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Abstract. The work is devoted to modeling the process of formation, 
development and propagation of cracks. Currently, there is a large number 
of physical and mechanical-mathematical models describing the process of 
destruction of various materials. In addition to the fracture criteria, it is 
also important to correctly take into account changes in the rheology of the 
fractured material, including the contact interaction between the surfaces of 
cracks and fragments. This paper proposes a numerical approach to solving 

the problems of contact interaction and brittle fracture of elastically 
deformable bodies. Crack bank interactions, including frictional forces and 
contact pressures, is modeled by the means of frame-type contact finite 
elements (CFE) using a stepwise analysis method. Various contact 
conditions – separation, clutch, friction-sliding, as well as rheological 
properties of crack surfaces and fragments – contact layer pliability, 
adhesion strength, etc. are modeled with the help of CFE. The proposed 
approach was used in the numerical modeling of bone damage under the 

penetrating action of a rigid indenter. The conducted numerical studies 
have shown a good correspondence of the calculated and experimental 
results, despite the substantial approximation of the used calculation 
schemes.  

1 Introduction  

It is known that under the action of loads on a solid, especially if the material is brittle, 

when a certain level of stress-strain state is reached, the process of destruction can start, 

initially having a local character – the cracks nucleation in the contact zones or maximum 

stresses, and then catastrophically developing deep into the area. It is assumed that the oc-

currence and propagation of cracks occurs, when the fracture criterion formulated in terms 

of stress intensity coefficients is satisfied. Crack propagation is modeled taking into account 
the newly formed crack bank surfaces using numerical methods, mainly the finite element 

method. An overview of various approaches in the mechanics of brittle fracture and exam-

ples of their implementation is given in [1, 2].  

Modeling crack nucleation, growth and their propagation of cracks is quite challenging. 

Taking into account the contact interaction of crack banks significantly affects the stress 

intensity coefficients used in strength estimations, as well as the stiffness properties of the 
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material in the vicinity of cracks. Most of the existing methods are based on a complex and 

computationally expensive physical modeling of crack formation and propagation followed 

by fragmentation of the solid body [3, 4, 5]. An interactive method for modeling cracks and 

fragmentation, based on the determination of some regularities and parameters that provide 

control of the calculation procedure, is presented in [6, 7].  

Among the approaches based on the use of the finite element destruction and fragmenta-

tion models, one can also a mention should be made about the work [8], where the pro-

posed algorithm iteratively expands the crack until the threshold maximum length is 

reached. In [9], crack propagation is performed by separating the mesh nodes along the 

most stressed sides. To prevent overlapping and folding of finite elements under large de-

formations, geometric constraints are introduced using the lagrange multiplier method.  
The application of the peridinamic model of crack propagation is also of interest [10]. 

Compared to traditional numerical methods, peridynamics includes the concept of fracture 

directly into its governing equations, and no external criterion is required for the occurrence 

and growth of cracks. Another unconventional approach is presented in [11]. Compared to 

standard discrete methods, the phase field method can represent arbitrary crack geometry 

without an explicit function and does not require an algorithm to impose constraints on the 

contact of the crack banks. The semi-analytical method is also used in [12], where each 

crack is modeled as a distribution of slip and rise dislocations with an unknown density.  

Problems of dynamic destruction are considered in [13, 14], where the mesh characteris-

tics method developed for the problems of dynamic behavior of deformable solids is used 

for the numerical solution of the system of equations. Here, after each calculation step of 

the elastic scheme, a special corrector was applied to each damaged node of the discrete 
mesh to correctly describe the dynamic behavior of the destroyed material.  

2 Methods  

In this article, for modeling of the development of cracks, including the implementation of 

the contact conditions of the crack banks, it is proposed to use the finite element models of 

contact considered in [13, 14] and the corresponding methods of their calculation.  

The solution of the problem of deformation and material destruction is carried out using 

well-known models of deformable solid mechanics. The resolving equation (matrix equa-

tion of equilibrium) is presented here in a form that allows the solution of a constructively 

nonlinear problem of quasi-static deformation and destruction to be reduced to solving a 
sequence of linear problems by step-by-step analysis method [16]:  

 

       ,11 sss UKPUK  

 (1) 

 

where 
11   sss UUU  is the displacement at step s+1.  

In the case of a dynamic load action, the solution of a constructively nonlinear dynamic 

problem is reduced to solve a sequence of linear dynamic problems based on a step-by-time 

calculation [17]:  
 

             ,ttttttttt UKPUKUCUM   
    (2) 

 

where 
ttttt UUU   . For the numerical integration of Eq. (1), the implicit New-

mark finite difference scheme is used.  
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When unilateral constraints and Coulomb friction between the boundary surfaces in 

cracks are taken into account, the following contact conditions must be satisfied:  
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Here 
t
τ

t
n uu ,  are the mutual displacements of the contacting surfaces 


сS  and 


сS  

(
 ссc SSS  ) respectively along the normal and tangential direction at the time point t; 

tuu t
τ

t
τ   is the speed of mutual tangential displacement on the contact; f is the coeffi-

cient of friction-sliding; 
t
τ

t
n σσ ,  are the contact stresses along the normal and tangent.  

