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Abstract. The paper discusses the classical problem of determining rock 
pressure on a mine working support. In this problem, the authors 
differentiate two cases – rock pressure in rocky soils and rock pressure in 
dispersed soils. This division is due to the significant differences observed 
in the rocky and dispersed soils in their ultimate states. In particular, while 
the strength of dispersed soils can be described by the Coulomb line, for 
rocky soils the envelope of the Mohr circles has a pronounced nonlinear 
character. It was found as a result of calculations that there exist three 

supporting schemes for any soil depending on the width of excavation: self-
restraining arch (or ceiling), pressure arch, and caving column. The paper 
introduces the concept of two critical spans of a mine working that 
differentiates the said schemes. A hypothesis has been proposed and verified 
that the process of rock pressure formation is quite similar to that for active 
pressure on retaining structures. 

1 Introduction 
In tunnel engineering, the theoretical problem of determining the rock pressure occupies a 

central place. Over the past century and a half, a large number of works have been published 

that discuss solutions to this problem; the results of previous studies have led to the 

development of special methods for calculating the shape of arches and the pressure on 

underground structures [1-6]. Of particular interest are methods for calculating the stress-

strain state of the ground environment around mine workings, including at their limit state. 

Currently, there are two approaches that are commonly accepted in the practice of subsurface 
engineering calculations. 

One approach determines soil-support interaction in the mode of pre-set constant loads. 

Due to its simplicity and repeated testing for various facilities over many years, this approach 

is considered to be the most reliable one. That said, it should be taken into account that it has 

a high margin of reliability, which can make it economically unsuitable for some of the 

construction projects. At the same time, due to its simplicity, this approach can always be 

used in preliminary calculations, whenever there is lack of background data on the enclosing 

soil mass. 
The second approach considers the pressure formation in conditions of joint deformation 

of the lining and the surrounding ground mass. The pressure on the lining is formed taking 
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into account the mutual or specified deformation. This approach is currently being swiftly 

improved in response software development based on the finite element method.  

The ground failures, observed during the construction of tunnels in the upper part of the 

working, have led to a variety of hypotheses explaining the mechanism of this phenomenon.  

The first group of hypotheses considers the pressure on the support to be a result of soil 

gravity forces within the volume of the pressure arch [7-9]. 

The second group of hypotheses attribute the arch formation to the tensile stresses [10-

12]. 
The third group of hypotheses attribute the arch formation to elastic-compressed contour 

[13]. 

The fourth group of hypotheses state that pressure arch is the result of nonelastic 

deformations occurring around the working [14, 15].  

In the fifth group of hypotheses, In the hypotheses of the fifth group, the qualitative and 

quantitative estimates of the rock pressure formation rely practical observations data. 

In the domestic practice of subsurface construction, rock pressure is calculated from the 

weight of parabolic arch according to the theory of professor M.M. Protodyakonov, which is 
reflected in the regulatory documents currently in force in the Russian Federation. The 

pressure on the supporting structure is a function of strength coefficient. There is no generally 

accepted laboratory or field method for determining the strength coefficient: in practice, this 

value is taken from soil descriptions, with the formulas linking f and, for example, uniaxial 

compressive strength being rather approximate. 

Special attention is paid to the reliability of theoretical evaluation of the outlines of 

pressure arch. This phenomenon depends on many interrelated factors, such as rock inrush, 

crack formation, impact of the subsurface water, among others. Based on the experience of 
subsurface structure design, the following methods, established in construction regulations, 

can be regarded as sufficiently acceptable for practical application.  

At the same time, the problem of improving the methods for determining rock pressure is 

still relevant. Suffice it to say that there is no strict method at the moment, while the existing 

ones are based on various hypotheses.   

This paper discusses two solutions to the problem of rock pressure, which allow us to 

view the value of rock pressure as directly depending on the strength of rocky and dispersed 

soils. 

2 Methods and results 

2.1 Rocky soils 

The design scheme for determining the pressure arch with height h  and span l  is shown in 

Figure 1. The scheme shows weight of arch G  vertical projection of the total force of 

resistance to inrush RRR ����� . This force occurs at “arch – nondisplaceable rock”. The 

rock pressure is an additional force needed to maintain the arch: FP 2� . 

2.2 Static side of the problem 

Let us assume that the shape of the arch is known. Accordingly, a function describing the 

shape of its body is known. Then, the task is to find the height of the arch h , at which rock 

pressure is maximum: 

2 ( ) ( ) ( ).F h G h R h� �           (1) 
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Fig. 1. Pressure arch: а – share of arch; b – force action on the arch. 

