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Abstract. Increased freight turnover on railway transport inevitably leads 
to increased traction current in DC and AC traction power supply systems. 
The increase in traction current is already causing problems related to the 
normal operation of the 25 kV AC traction power supply systems. One of 
the adverse consequences of the increased traction currents is the increased 
rail-to-ground potential. This has already caused a number of accidents and 

related traffic interruptions on the Far Eastern Railway of Russia and other 
railway sections powered with alternating current. The study considers the 
problem of increased rail-to-ground potentials and provides basic formulae 
for calculating the wave parameters of the rail network and rail-to-ground 
potentials. Various methods are given for calculating rail-to-ground 
potentials for a 25 kV AC traction power supply system. Since in an 
alternating current system, expressions for calculating the potential are 
functions of a complex variable, the calculation of such expressions 

requires the use of special programs. Adaptation of existing methods to 
modern software and computing systems allows you to optimize and 
significantly speed up the process of calculating the "rail-to-ground" 
potentials, either considering the use of certain potential-reducing 
measures or not. A calculation method includes an algorithm developed for 
calculating the rail-to-ground potentials in the 25 kV AC traction power 
supply system for an inter-substation zone of any length with any number 
of electric locomotives within the zone. 

1 Introduction 
Methods for calculating rail-to-ground potentials are based on the electromagnetic field 

theory. Research papers present various approaches to determining the rail-to-ground 

potentials which differ in the proposed mathematical apparatus [1-4]. However, they share 

a common approach to considering the rail network as a line with distributed 

parameters [5]. 

2 Materials and methods 

Figures and tables, as originals of good quality and well contrasted, are to be in their final 

form, ready for reproduction, pasted in the appropriate place in the text. Try to ensure that 
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the size of the text in your figures is approximately the same size as the main text (10 

point). Try to ensure that lines are no thinner than 0.25 point. We will use two methods to 

calculate the rail-to-ground potentials [6-8].

The mathematical model for calculating the rail-to-ground potentials of a reverse 

traction network is built on the following assumptions:

1. All rail networks of sections and stations of lengths li form an infinite sequence of 

sections with uniform rail-to-ground transition resistance and wave parameters. The rail 

resistance is constant over the entire range of changes in the reverse traction current [9];

2. Reverse traction current is distributed evenly between the rails [10];

3. The complex potential "rail-to-ground" at any point of the traction rails is equal to the 

sum of the complex potentials from the currents flowing into the rails within the considered 
zone and depends only on the primary (first) harmonic of the currents [11].

The latter assumption allows applying the superposition method [12] when calculating 

the resulting value of the rail-to-ground potential created by several electric rolling stock 

(ERS). Thus, to find the resulting "rail-ground" potential at a point with the x coordinate, it 

is enough to calculate the complex values of the potentials at this point created by each 

individual ERS, present them in algebraic form, sum the real and imaginary parts, and then 

calculate the module of the resulting value [13]. 

The calculated "instantaneous" scheme with two substations, sections with different rr

and n-loads is shown in Fig. 1.
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Fig. 1. Scheme for calculating rail potentials with two-way power supply and an arbitrary number of 
loads: 1 – load (ERS); 2 – rails; I01… In – currents of ERS, A; lERS(1)... lERS(n) – distances of the i-th 
ERS from traction substation (TS) 1, km;  l1…lm – length of sections with uniform resistance of rc,
km; LISZ – length of the inter-substation zone (ISZ), km.

In accordance with the method proposed in [14], the rail-to-ground potential created by 

the i-th ERS at a point with the x coordinate located to the left or right of the i-th ERS is 

calculated using expressions (1) and (2):
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. (2)

where μ is the relative value of the mutual induction resistance between the catenary system 

and the rail [15]. This coefficient is calculated using the formula (3):
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zcr
zr

 � , (3)

where zcr is the linear resistance of mutual induction between the catenary system and the 

rails, Ohms/km.

The mutual induction resistance of two conductors is calculated as the product of the 

mutual inductance of these conductors М by the angular frequency of the current  � [16].

