
+—i

c v) > + 28(X16xx + X2Eyy + BX2Exx + HX1Eyy + 2U1YayX12) +

h3 = .
+(5+7) 03 + 23 + 200z + 4axle) — 20— i) Lw|xsin g dxdy, (1)

where y; = 1;—V If the conical viscoelastic shell is closed, then a; = 0.

Consider a reinforced conic shell with narrow edges. The problem under consideration
is solved in dimensionless parameters. Then the main relations take the following form

X Yy . a /1_11 - au
=0 "7y YT heme 1T VTw
_ bxsinfv W ay, - bxsin 0y,
V_T’ W—Z. wx—T, yE T
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-2 p_aP -_if Eo F=F7_5 -1
a=n P_Eh‘“ t=z (l—vz)pt' F_h‘]_hZ‘ ]_h3' (12)

and from here, we get the following expressions for the kinetic and potential energies

2
= /. _ o _ 5 _ oW
(1 + F) (ez + A&, + 2vA% 606y + AT + gulaz . (d}x + ¥> +

k- [ (14 F) (02 + 2202 + a2ir?) + 25 (i, + 227, ) +

+(5+7) (92 +2293)] edgdn. (13)
1 1
=L
ow

2
5 - Ca - =
+gy1/12d2 . <1py ot ?V) ) + 28 (T1égx + A T2y + VA2 g6y + VAR 116y, +
o 1N i} o i}
21 AV X12) + (E +]) O+ 245+ 2vA% g + 4 AP RD) —
—2(1 —v®)PW]édédn. (14)

The variational equation for a thin viscoelastic shell supported by 1-and j-direction edges
is obtained as a variation of the sum of the potential and kinetic energies, taking into
account the conjugation condition [12]:

8K + X)L, 6K, + X7 6K +63+ X2, 63, =0, N=n+m, (15)

where 3; = I[I; — A;- the potential difference of external forces and work applied to the
edges. This sum contains as many terms of equations (15) as there are edges in the
corresponding directions. Thus, about the considered ribbed shell, the Lagrange principle
can be formulated as follows [13-15]:

-actual displacements of the median surface of the shell u, v, w and edges
U, Vm, Wp(m =k, j), corresponding to these boundary conditions and the load, and
transferring the shell from its natural position to the state of elastic equilibrium, differ from
all possible displacements in that they give the system under consideration the minimum
amount of potential energy.

The natural oscillations of a conical shell with a freely supported end face are
considered. Thus the mathematical formulation of the problem is formulated, and the main
relations of viscoelastic conical shells under natural vibrations are given, which take into
account the geometric nonlinearity, the discrete introduction of viscoelastic edges, their
shear, and torsional stiffness, transverse shifts, and inertia of rotation.

2.2. Methods of solution

It is assumed that the integral terms in (4) —(6) are small. Then for the function f(t)
there is a function f(t) = ¢(t)e 'R’ and the integral terms are replaced by the following
expressions [16]

EK¢ = Eo[1 - 1—;<C((UR) - i[;cs(wR)]¢,
where

I “(wg) = waRE(T) cos wg d1, T’ *(wg) = waRE(T)sian tdt-

responsible for the cosine and sine of the Fourier transform, wy is the actual value. The
Koltunov — Rzhanitsyn three-parameter kernel is used in the calculations:
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Rk(t) = Ake_ﬁkt/tl_ak

To calculate the dynamic characteristics of truncated conic shells, in (1)-(4), we neglect
the nonlinear terms that take into account geometric nonlinearities and use the finite
element method (FEM) in displacements. Let us consider 8-node isometrically curved finite
elements (FE), the so-called "degenerate" element of the shell [16, 17]. The element is
designed for calculating shells of medium and small thickness with edges. The GE
geometry represents a curved parallelepiped in three-dimensional space with a linear
surface in thickness. Used local &,7, {, and the global Cartesian x, y, z coordinate systems.
The coordinates of an arbitrary CE point are expressed in terms of the coordinates of the
node points 7, and components of the unit normal vector 7, . Finite element representation

of the equilibrium equations of a finite element system in a state of motion, taking into
account (5), (6), (9), and (15) has the form [18-15].

[M]{g} + [K (wr)){q} + {R} = 0, (16)

where [M] = Z?j:1[mij] is mass matrix of the system ([m;;] = a; [mi]-]a + 5 [mij]p ,
[mi j]aare elements of the mass matrix of the truncated conic shell,[mi j]pis elements matrix

of the mass of the reinforcing rod, (,, §;are dimensionless coefficients), {R} is the vector
of external loads,[K (wg)] is the stiffness matrix of the system, ([K] = {szl[ki j] is matrix
of rigidity of the panel of the conical shell and the reinforcing rod), {q} is unknown nodal
movements, {R} is vector of external loads. The mass matrix (16) is consistent: the
structure of the mass matrix [M] = szzl[mi j] completely coincides with the structure of
the stiffness matrix. Both matrices ([M], [K(q% wg)]) have the size (NxN), which
corresponds to the number of degrees of freedom of the CE.