The approximated model of arch formation has the following features. When height h  

and weight G  of the arch are small, then it can be kept from collapsing by minor resistance 

forces R , including tear strength. If arch height h  is high enough, then the contact area 

between the arch and the rock increases significantly and is able to support a sufficiently 

heavy arch. The intermediate h  corresponds to cases when resistance forces are insufficient 

to support the arch and it is therefore necessary to provide an additional retention force P .   

Thus, it is obvious that there exists an h , at which the function (1) is at its maximum.  

2.3 Physical side of the problem 

Let us consider a potential arch-mass scheme (Fig. 1b). Tear propagation strength will be 

occurring only at the top of the arch. The resistance will be characterized by tear strength. 

Normal n�  and tangential n�  stresses act along the sides of the arch. These stresses are 

related to each other by equation describing the envelope of Mohr limiting circles. As a result, 

the specified border will be the sliding line.  

The envelope of Mohr limiting circles, according to GOST 21153.8-88, based on test data 

on volumetric compression strength, uniaxial compression tests = cR   and uniaxial tension 

= tR . The graph is shown in Figure 2. Similar curve can be plotted for dispersed soils. 

Given the relation of normal and tangential stresses and using the envelope equation of 
Mohr limiting Mohr circles: 

2

2

0

1 .n
n tR

C
� ��

� � � �
� �

          (2) 

In Figure 1, the positive directions of normal and tangent stresses are specified in more detail. 

The absolute values of these stresses are used in failure envelope. 
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Fig. 2. Soil failure envelope (Mohr circle for volumetric compression is not shown). 

 

Taking into account the above, the weight of the arch and the resistance forces are equal 

for half of the calculated scheme: 

0

0

1
( ) ( , ) ,

2

1
( ) ( sin cos ) ,
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a

a

n n

G h ah z x h dx

dxR h

� 
 � 


� � 	 � � 	
	

�

�
    (3) 

where z(x, h) = pressure arch equation where zx'(x) = dz/dx = tg α. 
Boundary conditions. Let us consider the following boundary conditions: at the top of the 

arch 0�	  and, consequently, τn = 0 and σn = Rt. Here occurs solely tear propagation 

resistance. The vertical walls of the arch correspond to 2/��	 . In this case, τn = C0 and 

σn = 0. 0C  is designation for the ordinate of the envelope when σn = 0 (Fig.2.). There is no 

lateral pressure here, and shear fracture occurs. The at 0 < σ < π/2: 

0
sin ,n C� � 	                (4) 

or 

0
cos .n C� � 	            (5) 

Let us note that the boundary conditions (4) and (5) are mutually independent and will 

give different results to problem solution. 

This version of the boundary conditions should be considered simplified. It allows for 

decreasing normal stresses along vertical boundary. This situation is possible in rocky soils, 

when shear fracture occurs. In addition, vertical borders, as a rule, do not form at the base of 
the arch. Further, when arch tear occurs, there develop tear resistant forces. Condition (4), in 

the presence of compressive stresses on the walls of the arch, can be written as: 

( ) sinn n x� � � � � 	           (6) 

Determination of lateral pressure σx constitutes a separate task. In the first approximation, 

this pressure can be represented by the product of the tunnel depth H  by specific gravity of 

rock 
  by lateral pressure coefficient  �  - Hγξ. 
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2.4 Problem statement 

 Substituting expressions (2)…(4) into equation (1), and bearing in mind that zx'(x,h) = tg α: 

2

0

22
0

( )

( , )
( , )

1 ( , )1 ( , )

a
x t

xx

F h ah
C z x h Rz x h dx

z x hz x h

� 
 �
��

�
 � � �
�����

                    (7) 

In the general case, if the form of function z(x, h) is unknown, then calculation of the 

maximum of this expression is a problem of the calculus of variations. 

2.5 Rocky soils. Results. 

Let us now proceed to the solution of this problem when the form of the function defining 

the contour of the arch, is known. Let us assume the outline of the arch contour according to 
equation: 

( / )nz h x a� �                       (8) 

where a = L/2, n > 1. 

Let us consider some examples of the calculation. 

2.6 Calculation example 1 

The background conditions are as follows.  Let the span of the arch be L = 4 m and the 

specific gravity of rock γ = 17.5 kN/m3. 

