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Abstract. Thin-walled toroidal shells are widely used in the construction 
During operation, various defects appear on the surface of the shells, in 
particular, local depressions on the outer and inner surfaces, causing stress 
concentration in the structure. A three-dimensional spline option of the 
finite element method was developed to determine the stress-strain state of 
a toroidal shell with a local deepening on the outer and inner surface. The 
numerical experiments were carried out. The regularities of the changes in 
a stress-strain state of the shell with the change in the geometric parameters 
of the deepening were noted. 
Keywords: fragment of a toroidal shell, local deepening, three-
dimensional finite elements, cubic splines, stress concentration. 

1 Introduction 
Toroidal shells are widely used in modern designs. They are used as elements of the 
structural systems of buildings, engineering constructions, pipeline systems. During 
operation, under influence of the environment, the physical fields , various defects arise in 
the structural elements, for example, scratches, dents, local deepenings. In the shells, 
intended for storage and transportation of the various liquid media, some local corrosion 
deepenings appear on the inner surface. An increase in stresses in the area of the local 
deepenings can become a source of destruction [1-2]. This is especially true for thin-walled 
structures. In this regard, it is of great interest to study distribution of a stress-strain state in 
the shells with a local change in their geometric parameters, in particular, in the area of 
local deepenings.  

Currently, many studies to assess the stress-strain state of thin-walled structures are 
carried out on the basis of the universal finite element method (FEM). The idea of a two-
dimensional spline option of the FEM, combining the idea of parametrizing the middle 
surface of the entire area under the question and the idea of the finite element method with 
bicubic approximation of the required variables within each element, was presented in [3-
5]. To assess a stress-strain state of the elements of the thin-walled structures with local 
blind defects, it becomes necessary to study them in a three-dimensional formulation, in 
particular, as in [6-13]. 
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Calculations of the shells of a complex shape in a two-dimensional formulation by the 
finite difference method were given in [14]. In the work [15], a method for calculation of 
toroidal shells, based on an FEM with a break in the middle surface, is considered. In [16] 
the shells were calculated using a volume octagonal finite element. For a randomly loaded 
shell of rotation in [17] a hexahedral volume finite element with the unknowns is developed 
in the form of displacements and stresses. The work [18] presents an algorithm for 
calculating a structure in the shape of an elliptical cylinder, based on an FEM with 
interpolation of displacement fields, in which a quadrilateral curvilinear finite element with 
eighteen degrees of freedom at the node is used. 

In this paper, an approach to studying the stress-strain state of a toroidal shell with a 
local depression located on the inner and outer surfaces of the shell in a three-dimensional 
formulation is considered and numerical experiments are performed. The regularities of the 
changes in a stress-strain state of the shell with the change in the geometric parameters of 
the deepening were noted. 

2 Materials and methods 

2.1 Basic relations   

A three-dimensional spline option of the FEM combines the idea of parametrizing the entire 
three-dimensional area and the idea of the finite element method with cubic approximation 
of the required variables in all three directions within each element. 

The three-dimensional area of a fragment of the toroidal shell (Fig. 1) is set by the 
radius vector 
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where Ro is a radius of the circle in a cross section of the shell, Rn is a distance from the 
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Fig. 1. Fragment of the toroidal shell with a local depression: 
 a) - on the outer surface ( = /4,  = );  b) - on the inner surface. 

In this case, a rectangular grid of the unit cube corresponds to a spatial grid of the entire 
three-dimensional area under the question.A local depression in a defective elliptical 
element in plan with semiaxes a and b is set in the form: 
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where γ is a degree of compression-extension of the ellipse along the coordinates 1t  and 2t ; 
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coordinate vectors for the defect-free elements and for the defective ones: 
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The resolving relations are derived from the variational Lagrange equation: 
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where W is a specific potential energy of deformation of a three-dimensional body; if  , ip  
are contravariant components of the vector of the mass and surface forces;   is a mass 
density; iu  is covariant components of the vector of the required variables; S is a surface of 
the side faces of the body. 

