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Abstract. A variant of the rotation shell in the particular form of a closed 
circular cylindrical shell, which is often used in the design practice of civil, 
power and other industrial structures, is considered. The specificity of the 
considered shell lies in the features of its material, which has a manifestation 
of dual anisotropy. In particular, this material is orthotropic in structure, and 
the nature of deformation shows the dependence of stiffness and strength on 
the type of stress state. The loading of the shell is assumed to be 
axisymmetric, taking into account the influence of a medium with variable 
thermal parameters. The temperature difference between the shell surfaces 
is taken into account here. The statement of the general thermomechanical 
problem is carried out in an unrelated form, taking into account a certain 
independence of the problems of thermodynamics and mechanics. Taking 
into account the limitations of the classical thermomechanical theories of 
shells made of materials with dual anisotropy and the fact that the known 
models for such materials have significant drawbacks, the authors used a 
variant of the normalized stress space. Differential equations of 
thermoelasticity for a cylindrical shell are obtained, taking into account the 
complicated thermomechanical properties of its material. Particular 
solutions with the features of the results of calculating the shell states are 
illustrated, and their analysis is carried out. 
Keywords. Orthotropic structure, induced anisotropy, thermomechanics, 
unbound thermoelasticity problem, cylindrical shell. 

1 Introduction 
In modern construction, high-strength composite materials are widely used, the basis of which 
is polymers with directional or chaotic reinforcement with basalt and «glass fibers», the 
thermomechanical properties of which differ significantly from the common steel and 
reinforced concrete structures [1-7]. In particular, these materials can have structural anisotropy 
of different classes, and when they are deformed under load, they react differently to the 
magnitude and ratios of the resulting stresses, so that the compliance tensor is not invariant to 
the type of stress state. Such materials are commonly referred to as deformable structures with 
double anisotropy. In structurally anisotropic materials, the dependence on the directions is 
shown not only in the stiffness characteristics, but also in the thermal-physical ones [8-11]. The 
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most common in construction are structural materials with structural orthotropy of physical and 
mechanical properties. Traditional computational models of solid-state mechanics and 
structural mechanics, formally operating with the generalized Hooke's law or the relations of 
small elastic-plastic deformations of A.A. Ilyushin [12], lead to serious errors not only in the 
obtained quantitative characteristics of the stress-strain state of building structures, but also 
distort its qualitative picture. Such facts do not allow us to ensure the proper accuracy of design 
calculations and the reliability of design decisions. In the light of the above, for the calculation 
of building structures made of these materials, it is necessary to use proven theories and 
models, as much as possible confirmed by experimental data. 

The change in the operating temperature of building structures based on materials with 
anisotropy of two kinds introduces even greater difficulties in mathematical models and methods 
of their calculation. The solution of thermoelasticity problems for structures made of materials 
with structural and deformation anisotropy is still episodic and does not allow us to develop 
methodological recommendations for the design of particularly thin-walled spatial structures. 
Since the materials under consideration have high elastic modulus and strength limits, they are 
widely used in the manufacture and construction of thin-walled shells, which, with a minimum 
thickness and total weight, have significant advantages in load-bearing capacity. 

Below we consider a particular version of the shells of rotation, namely, a closed circular 
cylindrical shell, which is subjected to the most common axisymmetric load in the form of 
uniform pressure. Cylindrical boilers that are subject to steam pressure, similar tanks with a 
vertical or horizontal axis that are affected by the internal pressure of a liquid or gas, as well 
as pipelines with hydraulic pressure – these are exactly the objects of this kind of calculation 
tasks. It is obvious that the design of these structures, in addition to the internal pressure, is 
subject to temperature fluctuations during operation. 

Almost all known orthotropic deformation materials exhibit the effect of the coupling of 
temperature and deformation fields only in a short period of the initial application of the 
temperature difference on opposite surfaces of structures, and the magnitude of this effect is 
quite small. After the appearance of a steady-state stationary temperature drop, the effect of 
the coupling of thermal and force fields disappears altogether [13, 14]. Therefore, the 
mechanism of heat transfer occurring in an unevenly heated structure due to contact with the 
environment allows us to neglect the influence of the stress state on the temperature 
distribution in it. In this regard, the study of the temperature field in the body of the structure 
corresponding to the specific conditions of heat transfer is carried out independently of its 
stress-strain state, that is, an unrelated problem of thermoelasticity is considered here. 