It is assumed that {R}=0, then the eigenvalues of the truncated conic shell are
considered. The solution of equation (16) is sought in the form

{a} = {QaJe ™", amn

where {Q A}is the amplitude of unknown nodal displacements, a complex value;

w = wg + iw; is the complex frequency to be determined.
Substituting (17) into (16), we obtain the following homogeneous algebraic equation

(—w?[M] + [K(wg, q)D{Qa} = 0. (18)

The complex roots of the frequency equation (18) are determined by the Muller method;
at each iteration of the Muller method, the Gauss method is used with the main element
selection [21, 22].
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3 Results and Discussion

As input, you should set a radius (large and small), the height and thickness of the shell, the
angle of the floor of the solution of a truncated cone, elastic modulus, Poisson's ratio, the
kernel parameters of the relaxation of the material and the geometric and mechanical
parameters ribs (Rg,(t) = 0). As the relaxation core of the viscoelastic shell material, we

-Bt
take a three-parameter core Rgy(t) = Atel—_a Rzhanitsyna - Koltunova [23,24,25], having a

weak singularity. Here A, a, 8 -the materials parameters. The natural oscillations of the
pinched truncated conical shell from the stringers (ribs) were experimentally studied in the
work of Watkins and Clery in 1964. The results of the comparison are shown in Figure 2.
Figure 2 shows: 1, 2-the theoretical results obtained by us at 1.6 = 75% 2.6 = 60°,

R;/R, = 0.8;e = 1.3 - 107>,0, % the results of the experiment.

Ws

10 R,

R 08
=131 N / e

08 //H//

Qﬁ "x-d :TS.

X

»

045 4 3 12 16 20 24 N

Fig.2. Changing the frequency parameter (Rgy = 0)the truncated conic shell of rotation as a function
of N under different conditions 7 : 1. 8 =75% 2. 8 =60°.

Viscoelastic truncated conical shells are considered, in which the large bases are
pivotally supported, and the second bases are freely supported on the conical shell. The
conical shell is supported by 4 ribs, 4h high and 2h wide (the lengths of the arcs between
the edges are the same - s; = ma/2). The parameters of a truncated conical shell made of
Plexiglass have the following values: taper angle 8 =0.20, 0.40, 0.60, 0.80, radii of the
base of the truncated conic shell - a; = 15M, a = 18wm (the length of the shell is 10
meters). The physical and mechanical characteristics of the rib and shell, respectively, take
the following values: p. = 7,8 - 103 =, p, = 3 * 103 =, v, = 0.25,v, = 0.35, E.= 2x10"?

M3’ w3’
hPa, E;=20x10"* Pa . The values of the rheological parameters of the shell are taken as
A=0,048, [ =0,05 a«a=0,1. Table 1 shows the complex values of the low
frequencies of a reinforced (with four rods) truncated conical shell at different shell
thicknesses in the limit of the Kirchhoff - Love hypothesis [26-28].
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Table 1. Frequency change depending on the thickness of the shell

n h W= wg +iw;

o —w;,107
1 1.94894 1.77381
2 0.05 2.18942 2.57321
3 3.44160 2.90566
4 3.92574 3.04574
1 1.31147 1.42621
2 0.02 1.53439 2.49433
3 3.54578 2.98778
4 4.12429 3.21429
1 1.05218 1.22718
2 0.01 1.26867 1.36860
3 3.55691 3.45697
4 4.53974 3.65924

It is necessary to determine the values of the complex natural frequency and the
corresponding oscillation forms when both ends of the shell contour are pivotally supported
(Ny =M, =U =V =W = 0). The axisymmetric oscillations correspond to the minimum
eigenfrequencies (the real parts of the complex frequencies). Analysis of the calculation
results allows us to conclude that with a decrease in the thickness of the viscoelastic conical
shell, its real and imaginary parts of the first and second oscillation frequencies
monotonically decrease. The change in the imaginary part of the frequencies from the
number of edges is shown in Figure 3. As can be seen from figure 3, the reinforcement of
the shell with four longitudinal edges allows you to increase the imaginary parts of the
natural frequency of the truncated conical shell. Parameter y =0- corresponds to a
reinforced cylindrical shell, 8 =0.20, 0.40, 0.60, 0.80 — correspond to the angle of taper of
the reinforced truncated conical shell.

Considering the rheological properties of the material allows you to increase (or
decrease) the frequency values of the shell up to 10%. For bending vibrations, a significant
decrease in the local maxima of normal displacements is observed with an increase in the
area of the annular edges of the shell [29, 30].

—w, -1077

2

1,5

1,0

T n

(0] 1 2 3 <4

Fig.3. Change of the parameter (imaginary part) of the complex frequency of the truncated conic shell
as a function of the number of edges n for different ¥ : 1. 8 =0; 2. § =0.20;3. 6 =0.40; 4. 6 =0.60; 5.

6 =0.80.

This effect becomes more noticeable with an increase in the frequency number n [31, 32].
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4 Conclusions

1. An algorithm for solving the problem of natural vibrations of ribbed viscoelastic
conical shells is developed. The finite element method, the freezing method, and the
Muller and Gauss methods are used to solve dynamic problems.

2. Analysis of the calculation results shows that with a decrease in the thickness of the
viscoelastic conical shell, the real and imaginary parts of the first and second
oscillation frequencies monotonically decrease. The real parts of the third and fourth
frequencies decrease moderately, and the corresponding imaginary parts gradually
increase. The minimum value of the attenuation decrement as a function of the
number of edges (n) of the reinforced shell is found. Considering the rheological
properties of the material allows you to increase the frequency values of the shell to
10%.
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