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Abstract. The scheme of statically definable truss of spatial coverage is 
proposed. The formula for the dependence of the vibration frequency on 
the number of panels is derived. The Dunkerley lower bound and the 
induction method are used to generalize particular solutions to the case of 
an arbitrary number of panels. The calculation of the forces in the rods by 
cutting out the nodes and the analytical transformations to obtain the 
desired dependence are performed in the Maple computer mathematics 
system. The solution is compared with the numerical one obtained by 
solving the problem on the eigenvalues of the characteristic matrix for a 
system with many degrees of freedom. It is shown that the estimation 
accuracy depends on the number of panels.  
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1 Introduction 

The problems of natural vibration frequencies of structures are usually solved numerically 
[1-7]. These solutions are basic for many problems of the dynamics of structures, including 
the analysis of the seismic resistance of structures [2, 8]. Analytical solutions for planar 
regular systems are also known [9]. The ability to find analytical dependences of 
frequencies on the number of panels is manifested in regular statically determinate 
structures. The problems of existence and calculation of such systems were studied in [10-
12]. The basis for solving the problem of vibration frequency is the problem of finding the 
rigidity of a structure depending on its order (number of panels). By the method of 
induction using the operators of the computer mathematics system Maple [13-15], this 
problem was solved in [16-20].  

2 Materials and methods 

2.1. Truss scheme and determination of the forces in the rods 
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The pavement is a rectangular structure with a size 2 2na na  (Figs. 1, 2). The truss rests 
on the sides on rigid vertical posts [21]. The racks are assumed to be non-deformable and 
they are included in the calculation of the natural frequency. Support A contains a spherical 
support, modeled by three mutually perpendicular members. The corner support B contains 
a cylindrical support of two rods. The total number of elements in the structure is 

212 12 3sn n n   . The truss has a periodic structure. The periodicity cell is a regular 
pyramid of eight rods of length a at the base and eight inclined braces. The truss is 
statically determinate. The number of truss rods together with support rods is three times 
greater than the internal hinges, for the equilibrium condition of which three equations are 
required.  

 

Fig. 1. Truss, n = 3. 
The weight of a truss is distributed over its nodes. Only vertical mass shifts are taken into 
account. Thus, the number of degrees of freedom of the system is equal to the number of 
internal nodes 2(2 1)K n  . 

 
Fig. 2. Truss, n = 4. 

To determine the forces in the rods, a system of equations for the equilibrium of all nodes is 
drawn up. For this, a coordinate system (Fig. 1) and the coordinates of the nodes are 
introduced:  
xk = (i–1)a, yk = (j–1)a, zk = h(1+(–1)i )(1+(–1) j ) / 4, k = i +(j –1)(2n+1), 
i, j =1, …, 2n+1

 

Next, a matrix of equilibrium equations is compiled, the elements of which are the direction 
cosines of the forces. The solution in symbolic form is obtained in the Maple system. This 
solution is necessary to determine the rigidity of the structure using the Mohr integral. 

2.2. Dunkerley method 

The lower estimate of the first natural frequency [22-24] is calculated from the values of the 
partial frequencies  
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The equation of oscillations of one mass has the form 
0, 1,..., ,p p pmz D z p K    

where pz  is the vertical coordinate of the moving mass, pz  — acceleration. The stiffness 
coefficient 

pD  
is the inverse of the flexibility value 1/p pD . Flexibility depends on the 

position of the mass on the cover, and is calculated by the Mohr integral. The sum of the 
Mohr integral does not include the 8n + 3 forces of the support non-deformable members: 
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The following symbols are introduced: ( )p
jS – the force in the member with the number j 

from the action of the vertical unit force applied to the node, jl  – the length of the member 
j. Each mass has its own stiffness coefficient and its own (partial) frequency. In the case of 
harmonic oscillations sin( )p pz U t    from (2) follows / .p pD m  Substituting this 

expression in (1), we get: 
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Calculating a series of trusses with a sequentially increasing number of panels, we find that 
the general form of the coefficient does not depend on the number of panels: 

   3 3 3 2
1 2 3 / ,C a C c C d EFh     (3) 

where 2 22 ,c a h   2 2 .d a h    
Calculating the common terms of the sequences of coefficients, we obtain the following 

dependences on the number of panels 
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Thus, from (2)-(4) we obtain the required formula for the fundamental frequency of the 
truss 
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3 Results and discussion  
Consider a roof truss with the following parameters. The elastic modulus for steel is 
adopted: E=2·105 MPa, the cross-sections of the rods are the same: F=40.5 cm2. The nodes 
contain masses m = 1500 kg. The following dimensions are taken: a = 2 m, h = 0.3 m. The 
graph (Fig. 3) shows a comparison of the dependence of the fundamental frequency on the 
number of panels, calculated by formula (5) by the Dunkerley method, and the numerical 
solution of the eigenvalue problem, to which the problem of calculating the frequencies of a 
system with many degrees of freedom is reduced. 

  

2

E3S Web of Conferences 274, 03007 (2021) https://doi.org/10.1051/e3sconf/202127403007
STCCE – 2021



The pavement is a rectangular structure with a size 2 2na na  (Figs. 1, 2). The truss rests 
on the sides on rigid vertical posts [21]. The racks are assumed to be non-deformable and 
they are included in the calculation of the natural frequency. Support A contains a spherical 
support, modeled by three mutually perpendicular members. The corner support B contains 
a cylindrical support of two rods. The total number of elements in the structure is 

212 12 3sn n n   . The truss has a periodic structure. The periodicity cell is a regular 
pyramid of eight rods of length a at the base and eight inclined braces. The truss is 
statically determinate. The number of truss rods together with support rods is three times 
greater than the internal hinges, for the equilibrium condition of which three equations are 
required.  