The mutual inductance between two infinitely long wires located above the earth's 

surface is calculated using the formula of F. Pollacek [17]:

� � 4

1 2

2 4
2 ln 1 10

2 3

kМ j j h h
k

�
� �� � � �

� � 	 � � � � � 	 �� �
 �
 ��� � �� �� �� �
, (4)

where � is the distance between the wires, cm; 
1h and 2h are the heights of the wires 

above the ground, cm; γ is the Euler constant ( 1,7811� � ); k is a physical parameter that 

characterizes the electromagnetic properties of the system [18].

The parameter � is calculated using the formula (5):

4k j� � � � � � � � � , (5)

where � is the specific conductivity of the earth, CGS units 0 (1 unit). SGS 
11

0 10 �
Cm/m).

In accordance with the recommendations of [19], the last monomial of expression (4) 

can be ignored due to its smallness. Finally, the formula for calculating the mutual 

induction resistance is written as:

42
2 ln 1 10

2
мz j

k
�

� �� � �
� �� � 	 � � �
 �
 �
 �
 ��� � �� �� �

. (6)

The scheme for calculating the mutual induction resistance between the catenary system 

and the rails for a one-track section is shown in Fig. 2.
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Fig. 2. Scheme for calculating the mutual induction resistance of the catenary system and rails of a 
one-track section: R1 and R2 are rails, ar is a track width, R1e is an equivalent rail, LB is a load-
bearing cable, CW is a contact wire.
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Taking 
1 cwh h� � � , the mutual induction resistance between the catenary system and 

the rails of a one-track section (for � = 314 rad/s) [19] can be calculated using the 

following formula:

5652,908
0,0628 ln 0,0314 0,0493crI

cw

z j
h

� �
� � 	 � �
 �
 �� �� �

, (7)

where  hcw is the section-average height of the contact wire suspension relative to the 

railhead level, cm.

The scheme for calculating the mutual induction resistance between the catenary system 

and the rails for a two-track section is shown in Fig. 3.

In accordance with [20], the resistance of mutual induction between the catenary system 
and the rails of a two-track section is determined by the formula:

� �0,5crII crI crIz z z	 �� � , (8)

where crIz � is the mutual induction resistance between the catenary system of the 1st track 

and the rails of the 2nd track, Ohms/km.
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Fig. 3. Scheme for calculating the mutual induction resistance of the catenary system and rails of a 
two-track section: R1 and R2 are rails, am is a track spacing, R1e is an equivalent rail of the 1st track, 
R2e is an equivalent rail of the second track, Re is an equivalent rail of a two-track section.

Then, to determine crIz � by the formula (6), we take � � � �2 2

1 r mh a a� � 	 	 . Finally, 

on substituting crIz and crIz � in the formula (8) and performing transformations, we obtain 

the formula:

2

5652,908 5652,908
0,0314 ln 0,0314 0,0314 ln 0,0493

315844
crII

cw cw
z j

h h

� �� � 
 �
 �� � 	 	 � � �
 � 
 �� � �� 	� � � �
, (9)

where hcw is the same as in formula (7).
The formula (9) is obtained based on the provisions that, in accordance with [21], the 

distance between the axes of railway tracks on running lines of two-track railway lines on 

straight sections is 410 cm.
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In accordance with [22], the equivalent (linear) resistance of the rails of a one-track section 

can be calculated using the expression:

� �0,05- 0,144 1,53-5,2 lg
2 2

r rrа rаz j R arI r
� �

 �� 	 � � � 	 � � �

 �
� �

, (10)

where rra is the active linear resistance of the rail, Ohms/km; R is the equivalent radius of a 

circular cylinder whose area is equal to the cross-sectional area of the rail, cm.

In accordance with [4], the equivalent (linear) resistance of the rails of a two-track 

section can be calculated using the expression:

� �4 20,05- 0,144 1,53-5,2 lg
4 4

r rrа rаz j R a аrII r m
� �

� 	 � � � 	 � � � �
 �
 �
� �

. (11)

In [5], the scheme shown in Fig. 4 is considered as a calculation scheme:
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Fig. 4. Calculation scheme of rail-to-ground potentials: 1 – load (ERS); 2 – rails; I0 – electric 
locomotive current, A; I01– reverse current feeder current, A.

To calculate the rail-to-ground potential, the following formula is proposed (12):

� �
. ..