1.1 Problem statement 

In a cylindrical coordinate system, we consider a circular cylindrical shell made of an 
orthotropic deformation-anisotropic material [1, 2]. The position of a specific point of the 
shell body is determined by Gaussian variables 1, 2, 3. We assume that the coordinate axes 
coincide with the main axes of orthotropy for the following geometric parameters: length L, 
wall thickness h, radius of the average cylindrical surface R. One end of the shell is assumed 
1 = 0 to be rigidly pinched, and the opposite end is assumed 1 = L to be free from anchoring 
and loading. The thermal state of the shell is such that at the initial moment of time, the 
temperature at any point of the shell is the same – T0, and subsequently, a temperature 
difference is established such that the temperature on the inner surface T1 and the outer 
surface arose – T2. In the future, we assume that the temperature changes occur only over the 
thickness of the shell with the temperature difference T being a function of the coordinate 
3. Force loading is carried out by a uniformly distributed load intensity q3 from inside the 
shell (internal pressure). 

Let us assume a shell so thin that the application of the Kirchhoff-Love hypotheses was 
not in doubt, and a configuration such that it could be classified as flat, for which 
dependencies are applicable: 

a) strains of the median surface: 
2 2

1 1 1 2 1 2 1 2 1 2ε = u, +0, 5θ ; ε = v, +kw + 0, 5θ ; γ = v, +u, +θ θ  (1) 
where u, v, w is the displacement in the median surface (axial, tangential, and radial); k = 1/R 
– the main curvature in the undeformed state; 1 = –w,1; 2 = –w,2+kv;  

b) curvature and torsion of the median surface: 
     1 11 2 22 12χ w, ; χ w, ; τ w, ; (2) 

c) complete deformations at any point of the shell with a coordinate 3 relative to the 
median surface: 

11 1 3 1 22 2 3 2 12 3e = ε + β χ ; e = ε + β χ ; γ = γ + 2β τ.  (3) 
In contrast to [15-18], the equations for the connection of strain and stress tensors are 

taken on the basis of the strain potential, which is presented in the framework of the 
normalized stress tensor space, the most reasonable and theoretically consistent, which is 
presented in detail in the studies [19-21]. Obviously, taking into account the influence of the 
temperature difference, the Kirchhoff-Love hypotheses reduce these equations in the main 
axes of orthotropy to the form: 

 

11 1111 11 1122 22 1T

22 1122 11 2222 22 2T

12 12 1212 12

e = С σ + С σ + α ΔT;
e = С σ + С σ + α ΔT;

2e = С τ ,  

(4) 

where    2
1111 1111 1111 11 1111 11 11С (A + B α ) 0, 5[B α (1 α ) 3

2222 22В α ] 3
1212 12В α  

   2
11 11 22В α α α α )1122 22( 1 ;  2222 2222 2222 22С (A + B α )  

   2
2222 22 220, 5[B α (1 α ) 3

1111 11В α ]3
1212 12В α   2

22 11 22В α α α α )1122 11(1 ; 
  3 3

1212 1212 1111 11 2222 22С = A (В α + В α ) 1122 11 22 11 222В α α (α + α ) ; 
 1122 1122 1122 11 22С A + B (α + α ) ; 
Aijkm, Bijkm – potential constants defined in terms of elastic modulus, coefficients of 

transverse deformation of the material in the main axes of orthotropy for tension, 
compression, and shear modulus; ij = ij/S – components of the normalized stress tensor; 

2 2 2
ij ij 11 22 12S = σ σ = σ + σ + 2τ  – stress tensor modulus; 1T, 2T – coefficients of linear 

temperature expansion in the main axes of orthotropy. 
After testing the standard samples for axial tension and compression in the main axes of 

orthotropy and for shear in the main planes [20, 21], we obtain the values of the constants of 
the equations (4): 

Akkkk = (1/Ek
++1/Ek

–)/2; Bkkkk = (1/Ek
+–1/Ek

–)/2; Aijij = 1/Gij; 
Aiijj = –(vij

+/Ej
++vij

–/Ej
–)/2; Biijj = –(vij

+/Ek
+–vij

–/Ej
–)/2, 

where vij
+/Ej

+ = vji
+/Ei

+; vij
–/Ej

– = vji
–/Ei

–; Ek
, vij

 – elastic modulus and transverse strain 
coefficients for axial tension and compression in the main axes of orthotropy; Gij – the shear 
modulus in the main plane of the orthotropy; i, j, k = 1.2.  