The numerical solution of the contact problem, therefore, will consist in carrying out the 

process of step-by-step loading for Eq. (1) or step-by-step time integration of Eq. (2) under 

appropriate initial and boundary conditions, as well as the fulfillment of conditions on pos-

sible contacts in cracks (3). When modeling the destruction process using FEM at each step 

(load or time), in addition, it is necessary to solve the following questions:  

– the determination of the location of the destruction occurrence (actions at the level of a 
particular node of the finite element mesh – microcrack formation);  

– the actual numerical description of the destruction character (local actions at the level of 

the finite element mesh – macrocrack formation).  

Modeling of the destruction mechanism at the level of a finite element mesh consists, 

firstly, in establishing the destruction pattern: the orientation and size of cracks, the shape 

and size of fragments, the size of the crushing or fragmentation area. Secondly, in the 

mathematical description of the change and accumulation of damage (crack growth, their 

merging, formation of the main macrocracks and their propagation). And, finally, in taking 

into account the influence of destruction on the other characteristics of the material, primar-

ily on its strength properties. At the same time, when numerically describing the destruction 

process, the picture of which is unknown in advance, as well as for contact interaction in 

cracks, it is advisable to introduce a fracture surface (macrocrack) and, if necessary, locally 
rebuild the mesh. Taking into account the above, a combination of the following approach-

es is used here to simulate the destruction process of brittle materials – the method of bifur-

cation of nodes (when a microcrack occurs) and the method of local mesh restructuring 

(when entering the fracture surface and describing the behavior of a macrocrack).  

The crack modeling is carried out by splitting the node (in the vicinity of which the frac-

ture criterion was triggered) into two nodes located on different banks of the microcrack. 

Thus, further crack propagation occurs along the nodes and adjacent sides of the finite ele-

ments. By splitting the finite element mesh along the sides of the elements lying on one and 

the other side of the crack guide beam, a fracture surface is formed – a macrocrack. An L-

shaped frame contact finite element (figure 1 a) of the "surface-node" type [15] is intro-

duced, connecting the nodes of the opposite mesh cells and modeling the contact interaction 
of the banks of the macrocrack (figure 1 b).  
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Fig. 1. Frame contact elements and the scheme of interaction of the crack banks.  

The boundary conditions (3) in terms of forces and displacements for each frame FEM 

in this case will take the following form [17]:  
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Here t
knu , 

t
kτu  is the mutual normal displacement and velocity of mutual tangential 

displacement of the opposing nodes of the k CFE at the time point t; 
t

k
t

k QN ,  is the longi-

tudinal and transverse forces in the frame CFE; 
t

kk
t
kτ

t
kp NfusignQ )(   is the value of 

the ultimate transverse force for the time point t. The state of adhesion of the contact sur-

faces in the crack is determined by the following conditions: 
0
nk

t
nku  , 0kN , 0t

τku , 

t
pk

t
k QQ  ; the state of clutching: 

0
nk

t
nku  , 0t

kN , 0t
τku , 

t
pk

t
k QQ  ; the 

state of separation: 0)( 0  nk
t
nku , 0t

kN . Numerical realization of the contact condi-

tions in cracks, including friction forces and contact pressure, is carried out according to the 
methods outlined in [15, 16, 17].  

The orientation of the formed macrocrack and the direction of its further growth is de-

termined by the ray closest to the calculation plane, coinciding with the platform of maxi-

mum tensile stress (if the crack is due to separation), or with the area where the maximum 

tangential stress acts (if the crack is due to shear). Then the correction of the position of the 

macro-crack in the finite element mesh is made – by shifting the mesh nodes to this ray, or 

by local restructuring of the finite element mesh in the direction of the crack.  

After each local rearrangement of the mesh, it is required to recalculate the correspond-

ing node and element parameters characterizing the state of the updated discrete circuit 

(geometry, displacements, contact areas, stress-strain state). The recalculation is performed 

based on the values of similar parameters in the original nodes and elements using the con-
ventional interpolation schemes, as well as taking into account the weighting characteristics 

of the considered finite elements. When modeling the brittle fracture problem of a material 

in a two-dimensional formulation, it is assumed that the fracture criterion is triggered sim-

ultaneously along with the entire depth of the material. Thus, the crack that has appeared, 

like other forms of fracture, is assumed to be through also throughout the depth. With the 

growth of microcracks, their merge and fragmentation of the material, it is possible to form 

a splitting main macrocrack, often in the form of a fracture band with a thickness of several 

layers of finite elements, and its propagation in a continuous medium.  
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The calculation procedure for step-by-step (by load, or by time) modeling of the process 

of deformation and fracture of elastically deformable bodies will be as follows:  

 at each step the fracture criterion in the nodes of the considered area is checked;  

 when the fracture criterion is triggered in any node, the plane of the formed microcrack is 

determined, coinciding with the platform of maximum tensile stresses, or with the shear 