The strength is defined by the following parameters: Rc = 100 kPa – for uniaxial 

compression; C0 = 0.4� Rc – shear strength in the absence of compressive load; Rt = 0.2� Rc – 

strength at uniaxial tension.  Let us consider the influence of n  when determining the limit 

values of rock pressure force  Fmax and arch height hu  using dependence (8).  

F(h) graphs and , and form the arch contour z(x, hu) are shown in Figure 3 for n = 2. 

Measurement units: kN and m. So, we have: hu = 0.97 m, Fmax = –29.4 kN. 
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Fig. 3. Calculation example 1: а – F(h), b – right side of the arch contour (hmax = hu). 

 

This result roughly corresponds to strength coefficient f = 2 according to prof. M.M. 

Protodyakonov. 

For Fmax < 0 and a span of 4 m, the working support can be neglected, as follows from 

the graph above. Taking into account the arbitrariness of the initially assumed C0 and Rt, the 

result given is, in a certain sense, indicative. 

For the same initial data, the change in hu and Fmax has been determined depending on n
. The results are presented in Table 1. �n 2 … 2.5 correspond to maximum values of the 

rock pressure force.  

Table 1. hu and Fmax at different n. 

n 1 1,5 1,75 2 2,1 2,25 2,3 2,5 3 5 

hu, m 0.894 0.988 0.985 0.971 0.964 0.952 0.948 0.931 0,888 0,739 

Fmax, 
kN 

-32.3 -30.0 -29.6 -29.4 -29.4 -29.4 -29.4 -29.4 -29,7 -31,3 
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2.7 Calculation example 2 

As a unit of length, we take half the width of span a , and as a unit of mass force specific 

gravity 
 . The actual and the relative values of forces, stresses, and lengths are interrelated:  

3

h Fh F
a a a

�
� � � �


 

               (9) 

Further, the designations of the relative values determined by formulas (9) will be given 

without bar symbols. 

Let us consider the arch formation process and the change in magnitude of the rock 

pressure force at different values of Rc. As assumed earlier, C0 = 0.4� Rc and Rt = 0.2� Rc .  
The obtained results allow us to distinguish four fundamentally different types of F(h). 

Type I. When Rc = 1.663, which corresponds to low strength, there is no solution (Fig. 

4a). Here, Fmax � � , i.e. it has no maximum. From physical point of view, the pressure arch 

is not formed in this case, and the rock pressure will be determined by the caving column at 

any depth of workings. Thus, the pressure of soil layer will determine the value of rock 

pressure. 

Type II. As the strength of soil increases, a situation occurs when F(h) has a maximum 

of Fmax > 0 (Fig. 4b), which means there is a pressure arch and there will be a value of rock 

pressure, for which lining design should be calculated. 

Type III. F(h) has a maximum Fmax < 0 (Fig. 4c). This means that the soil mass has a 
strength sufficient enough to prevent failure at span L, even without the lining support. 

 

Fig. 4. Four types of F(h): a – type I: Rc = 1, Fmax � �, (); 
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b – type II: Rc = 1.69, Fmax > 0 (); c – type III: Rc = 3, Fmax < 0 (); d – type IV: Rc = 1.665, 

Fmax,1 > 0, Fmax,1 � � 

 

Type IV. This type of graph is a cross between type I and type II (Fig. 4d). In this case, there 

occurs a local minimum of Fmax > 0. The problem here is that with a subsequent increase in 

h, the magnitude of F(h) increases again to infinity. This curious situation manifests itself in 

the change of pressure arch scheme. Here, there will be a caving column, the weight of which 

will determine the rock pressure. The results are presented in Table 2.  

Table 2. hu and Fmax at different n. 

Rc 1.664 1.67 1.68 1.69 1.7 2 3 5 10 

hu 5.292 3.618 2.854 2.479 2.237 0.928 0.455 0.254 0,125 

Fmax 0.040 0.030 0.017 0.007 
-

0.003 

-

0.160 

-

0.457 

-

0.916 

-

1,958 

2.8 Calculation example 3 

Let us now turn to the analysis of changes in rock pressure and arch formation depending on 

the span of the arch. Here, we take Rc as the unit of stress, and 
  as the unit of mass force. 

Accordingly, the actual values of forces, stresses, and lengths are obtained from formulas:  
2

3

c c c

h h F F
R R R

 � 


� � � � �                  (10) 

As in the previous examples, we will omit bar symbols in relative values. 
Let the soil strength be characterized by the following parameters: C0 = 0.4 and Rt = 0.01. 

In this case, as the analysis has shown, it is also possible to distinguish four types of F(h). 