2 Materials and methods  

2.1 System of resolving differential equations 

To formulate the resolving equations for calculating the shell, we invert the equations of state 
(4) with respect to the stresses: 

11 = D11e11+D12e12–R11–1T; τ12 = D66e12–R12; 22 = D12e11+D22e12–R22–2T, (5) 
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where D11 = C2222/; D12 = –C1122/; D22 = C1111/; D66 = 1/C1212; R11 = (A2222T11 – A1111T22)/; 
 -22 1111 22 1122 11R = A T A T Δ ; 12 12 1212R = T A ; 
{ ]    2 3 3

11 1111 11 1111 11 11 2222 22 1212 12T = B α 0, 5[B α (1 α ) В α В α  
   2

11 11 22 11В α α α α )}1122 22( 1 1122 11 22 22B (α + α )σ ; 
[ 3 3

12 1111 11 2222 22 1122 11 22 11 22 12T = (В α + В α ) 2В α α (α + α )]τ ; 
     2 3

22 1122 11 22 11 2222 22 2222 22 22 1111 11T B (α + α ) + {B α 0, 5[B α (1 α ) В α
- ]3

1212 12В α   2
22 11 22 22В α α α α )}σ1122 11( 1 ; 1T 11 1T 12 2T= D α ΔT + D α ΔT ; 

 2T 12 1T 22 2T= D α ΔT + D α ΔT ; - 2
1111 2222 1122Δ = A A A . 

It is known that the equilibrium equations and Cauchy relations do not depend on the 
physical nature of the material, so for shells made of materials with anisotropy of two kinds, 
these classes of dependencies do not change. Therefore, the equations of equilibrium and 
continuity of deformations retain their form as for the general nonlinear theory of anisotropic 
shells [22]. In this case, all internal torques and forces are brought to the median surface of 
the cylindrical shell at 3 = 0. Taking into account that the shell is loaded with an internal 
uniform pressure in the absence of torques (τ12 = e12 = 0) and 3k ≪ 1, the equations of 
equilibrium and continuity of deformations are simplified, transforming to the form: 

N1,1 = 0; M1,1–Q1–N11 = 0; Q1,1–kN2+q3 = 0; k1+2,11 = 0 (6) 
and from the geometric relations, the following are preserved: 

1 = u,1+0.51
2; 2 = kw; 1 = –w,11; e11 = 1+31; e22 = 2, (7) 

where Nk – longitudinal forces in the middle surface of the shell; Q1 – lateral force; M1 – 
bending moment: 


h / 2

k kk 3
-h / 2

N = σ dβ ; (k = 1.2); 
h / 2

11 11 3 3
-h / 2

М = σ β dβ .
 

(8) 

Integrating equations (5) over the thickness of the shell according to the rules (8), 
introducing the results into static equations (6), geometric dependencies (7) continuity ratio 
(6), while performing the appropriate recombination, we obtain two mixed differential 
equations: 

k1,1+L22N2,11 = –2,11–2T,11; P111,11–kN2 = –q3+J11,11+1T,11, (9) 
where L11 = K22/; L22 = K11/; L12 = –K12/;  = K11K22–K12

2; Kij = Dijh; Pij = Dijh3/12; 

1 11 11 12 22η = L I + L I ; 2 12 11 22 22η = L I + L I ;
 


h / 2

ij ij 3
-h / 2

I = R dβ ;
 


h / 2

ij ij 3 3
-h / 2

J = R β dβ ;
 


h / 2

iT iT 3
-h / 2

η = φ dβ

;
 


h/ 2

iT iT 3 3
-h/ 2

χ = φ β dβ ;
 

1T 11 1T 12 2Tε = L η + L η ; 2T 12 1T 22 2Tε = L η + L η .
 

Taking into account that, according to the condition of the task, the end of the shell at is 
1 = L pinched, and the end at is 1 = 0 completely free, the boundary conditions for the latter 
have the form: 

1 = 0; 1 = 0; - 2 2T
2 2

22

η + εε = 0 N =
L . 

2.2 Temperature component of the task 

The temperature difference between the inner and outer surfaces of the shell requires a 
significant adjustment of the results of the calculation of its stress-strain state [23]. The 
determination of the temperature components in the problem under consideration requires an 

independent consideration of the process of heat transfer through the shell. This process is 
uniquely determined by the well-known equation of thermal conductivity: 

T,t = a1∙T,11+a2∙T,22+a3∙T,33, (10) 
where a1, a2, a3 – thermal conductivity coefficients that determine the thermal inertia of the 
material in the characteristic directions; t – time parameter; T – parameter of the temperature field. 

