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Abstract. Nonlocal models of thermodynamics are becoming more and more popular in the modern world. 

Such models make it possible to describe materials with a complex structure and unique strength and 

temperature properties. Models of nonlocal thermodynamics of a continuous medium establish a relationship 

between micro and macro characteristics of materials. A mathematical model of thermal conductivity in 

nonlocal media is considered. The model is based on the theory of nonlocal continuum by A.K. Eringen. 

The interaction of material particles is described using local and nonlocal terms in the law of heat 

conduction. The nonlocal term describes the effect of decreasing the influence of the surrounding elements 

of the material structure with increasing distance. The effect of nonlocal influence is described using the 

standard non-locality function based on the Gaussian distribution. The nonlocality function depends on the 

distance between the elements of the material structure. The mathematical model of heat conduction in a 

nonlocal medium consists of an integro-differential heat conduction equation with initial and boundary 

conditions. A numerical solution to the problem of heat conduction in a nonlocal plate is obtained. The 

numerical solution of a two-dimensional problem based on the finite element method is described. The 

influence of nonlocal effects and material parameters on the thermal conductivity in a plate under high-

intensity surface heating is analyzed. The importance of nonlocal characteristics in modelling the 

thermodynamic behaviour of materials with a complex structure is demonstrated.   

1 Nomenclature  

c  

 
–  volumetric heat generation density,  

    [J / kg*K] 

1 2,p p
 

  

 
–  local and nonlocal component weights, [-] 
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q 

T 
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–  one dimensional heat flow, [W/ m2] 

–  temperature, [K] 

–  time, [s] 

V  

x 

 
–  scope of influence, [m3] 

–  space coordinate, [m] 


 
a  

( )T
 

  
z  

 
–  material density, [kg / m3] 

–  parameter of the non-local material, [-] 

–  dimensionless coefficients of thermal  

diffusivity, [-] 

–  dimensionless temperature, [-] 

–  dimensionless space coordinate, [-];  

Superscripts 

(nl) –  nonlocal vector 

2 Introduction   

The classical theory of continuum is not suitable for the 

mechanical analysis of micro- and nanostructures, since 

it is scaleless and does not have parameters for the scale 

of structural elements. On the other hand, size-

dependent theories of thermomechanics such as surface 

stress theory [1-2], gradient theory [3] and nonlocal 

theory [4-7] are widely used to study the mechanical 

behavior of materials at the micro and nanoscale due to 

their ability to take into account the effect of size. 

Among them, the nonlocal theory developed by 

Ehringen and his collaborators [7] is the well-known 

nonclassical theory of thermoelasticity, in which the 

behavior at a material point depends on the state of all 

points of the body. Ehrengen's theory uses a nonlocality 

influence function (decaying with distance), which 

includes a length scale parameter. This approach allows 

one to obtain intego-differential nonlocal constitutive 

equations that take into account interatomic interactions. 

Eringen's theory of nonlocality has been widely 

developed among scientists around the world. The 

authors of this article considered one-dimensional 

thermomechanical problems, devoted to the issues of 

thermomechanical behavior of structures [8-13]. The 

next stage of research is the solution of two-dimensional 

problems describing the distribution of stresses and 

temperature fields in two-dimensional regions. In this 

article, the emphasis will be made on the analysis of 

temperature fields in two-dimensional plates under 

various conditions of external loading. The non-local 

approach is based on the idea that the heat flux at a 

control point is a function of the macroscopic field of 

the temperature gradient at all points of the body. The 

general governing equations of nonlocal heat 

conduction are expressed through the nonlocal heat flux 

[6] 
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Substituting (1) into the heat conduction equation in 

vector form [8], we obtain: 
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The law of heat propagation in a medium, taking into 

account the effect of spatial nonlocality: 
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This mathematical model allows one to take into 

account two existing opposing concepts of describing 

the structure of any rigid body - the concept of 

continuity and discreteness. The discreteness is taken 

into account by introducing the nonlocality influence 

function (| |, )a x'- x , which depends on the distance 

between the current point and the nearest neighbors, as 

well as on the nonlocal parameter a . The parameter of 

a nonlocal material should be determined 

experimentally by matching the acoustic dispersion 

curves of the material. The nonlocality function of the 

form [7] is used as standard: 
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Equations (3) – (4) with boundary conditions define 

an integro-differential formulation of nonlocal heat 

conduction in a solid. 

3 Analysis and modelling  

Consider a two-dimensional domain S  with a piecewise 

smooth boundary S . The equation of thermal 

conductivity (3) in dimensionless form will take the 

form: 
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where 1, 2i = , '( )S z  is the area of non-local influence, 

'( )Sz' z . 