They the same character as the one shown above (Fig. 4). The calculation results are given 

in tabular form (Table 3). It should be noted that in this case, the maximum   Fmax tends to 

infinity for span L > 1.2. Accordingly, there is again a transition to the caving column. 

Table 3. hu and Fmax at different n. 

L 0.4 0.5 0.6 0.7 0.8 0.9 1 1,1 1,2 

a 0.2 0.25 0.3 0.35 0.4 0.45 0,5 0,55 0,6 

hu 
0.02

67 
0.0427 0.0635 0.0901 0.1241 0.1683 0,2286 0,3189 0,499 

Fmax 
-

0.00

03 

0.00095 0.00305 0.00629 0.01096 0.01744 0,02627 0,03831 0,0555 

3 Dispersed soils. Method 
When considering dispersed soils, the authors proceed from the assumption that the 

mechanism of arch formation is similar to that for prism of ground failure behind the retaining 

wall. Accordingly, the mechanism of rock pressure occurrence will be similar to that of 

ground pressure on the retaining wall. 
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Let us consider the classical problem of soil mechanics – the problem of ground pressure 

on the retaining wall, as seen by limiting equilibrium theory. First, we analyze the stress-

strain state of the “retaining wall-ground mass” system (Fig. 5a). 

 

Figure 5. Scheme for determining the lateral pressure on the retaining wall: а – absolutely rigid wall; 
b – yieldable wall; c – Pressure vs. wall deformations. 

 

It is known that if the wall is absolutely rigid, smooth, long enough and immobile, then the 

ground pressure on it equals: 

0 .
1

x z �
� � 


��
                  (10) 

where γ = specific gravity of soil; ν = Poisson’s ratio. 

If the retaining wall is yieldable (Fig. 5b), then as horizontal deformations u of the 

retaining wall increase, the ground pressure on the wall will decrease to a certain value σa, 

commonly known as active pressure (see Fig. 5c), meaning that with even minor movement 

of the wall, the ground will collapse. 

Let us now consider the stress-strain state of the “support – soil mass” system. If the 
support of a mine working is absolutely rigid and stationary, then the vertical stress will 

obviously be equal to the weight of the soil column above the crown of the arch of the 

subsurface structure (Fig. 6a): 

 
Fig. 6. Rock pressure calculation scheme: a – absolutely rigid support; b – yieldable 

support; c – pressure vs. support deformation. 

 

If the support of a mine working is yieldable (Fig. 6b), then the pressure value will 

decrease. If the support continues to deform, the pressure of the ground mass on it will be 
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decreasing. This process will continue until the pressure arch is formed. This pressure is 

usually taken in the calculations as the rock pressure. 

It should be noted that this “principle of yieldable support,” which allows controlling the 

pressure on the lining of a subsurface structure, forms the basis of New Austrian Tunneling 

Method (NATM), which has proved highly efficient by subsurface projects in the Russian 

Federation and globally in tunnel and subway engineering. 

Thus, it becomes possible to solve the problem of rock pressure using the ultimate rock 

equilibrium theory (URET), taking as basic assumption the well-known solution of active 
pressure problem. 

The initial system of equations for URET plane problem includes two equations for 

ground mass equilibrium and the Coulomb strength condition (own weight is directed along 

vertical axis Oz):  

� � � �2 2

0,

,

4 2 cos ctg .

x xz

xz z

x z xz x z

x z

x z

c

�� ��
� �

� �
�� ��

� � 

� �

� �� � � � � � � � � �

    (11) 

As is known, each point of ultimately stressed ground is intersected by two slip lines that 

form an angle with the direction of the first main stress: 

.
4 2

� �
�� � �                   (12) 

On xOz place, these slip lines intersect at an angle of 2μ. The first one deviates from the 

direction of the first main stress by angle � , and the second one by angle �� . The direction 

of the first main stress and axis z0  form angle 	 . The canonical system of equations has 

the following form: 

� �
� �

tg ,

2 tg tg ,

dx dz

d d dz dx

� 	 ��

�� � � 	 � 
 ��tg �d tg
           (13) 

The average reduced stress σ: 

ctg .
2

x z c� ��
� � � �                          (14) 

Angle 	  can be calculated using the expression: 

2
tg 2 .xz

z x

�
	 �

� ��
                         (15) 

Components of the limit stress tensor depend on the parameters σ and α:  

� �1 sin cos 2 ctg ,

sin sin 2 .

x

z

xz

c
� �

� � � 	 � ���  
� � � � 	

si cossin cos
          (16) 

The canonical system of equations (13) is solved by method of finite differences in 

characteristics (sliding lines). As a result, σ, α, x, z can be calculated for the computational 

domain.  
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Let us set the height of pressure arch h, which corresponds to the length of segment AO. 