= 1 2
x xx A Ae er g � � � � �� � 	 �� , (12)

where 1A and 2A are coefficients.

Coefficients 1A and 2A are calculated using formulas (13) and (14):
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where 
0

�
0

� is the potential of the reverse current circuit in the location point of the electric 

locomotive, V; 
01

�
01

� is the potential of the reverse current circuit in the point of connection 

of the reverse current feeder, V.

The potentials of the reverse current circuit at the location point of the electric 

locomotive and at the point where the reverse current feeder is connected are calculated 

using the formulas (15) and (16):

. .
(1 )

0 0 0
z I Kв� � � � � � , (15)

. .
(1 )

01 01
z I Kв от� �� � � � � , (16)

where 
01

K and 
0

K are coefficients; 
.
Iот is current in the reverse traction current 

feeder, A.

Formulas for calculating the coefficients 
0

K and 
01

K . are presented in table 1.

Table 1. Formulas for calculating coefficients 
0

K and 
01

K .

Lengths of sections Coefficient

1l 2l 0
K

01
K

0 0 1

.
0,5 0,5th l

� �

 �� � � �

 �
� �

1

.
0,5 0,5th l

� �

 �� � � �

 �
� �

� 0
.

10,5 1 le� � �� �� �
 �
� �

2.
10,25 1 le� � �� �� �
 �

� �

� �
.

10,25 1 le�� �� �� �
 �
� �

.
10,25 1 le�� �� �� �
 �

� �

Formulas (12)–(16), when taking 1 ( )ERS il l� , and for selecting coefficients in table 2.1 

1l � � and 2 3 0l l� � allow calculating the rail-to-ground potentials in the section from the 
TS to the electric locomotive, provided that in formula (2.12) �  1x 0... l! .

The calculation of the rail-to-ground potentials for a circuit with two substations using 
the formulas (2.12) – (2.16) is proposed as follows:

Calculating the current in the reverse traction current feeder for TS 1 and TS 2 using the 
formulas (2.17) and (2.18).

For TS 1
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� �. . 1
01 0

L lISZI I LISZ

�
� � .             (17)

For TS 2

. . 1
02 0

l
I I LISZ

� � . (18)

For the section "TS1 – IERS(i)", when selecting the coefficients in table 1, 1l � � and 

02 3l l� � are taken.
Making a calculation using the formulas (12)–(16) and taking 

1 ( )l l ERS i� , 0... 1x l� �! � �
, and use 

.
01I calculated by (17) in (16) as the current of the 

reverse current feeder.
For the section "IERS(i) – TS2", when selecting the coefficients in table 1, 1l � � and 

02 3l l� � are taken.
Making a calculation using the formulas (12)–(16) and taking 

1 ( )ISZ ERS il L l� � , � �( ) ...0ISZ ERS ix L l� �! �� � , and use 02

.
I calculated by (18) as the current 

of the reverse current feeder.
In both methods, the equations for calculating rail-to-ground potentials are functions of 

a complex variable. The calculation of these functions without the use of special software 
on the computer is very complicated and time consuming [23]. To improve the speed and 
accuracy of calculations, we consider it appropriate to adapt these equations, as well as the 
equations for calculating the values that characterize the traction power supply systems 
parameters to the software complex PascalABC.NET, which allows implementing 
mathematical models of physical processes using the classic Pascal programming language. 

3 Results
Based on the obtained calculation method, we will create an adapted algorithm for the rail-
to-ground potential calculation program (Fig. 5 - 8).
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i>n
i and n

np
np=1 np=2

Start 

Forming arrays
a[n+1;d+2], Urels[n+1;d+2], ReUrels[n+1;d+2], ImUrels[n+1;d+2]

U1[d+2], U2[d+2], U3[d+2], S[m+1], T[m+1], Zrz[m+1]
l[n+1], Ieps[n+1]

Input of the effective value of the current of 
the i-th electric locomotive (Iers[i])
Entering the coordinate of the i-th electric 
locomotive (l[i])

i:=i+1

i:=1
k:=1

The coordinate of the beginning of the k-th section with 
homogeneous rп (S[k])
The coordinate of the end of the k-th section with a 
homogeneous rп (T[k])
rп on the k-th section with a homogeneous rп

k:=k+1

l[i]:=l[i]∙10

Lisz:=Lisz∙10
d:=round(Lisz)