Let us consider a stationary process with a one-dimensional propagation of the 
temperature field with a difference only over the thickness of the shell, when the temperature 
changes only along one coordinate 3 orthogonal to the isothermal surfaces. Then, the heat 
equation is simplified and takes the form: T,t = a3T,33, where a3 = /c – the coefficient of 
thermal conductivity normal to the curved surface of the shell;  – coefficient of thermal 
conductivity; c – specific volumetric heat capacity of the material. 

Due to the fact that the coefficient of thermal conductivity for the materials under study 
is quite large, for a thin-walled shell, the process of achieving a stationary equilibrium linear 
temperature distribution over its thickness occurs very quickly in a short time interval. 
Therefore, we can conclude that it is advisable to study the thermomechanical problem at the 
time of the equilibrium temperature distribution. 

For the equilibrium temperature distribution over the shell thickness, the calculation of 
the temperature difference T in the shell is determined by the linear distribution law: 

T(3) = (T2–T1)3/h+(T1+T2)/2–T0. (11) 
For the temperature component of the problem, in addition to the conditions at the 

boundaries, initial conditions are required, when at the initial time at t = 0 for any point of 
the shell body the temperature is the same and equal T0, and the boundary conditions at the 
current time t = tk are assumed in accordance with the linear temperature distribution over the 
thickness T1 and T2, on the inner and outer surfaces, respectively. 

Due to the significant nonlinearity of the two-fold problem under consideration, its 
solution was constructed in increments of the desired functions by the two-step method of 
successive perturbations of the parameters of V.V. Petrov [24, 25] in combination with a 
finite-difference approximation of increased accuracy [26], integration by the thickness 
method of Simpson, and by the load – Adams. In this case, the system of algebraic equations 
was solved by the Gauss method. 

3 Results and discussions 

3.1 Results of solving the boundary value problem and their analysis 

We determine the stress-strain state of the shell, the design scheme of which is shown in Fig. 1. 
The main geometric parameters of the shell are taken as follows: length L = 2.0 m; thickness 
h = 0.04 m; diameter of the median surface 2R = 0.8 m. A variant of applying an internal 
pressure with an intensity of q3 = 8 MPa is considered. The temperature medium transfers 
heat due to the thermal conductivity of the shell material so that a constant temperature    
T1 = 0oC is maintained inside the shell, and a constant temperature T2 = +30oC is maintained 
outside at the initial temperature of the entire shell T0 = 0oC.  

The shell material is a three – reinforced woven polymer composite of the P36-50 brand 
[1], for which the main parameters are established: elastic modulus and transverse deformation 
coefficients along the main axes of orthotropy – E1

+ = 10.3 GPa, E1
– = 11.77 GPa, E2

+ = 17.6 GPa, 
E2

– = 18.54 GPa, v12
+ = 0.188, v12

– = 0.125; thermal expansion coefficients 1T
 = 33∙10–5oC–1, 

2T
 = 40∙10–5oC–1, [2]. As can be seen, the degree of resistance in all directions is assumed 

to be minimal: 14.3% along the axis 1 and 5.3% along the – axis 2. This is an extremely 
minimal value of the difference in resistance with a minimum temperature difference. 
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The temperature difference between the inner and outer surfaces of the shell requires a 
significant adjustment of the results of the calculation of its stress-strain state [23]. The 
determination of the temperature components in the problem under consideration requires an 

independent consideration of the process of heat transfer through the shell. This process is 
uniquely determined by the well-known equation of thermal conductivity: 

T,t = a1∙T,11+a2∙T,22+a3∙T,33, (10) 
where a1, a2, a3 – thermal conductivity coefficients that determine the thermal inertia of the 
material in the characteristic directions; t – time parameter; T – parameter of the temperature field. 

Let us consider a stationary process with a one-dimensional propagation of the 
temperature field with a difference only over the thickness of the shell, when the temperature 
changes only along one coordinate 3 orthogonal to the isothermal surfaces. Then, the heat 
equation is simplified and takes the form: T,t = a3T,33, where a3 = /c – the coefficient of 
thermal conductivity normal to the curved surface of the shell;  – coefficient of thermal 
conductivity; c – specific volumetric heat capacity of the material. 