The boundary conditions will be defined as follows. Stress σ1 acts horizontally and is 

determined by the formula:  

1 .
1

z �� � 

��

                 (17) 

acts vertically and is determined from Coulomb's law: 

� �1 3 1 3 2 ctg sin .c� �� � � �� � � �         (18) 

It follows that 

 

� �1

3

1 sin 2 cos
.

1 sin

c� � � � �
� �

� �
             (19) 

Angle of inclination α of the average reduced stress relative to axis Oz equals -π/2. 

In this study, the following initial conditions are assumed: γ = 17.5 kN/m3, c = 9 kPa, 

φ = 23°, ν = 0.3, h = 1.25 m. 

4 Dispersed soils. Results 
Based on the numerical calculation results, a finite-difference grid was constructed (Fig. 7), 

where the solution for the 1st boundary value problem is indicated in blue and the set of slip 

lines for the 3rd boundary value problem in red. 

 

Fig. 7. Slip lines grid. 
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The rock pressure curve is shown in Figure 8. 

 

Fig. 8. Rock pressure curve. 

5 Discussion 
The resulting solution for rocky soils means that for each soil, depending on the pressure arch 

span (in fact, depending on the span of the mine working), there are three possible situations 

where: 

� the ground “restrains itself on its own”, i.e. there no failure can occur and no support is 

needed; 

� there forms a pressure arch, causing the need in the restraining support; 

� the pressure arch transforms into a caving column, with the rock pressure becoming 

dependent on the natural confining at the depth of a mine working. 

It should be recognized that further research is needed to address a number of issues: 
boundary conditions (4) and (5) give the same qualitative results. At the same time, they 

can differ quantitatively. Therefore, in practice one should be guided by the most unfavorable 

scenario. 

boundary condition (6) is preferable with respect to accuracy of the soil performance 

description. Further research is needed for higher precision.   

At γ = 20 kN/m3 and Rc = 1 000 kPa (Table 3), the caving column occurs at span length 

of 60 m, which is acceptable. At the same time, the transformation of self-restraining arch 

into the pressure arch occurs at a span length of 20 m. In this case, the span is obviously too 
high. Therefore, one should be guided by the pressure corresponding to the maximum height 

of the pressure arch. The resulting solution for dispersed soils makes it possible to calculate 

the value of rock pressure using the common strength characteristics of soil – the angle of 

internal friction and specific cohesion. For dispersed soils, this method is seen as most 

suitable (Tanaino, 2003). In this study, we considered a loose medium with friction and 
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cohesion. The above algorithm can also be used for more specific cases of ideal granular or 

ideal cohesive environments. Thus,by solving the theory of limiting pressure it is possible to 

determine the rock pressure, based on the Coulomb’s fundamental law of soil strength.    

6 Conclusions  
1. The study has produced a “pressure arch – fixed rock” interaction scheme, which should, 

in general, be analyzed on the basis of variational principles including boundary conditions. 

2. Mohr limit circles are commonly determined for soil shear tests. of the soil for strength. 
Their envelope is used for determining the contact stresses along the “pressure arch – fixed 

rock” boundary. Then, both the pressure arch formation and the rock pressure will be set in 

accordance with soil failure envelope.  

3. It is proposed to introduce the concept of two critical span lengths L1 and L2: 

� at L < L1, failure is unlikely to occur, but the mine working support design is 

nevertheless needed for the entire pressure arch; 

� at L1 ≤ L ≤ L2, there guaranteeingly forms a pressure arch; the rock pressure is 

determined by the weight of the arch; 

� at L > L2, there forms a caving column instead of the pressure arch, and the rock pressure 

is determined by the weight of the column. 

4. It is proposed that paragraphs 5.5.2.3...5.5.2.4 (Construction Regulation 122.13330.2012) 

concerning the conditions that are crucial to determining the soil failure scheme above mine 
working, should be adjusted. 

5. For dispersed soils, based on the analogy with active pressure, it became possible to obtain 

a strict static solution to the problem of rock pressure for dispersed soils, using the URET 

method (method of characteristics). 

6. In both the solutions, rock pressure calculate was possible without resorting to hardness, 

but by using the soil failure envelope.   

7. The obtained results – one being the two actual spans of a subsurface working and the 

other the analogy with active pressure – are applicable to both rocky and dispersed soils. 
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