The considered area of the unit cube is devided into finite elements and the solution u1 
= u, u2 = v и u3 = w in each of them is represented in the form of an interpolation cubic 
spline of three variables [4-5]: 
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where 1 2 3, ,    are vectors of the coordinate functions along three corresponding 
coordinate lines, U V WF ,F ,F  are three-dimensional matrices of the components of the 
required unknowns u, v, w and its derivatives, respectively. 

By substituting the variations of displacements and deformations, taking into account 
the independence of the nodal displacements and their derivatives, after a number of 
transformations the problem is reduced to a system of algebraic equations of the form: 

 
[ A ] { U }= { R }, (9) 

 
where [A] is a stiffness matrix of the tape structure system, {U} is a vector of the 
unknowns, {R} is a load vector. The structure of all integrals is the same. 

2.2 Example 1   

A fragment of the toroidal shell fixed on the outer surface along both contours is 
considered. The shell is under the internal pressure p = 100 kg/cm2. The shell parameters 
are: elastic modulus Е = 2100000 kg/cm2; Poisson's ratio  = 0,3; thickness h = 0,9 cm; 
radii Rn = 123 cm, R0 = 41 cm (Fig. 1). The numerical experiments were carried out for the 
shell with a local deepening of the diameter d = 1,8 cm on the outer surface with the depths 
of the defect t = 2, 4 and 6 mm. 

The shell is divided into 64 elements (144 nodes) - by the thickness h[0; 0,9 см]: t3 = 
0,9{0; 1}; by the angle [0, /2]: t2 = /2{0.0, 0.125, 0.25, 0.375, 0.5, 0.625, 0.75, 0.875, 
1.0} and by the angle [-,+]: t1 = {-1.0, -0.75, -0.5, -0.25, 0.0, 0.25, 0.5, 0.75, 1.0}.  

The dependences of the stress intensity near the outer surface (t 3 = 0.81) on the depth 
of the defect t for the control points 1 to 5 (Fig. 1) are shown in Fig. 2. It was revealed that 
with increasing the depth of the defect t in the area of the point 1, as well as in the area of 
the points 4 and 5, the stress intensity i  increases to 45%, and in the area of the points 2 
and 3 it decreases by 5-7%. 

For the area of the point 1 (Fig. 1), the dependence of the change in stress intensity i  
over the shell thickness is plotted, starting from the inner surface, for the considered 
deepenings t (Fig. 3). It can be seen from the figure that as the depth t increases, the stress 
intensity i  in the center of the defect grows.  

 
 
 

Fig. 2.  Dependence of stress intensity 
 on changes in depth of defect t. 

Fig. 3. Change in stress intensity  over 
shell thickness h in the area of point 1. 

2.3 Example 2   

A part of the toroidal shell is considered, as in example 1. The numerical experiments were 
carried out for a shell with a local deepening on the inner surface 1 (Fig. 1b). The 
deepening diameters were considered: d = 1.8 cm; d = 2.4 cm; d = 3 cm at the defect depths 
t = 2, 4 and 6 mm.   

Fig. 5 shows the dependence of the stress intensity i  with varying the parameter t2, 
which determines the curvature of the shell in the range from 20 / 2 t  in the area of the 
defect center. 

 
 
 
 

As can be seen from Fig. 4 with an increase in the defect depth, the stress intensity in the 
defect area increases. 

3 Results 
An effective method for calculating toroidal shells with a local deepening has been 
developed.  
The maximum stress intensity arises in the central part of the deepening. 
With an increase in the defect depth, the stress intensity in the defect area increases. 

4 Discussion 
Some numerical experiments were carried out to determine a stress-strain state in the defect 
area in a form of the local deepening, located on the outer and inner surfaces of the shell, 
depending on the location and parameters of the deepening. 

The regularities of the change in a stress-strain state of the shell with a change in the 
geometrical parameters of the deepening were established. 

References 
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Fig. 4. Dependence of the stress  intensity i  on the parameter t2 in the range from 20 / 2 t      
(d = 18 mm; h = 8.1 mm). 
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