The first term in equation (5), with a weighting factor 

1p , is responsible for the contribution of the local 

(classical) component of the heat flux function 

described by the Bio-Fourier law [8]. The second term, 

integral with weight 
2p , describes the effect of the 

nonlocal action of points in the area '( )S z  on the point 

z  considered at a given moment. 

 Consider a plate S . Boundary conditions of the 

second kind are specified on the lateral faces of the 

plate: 

2 2

( ) ( )

0 1
( , ) ( , ) 0.nl nl

z z
q t q t

= =
 =  =z n z n  (6) 

A constant temperature 
1

01
.

z
 

=
=  is set at the upper 

limit. 

 At the lower limit, a heat flux is set: 

1

( )

0 10
( , ) ( ).nl

z
q t q z

=
 =z n   (7) 

 Equation (5) with boundary conditions (6) – (7) 

describes the process of heat propagation taking into 

account nonlocal effects in a two-dimensional plate. 

 To solve equation (5) with boundary conditions 

(6) – (7), we use the finite element method. Let us 

introduce a finite element model grid 
hS  in the domain 

( )S z , then equation (5) can be represented as a system 

of linear algebraic equations [14], the solution of which 

is possible using the Seidel method [15]. 

4 Results and discussion   

Consider a plate [0;1] [0;1]S =  . Thermal insulation 

conditions are specified on the side faces (6). At the 

upper boundary, a constant temperature 
0 1 =  is set, at 

the lower boundary, a flow with an intensity 50000I =  

and an impact area 0.02h =  is specified, which 

corresponds to a heat flow 
0 1000q = . Heating a small 

area on the edge of the plate simulates the high-intensity 

heating of a structural element by a laser beam. Figure 1 

shows a comparison of the contour plots of the 

temperature field distribution in the plate for different 

weights of the local component p  (parameter 
1p  from 

equation (5)). The red line denotes the contour plot of 

the temperature field when solving the problem of 

classical parabolic heat conduction, without taking into 

account the contribution of nonlocality. We see that with 

a significant contribution of nonlocality, 0.2p =  the 

yellow line in Fig. 1, the propagation of heat and the 

leveling of the solution profile occurs much faster than 

in the classical case. 

 

 

Fig. 1. Influence of the parameter of the contribution of the 

local component on the temperature distribution in the plate 

 

Figure 2 shows the temperature distribution in the 

central section of the plate (Fig. 1), perpendicular to the 

bottom face. The graph of the temperature distribution 

in the central section shows how the distribution 

changes depending on the weight of the local component 

p  and the parameter of the non-local material a . The 
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classical solution of parabolic thermal conductivity 

without taking into account the effect of nonlocality is 

shown in blue. We see that with an increase in the 

parameter of the non-local material a , the solution to 

the non-local problem becomes similar to the classical 

one (comparison of the red, blue and pink curves in 

Figure 2). This is due to the fact that a larger number of 

material structures fall into the zone of influence of 

nonlocality. At the same time, with a larger parameter 

a  and equal weight p  (red and pink curves in Fig. 2), 

it can be seen that the temperature value at the upper 

boundary of the plate is higher than with a smaller 

parameter of the nonlocal material (pink curve in 

Fig. 2). 

 

 

Fig. 2. Temperature distribution in the section 
1 0.5z =  

 

Figure 3 shows the temperature distribution in a 

section parallel to the lower boundary of the plate (at a 

distance 
2 0.01z =  from the lower boundary of the 

plate). Figure 3 shows the temperature distribution in a 

section close to the lower edge of the plate, which is 

subject to high-intensity impact. We see that the greatest 

absorption of the impact occurs by the material with the 

nonlocality parameters 0.001a =  and 0.2p =  (green 

curve in Fig. 3). This case corresponds to a material with 

the most pronounced nonlocal properties and indicates 

the importance of taking into account the structure when 

studying the propagation of heat in structure-sensitive 

materials. 

 

 

Fig. 3. Temperature distribution in the section 
2 0.01z =  

Conclusions   

A mathematical model of heat propagation in non-local 

media is considered. Numerical solutions are obtained 

for the problem of heat propagation in a two-

dimensional plate heated by a high-intensity point heat 

flow. The influence of the nonlocal parameters of the 

material on the heat propagation in the plate under high-

intensity surface heating is analyzed. It is shown that 

taking into account size effects and long-range forces is 

important when modeling materials with a complex 

structure. 

 
Work of I.Yu. Savelyeva is supported by Russian Science 

Foundation (proj. 17-79-20445). 
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