 

Fig. 1. Truss, n = 3. 
The weight of a truss is distributed over its nodes. Only vertical mass shifts are taken into 
account. Thus, the number of degrees of freedom of the system is equal to the number of 
internal nodes 2(2 1)K n  . 

 
Fig. 2. Truss, n = 4. 

To determine the forces in the rods, a system of equations for the equilibrium of all nodes is 
drawn up. For this, a coordinate system (Fig. 1) and the coordinates of the nodes are 
introduced:  
xk = (i–1)a, yk = (j–1)a, zk = h(1+(–1)i )(1+(–1) j ) / 4, k = i +(j –1)(2n+1), 
i, j =1, …, 2n+1

 

Next, a matrix of equilibrium equations is compiled, the elements of which are the direction 
cosines of the forces. The solution in symbolic form is obtained in the Maple system. This 
solution is necessary to determine the rigidity of the structure using the Mohr integral. 

2.2. Dunkerley method 

The lower estimate of the first natural frequency [22-24] is calculated from the values of the 
partial frequencies  

2 2

1

.
K

D p
p

 



    (1) 

The equation of oscillations of one mass has the form 
0, 1,..., ,p p pmz D z p K    

where pz  is the vertical coordinate of the moving mass, pz  — acceleration. The stiffness 
coefficient 

pD  
is the inverse of the flexibility value 1/p pD . Flexibility depends on the 

position of the mass on the cover, and is calculated by the Mohr integral. The sum of the 
Mohr integral does not include the 8n + 3 forces of the support non-deformable members: 

 
8 3 2( )

1
1 / / ( ).

sn n
p

p p j j
j

D S l EF
 



    

The following symbols are introduced: ( )p
jS – the force in the member with the number j 

from the action of the vertical unit force applied to the node, jl  – the length of the member 
j. Each mass has its own stiffness coefficient and its own (partial) frequency. In the case of 
harmonic oscillations sin( )p pz U t    from (2) follows / .p pD m  Substituting this 

expression in (1), we get: 
2

1
.

K

D p
p

m m


     (2) 

Calculating a series of trusses with a sequentially increasing number of panels, we find that 
the general form of the coefficient does not depend on the number of panels: 

   3 3 3 2
1 2 3 / ,C a C c C d EFh     (3) 

where 2 22 ,c a h   2 2 .d a h    
Calculating the common terms of the sequences of coefficients, we obtain the following 

dependences on the number of panels 
6 5 4 3 2

1
3 2

2

3

(272 384 198 840 357 51 13) / (270 ),

(2 1)(8 8 10 1) / 36,
( 1).

C n n n n n n n

C n n n n
C n n

      

    
 

 (4) 

Thus, from (2)-(4) we obtain the required formula for the fundamental frequency of the 
truss 

3
1

3 3
2 3

.
( )D

EFh
m C c C da C

 


 (5) 

3 Results and discussion  
Consider a roof truss with the following parameters. The elastic modulus for steel is 
adopted: E=2·105 MPa, the cross-sections of the rods are the same: F=40.5 cm2. The nodes 
contain masses m = 1500 kg. The following dimensions are taken: a = 2 m, h = 0.3 m. The 
graph (Fig. 3) shows a comparison of the dependence of the fundamental frequency on the 
number of panels, calculated by formula (5) by the Dunkerley method, and the numerical 
solution of the eigenvalue problem, to which the problem of calculating the frequencies of a 
system with many degrees of freedom is reduced. 

  

3

E3S Web of Conferences 274, 03007 (2021) https://doi.org/10.1051/e3sconf/202127403007
STCCE – 2021



 
Fig. 3. Frequency dependence on the number of panels: I – the numerical solution ω1 of the 
eigenvalue problem; II – ωD, solution (5). 

Judging by the graph, the solutions for large values of n approach each other. However, this 
convergence is absolute, but not relative. The oscillation frequency at these values is low, 
and the curves seem to almost coincide. However, if you enter a relative error of ε = (ω1 – 
ωD) / ω1), the result will be the opposite. The accuracy of Dunkerley's estimate decreases 
(Fig. 4), asymptotically approaching 40 %. 

 
Fig. 4. Relative error of the approximate analytical solution. 

Note that Dunkerley's estimate for planar trusses [25] behaves oppositely. With an increase 
in the number of panels, its accuracy increases. Another feature of solving the natural 

frequency problem for a spatial structure in comparison with the problem for a flat truss 
consists of a very significant increase in the computation time. This applies both to 
symbolic transformations in the Maple system, and to numerical ones using the operator 
Eigenvalues from the Linear Algebra package. If for planar trusses all calculations rarely 
exceed one or two hours in time, then for a complete solution of the problem for a spatial 
truss it can take several days. 

4 Conclusions 
Main results of the work are as follows. 
1. A dynamic mathematical model of the spatial coverage has been built. 
2. The analytical dependence of the fundamental frequency of the truss on the number of 
panels, dimensions and weight of the structure is obtained.  
3. Comparison with the complete numerical solution of the eigenvalue problem showed that 
the accuracy of the analytical solution decreases with an increase in the number of panels. 
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