S[k]:=S[k]∙10
T[k]:=T[k]∙10

i<=n

i>ni and n

k<=m

k>m m and k

i<=n

z crIIzrIIzcrIzrI

i:=1

Creating a file to write data (f)
Length ISZ (Lisz)

the number of electric locomotives within the considered ISZ (n)
Number of sections with uniform rail-ground resistance (m)

Type of section (single track, double track) (np)
Earth conductivity (Yz), Ом∙м

Average height of the contact wire on ISZ (hcw), sm

3

21

22

Fig. 5. Fragment №1 of the program operation algorithm.
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j:=1
k1:=0
k2:=1

a[i,j]:=l[i] - k1

k1=k1+1

a[i,j]:=0 + k2

k2=k2+1

i=i+1
j:=j+1

j:=j+1

j:=j+1

j and (d+1)
j<=(d+1) j>(d+1)

k1 and l[i]
k1<=l[i] k1>l[i]

k2<=Lisz - l[i] + 1 k2 and
(Lisz - l[i] + 1)

k2>Lmpz - l[i] + 1

22

21

Fig. 6. Fragment №2 of the program operation algorithm.
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k:=1

j:=round(S[k])+1

Calculation a[i,j],Yk[k], Zv[k], Uksr
Calculation of potentials 'on the left'  
Urels[i,j], ReUrels[i,j], ImUrels[i,j]

j:=j+1

k:=k+1

i:=i+1

i:=1

i<=n i>n
i and n

k<=mk>m
m and k

j and 
round(T[k])

+1

 j<=round(T[k])+1

 j>round(T[k])+1

j and 
l[i]+1

 j>l[i]+1  j<=l[i]+1

Calculation a[i,j],Yk[k], Zv[k], Uksr
Calculation of potentials 'on the right'  
Urels[i,j], ReUrels[i,j], ImUrels[i,j]

3

4

Fig. 7. Fragment №3 of the program operation algorithm.

E3S Web of Conferences 284, 06002 (2021)

TPACEE-2021
https://doi.org/10.1051/e3sconf/202128406002

 

10



Outputting calculation results to the Pascal 
window 
Finishing writing data to a file (f)
Closing a file (f)

End

U1[j]:=sum1
sum1:=sum1+ReUrels[i,j]

i:=1

i:=i+1

j:=j+1

j:=1
sum2:=0

i:=1

i:=i+1

j:=j+1

j:=j+1

U3[j]:=radical(U1[j]∙U1[j]+U2[j]∙U2[j])

j:=1

j:=1

j:=j+1

Calculation of the 'whole' and 'fractional' parts of the 
coordinate. Calculation of the 'whole' and 'fractional' 
parts of the potential data writing to the file (f)

j and
 (d+1)

j<=(d+1) j>(d+1)

j and
 (d+1)

j<=(d+1) j>(d+1)

j and
 (d+1)

j<=(d+1) j>(d+1)

j and
 (d+1)

j<=(d+1) j>(d+1)

i<=ni>n
i and n

i<=ni>n

j:=1
sum1:=0

i and n

U2[j]:=sum2
sum2:=sum2+ImUrels[i,j]

4

Fig. 8. Fragment №4of the program operation algorithm.

4 Conclusions
Upon the results of consideration of the issue of the rail-to-ground potentials growth in the 
reverse traction network, we can formulate the following conclusions:
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1. In addition to the traction current, the rail-to-ground potential value is largely 
influenced by the seasonally changing transient resistance, anti-spring measures taken, as 
well as the resistance of rails to alternating current of industrial frequency.

2. As a result of the research conducted, programs have been developed that allow 
calculating the distribution of rail-to-ground potentials within the inter-substation zone of 
any length.

3. Based on the algorithm obtained, developing calculation programs is necessary for a 
system with boasting transformers with a return conductor, as well as for a system with a 
shielding and amplifying conductor.

4. Based on the data obtained and real experiments, the calculation method should be 
adjusted to take into account all additional influencing factors.
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