Due to the fact that the coefficient of thermal conductivity for the materials under study 
is quite large, for a thin-walled shell, the process of achieving a stationary equilibrium linear 
temperature distribution over its thickness occurs very quickly in a short time interval. 
Therefore, we can conclude that it is advisable to study the thermomechanical problem at the 
time of the equilibrium temperature distribution. 

For the equilibrium temperature distribution over the shell thickness, the calculation of 
the temperature difference T in the shell is determined by the linear distribution law: 

T(3) = (T2–T1)3/h+(T1+T2)/2–T0. (11) 
For the temperature component of the problem, in addition to the conditions at the 

boundaries, initial conditions are required, when at the initial time at t = 0 for any point of 
the shell body the temperature is the same and equal T0, and the boundary conditions at the 
current time t = tk are assumed in accordance with the linear temperature distribution over the 
thickness T1 and T2, on the inner and outer surfaces, respectively. 

Due to the significant nonlinearity of the two-fold problem under consideration, its 
solution was constructed in increments of the desired functions by the two-step method of 
successive perturbations of the parameters of V.V. Petrov [24, 25] in combination with a 
finite-difference approximation of increased accuracy [26], integration by the thickness 
method of Simpson, and by the load – Adams. In this case, the system of algebraic equations 
was solved by the Gauss method. 

3 Results and discussions 

3.1 Results of solving the boundary value problem and their analysis 

We determine the stress-strain state of the shell, the design scheme of which is shown in Fig. 1. 
The main geometric parameters of the shell are taken as follows: length L = 2.0 m; thickness 
h = 0.04 m; diameter of the median surface 2R = 0.8 m. A variant of applying an internal 
pressure with an intensity of q3 = 8 MPa is considered. The temperature medium transfers 
heat due to the thermal conductivity of the shell material so that a constant temperature    
T1 = 0oC is maintained inside the shell, and a constant temperature T2 = +30oC is maintained 
outside at the initial temperature of the entire shell T0 = 0oC.  

The shell material is a three – reinforced woven polymer composite of the P36-50 brand 
[1], for which the main parameters are established: elastic modulus and transverse deformation 
coefficients along the main axes of orthotropy – E1

+ = 10.3 GPa, E1
– = 11.77 GPa, E2

+ = 17.6 GPa, 
E2

– = 18.54 GPa, v12
+ = 0.188, v12

– = 0.125; thermal expansion coefficients 1T
 = 33∙10–5oC–1, 

2T
 = 40∙10–5oC–1, [2]. As can be seen, the degree of resistance in all directions is assumed 

to be minimal: 14.3% along the axis 1 and 5.3% along the – axis 2. This is an extremely 
minimal value of the difference in resistance with a minimum temperature difference. 
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Fig. 1. Design scheme of the shell. 

Fig. 2-4 show the main results of the calculation of the deformation of the shell, taking 
into account the accepted conditions. The error in determining the maximum deflections 
during loading with and without temperature exposure is 20.8 %. 
 

 
Fig. 2. Deflections of the shell. 

 
Fig. 3. Axial stresses. 

 
Fig. 4. Circumferential stresses. 

The axial and circumferential stresses on the inner surface of the shell are completely 
identical without and under thermal influence, which is due to the coincidence of 
temperatures on this surface at any given time. The axial stresses on the outer surface in the 
seal without temperature loading are 15% less than in the case of it, but for the highest tensile 
stresses this difference reaches 34.6 %. Moreover, in the area of 0.125L–L, the effect of 
temperature changes the stress sign to the opposite. 

The circumferential stresses from the outer surface of the shell, without taking into 
account the thermal effect, are 2 or more times lower compared to the calculation option 
when heated at the pinched end. The maximum circumferential stresses in the outer fibers of 
the shell when heated are 21.5% less than without it. If the shell material is a variant with 
large differences in the strain characteristics for tension and compression in the directions of 
the main axes of orthotropy, then the error of classical theories will significantly increase, it 
can reach 100% in some indicators, and sometimes even more [27]. 

4 Conclusions 
The analysis of the calculation results shows that taking into account the heating process of 
cylindrical shells made of orthotropic materials with deformation anisotropy under 
temperature influences shows a cardinal discrepancy between the obtained results of general 
classical theories, which need to be modernized taking into account the universal equations 
of state (4). This is even shown when using simplified models [11, 15-18]. 
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