platform;  

 this node is divided into two nodes – the crack propagates occurs along the nodes and 

sides of the mesh, a macrocrack is formed;  

 the principal stresses are corrected and the values of the stress components in the global 

coordinate system are recalculated for the bifurcated nodes;  

 the contact element is introduced, connecting a pair of bifurcated nodes and modeling the 
contact interaction of the macrocrack banks, both in the normal and tangential directions;  

 in order to correct the current position and simulate the macrocrack propagation, a local 

restructuring of the mesh in its vicinity is performed, namely, the position of the crack 

vertices in the finite elements through which it passes is established, these elements are 

divided into pairs of elements lying on different crack banks;  

 the corresponding nodal and elemental parameters characterizing the state of the updated 

discrete scheme are recalculated, and the node numbering of the updated finite element 

mesh is optimized.  

3 Results and discussion  

The given discrete contact models and their calculation methods were used for numerical 

analysis of bone damage under the penetrating action of a rigid indenter (this problem 

simulates a chopped injury of a tubular bone with a sharp object). The indentor is 20X-alloy 

steel, modulus of elasticity E = 207 GPa, Poisson's ratio ν = 0.25. The bone tissue was 

modeled as an elastic-brittle orthotropic medium, and the strength criterion proposed by Wu 

E. M [18] was used to determine the moment of failure.  

Stiffness and strength characteristics of the bone tissue, as well as the results of full-

scale tests are taken from [19]. Characteristics in the longitudinal direction: E = 9.45 GPa, 

F
σ  = 100 MPa, 

c
F

σ  = 250 MPa; in the transverse direction: E = 5.76 GPa, F
σ  = 17 MPa, 

c
F

σ  = 50 MPa; v = 0.328. Elastic and strength characteristics (E, σF) of the tubular bone 

filler were assumed to be an order of magnitude less than for the basic material. The friction 

coefficient between the contacting surfaces of the indenter and the bone material fi-b = 0.1; 

between the crack banks fb-b = 0.3. Fixation of the tubular bone was performed with the 

help of elastic bonds, superimposed at the nodes along its upper and lower surface (elastic 

supports simulate two-sided contact of the bone with an elasto-compliant substrate from the 

muscle tissues surrounding the bone). The construction of a discrete model of the "indent-

er–bone" system corresponded to real geometric dimensions. To simulate the contact be-

tween the boundary surfaces of the indenter and the bone, T-shaped frame CFE of the "sur-

face–node" type were used, and between the crack banks, L-shaped CFCs were used [15]. 
The crack propagation direction was calculated using the maximum tangential stress crite-

rion.  

In the examples presented here, thus, both the contact interaction with the penetrating 

action of the indenter into the bone and the interaction of the crack banks in the process of 

cracking, macrocracks propagation and bone fragmentation were modeled. The calculations 

were performed the method of step-by-step (in time or in load) analysis of the contact state 

[16, 17] with refinement of the stress-strain state and restructuring of the finite element 

mesh during the appearance and growth of cracks. During the indenter implementation, 
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automatic redefinition of the contact elements discretizing the buffer zone between the 

boundary surfaces of the indenter and the bone is performed. The determination of the cur-

rent contact zone in this case is carried out using an algorithm of the "master-servant" type 

[15].  

Figure 2 presents the results of full-scale tests and numerical analysis of bone destruc-

tion by a chopping sharp (blade angle 30o) object under transverse impact. The distribution 

of the first principal stresses is shown as isofields. The problem was solved in a dynamic 

two-dimensional (plane deformation) formulation. Dynamic loading was modeled by set-

ting the impulse of nodal forces applied to the indenter in the impact direction. The corre-

spondence of experimental and calculated results is shown: the predicted and original cut 

zones, the chipping formation, the nucleation and development of advanced cracks, frac-
ture.  

 

Fig. 2. Contact destruction of the tubular bone in a transverse impact.  

Figure 3 shows the original chopped damage to the tubular bone with an axe (blade an-

gle 15°) at an angle of 45°, as well as the results of numerical calculations illustrating the 
nature of bone destruction during the introduction of a sharp indenter at different stages of 

step-by-step calculation (only a solid area is displayed, without fragmentation zones, as 

well as the isopole of the principal stresses). This problem was solved in a quasi-static two-

dimensional formulation. To simulate static loading, a load was applied to the indenter in 

steps in the direction of impact. 

 

Fig. 3. Original chopped damage to the tubular bone with an axe and the results of numerical 
calculation (at 70, 100% loading).  
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4 Conclusions  

Numerical studies have shown a good correspondence of the calculated and experimental 

results, despite the substantial approximation of the calculation schemes used (two-

dimensional problem for an orthotropic material) to the real object (a tubular bone having 

complex physical and mechanical properties). As can be seen from Figures 2 and 3, the 

configuration and shape of the cracks, the correspondence of the predicted and original 

zones - the cut, the formation of chips, the nucleation and fracture development (the main 

and counter cracks) obtained during field tests, in general, coincide with the numerical solu-

tions obtained.  
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