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Abstract. This paper presents a novel approach for the H∞ control of a bilateral
teleoperation system by combining dilated Linear Matrix Inequalities (LMIs)
and the Takagi-Sugeno (T-S) fuzzy approach. The proposed methodology aims
to enhance the control performance and robustness of bilateral teleoperation
systems by leveraging the advantages of both dilated LMIs and T-S fuzzy mod-
eling. The proposed approach ensures robust stability by utilizing Lyapunov
stability analysis. Robust H∞ state feedback controllers are developed using
both standard and dilated linear matrix inequalities to accommodate uncertain-
ties inherent in the master/slave system. As an illustrative example, we enrich
our approach by integrating a simulation model of a photovoltaic system. This
extension demonstrates the versatility of our methodology by applying it to a
distinct domain.

1 Introduction

Bilateral teleoperation systems have revolutionized the way humans interact with remote
environments, enabling seamless control and manipulation tasks in diverse fields such as
robotics, healthcare and hazardous environments[2–5]. These systems establish a connection
between a human operator (master) and a remote robot or device (slave), enabling the
operator to manipulate the slave and perceive haptic feedback.

One of the main challenges of two-way teleoperation is the modeling and control of
uncertainty [6–8]. Fuzzy logic systems have emerged as a powerful tool for solving the
difficulties associated with modeling and controlling such systems [9]. Fuzzy control allows
the representation of imprecise and uncertain information through linguistic variables and
rules, enabling adaptive and robust control in the face of uncertainty. The Takagi-Sugeno
(T-S) fuzzy control framework, in particular, has been successfully applied to the modeling
different processes such as finite frequency [10], active suspension systems [11, 14], vehicle
lateral dynamics [12, 13], delayed systems [15] and 2D systems [16].

In recent years, there has been growing interest in integrating fuzzy control with bilateral
teleoperation systems. This combination offers a flexible control approaches that can
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effectively handle uncertain dynamics. The T-S fuzzy control methodology provides a
systematic framework for modeling and control design, allowing for the representation of
teleoperation dynamics and the synthesis of robust control laws [17–19].

Moreover, the use of dilated Linear Matrix Inequalities (LMIs) has gained attention in
the context of robust control design. Dilated LMIs extend the solution space of standard
LMIs, offering less conservatism in controller synthesis. By incorporating dilated LMIs into
the control design, the robustness and performance of bilateral teleoperation systems can be
further enhanced [1].

This paper aims to contribute to the field of bilateral teleoperation by investigating the
application of fuzzy control and dilated LMIs. The objective is to design a robust control
strategy that ensures stable and accurate teleoperation, even in the presence of uncertainties.
By leveraging the T-S fuzzy control approach and dilated LMIs, we aim to develop a control
methodology that can address the challenges of uncertain dynamics and provide improved
performance in bilateral teleoperation systems.
The key contributions of this work include the development of a T-S fuzzy model to capture
the system dynamics, the design of a robust fuzzy controller using dilated LMIs to handle
uncertainties, and the evaluation of the proposed approach through numerical simulations.
The remainder of this paper is organized as follows: The problem formulation and prelimi-
naries are presented in Section 2. In Section 3, present Robust H∞ controller with standard
linear matrix inequalities while section 4 is devoted to the study of robust H∞ controller with
dilated linear matrix inequalities. In Section 5, an application example is given to evaluate
the proposed approach. Finally, conclusion is presented in Section 6.

Nomenclature
The following notations will be used in this paper,
• Ri represents i-dimensional vector space.
• Rp×q is a set of p × q dimensional real matrices.
• KT stands for the transpose of the matrix K.
• The symmetric terms in a matrix are denoted by *.
• He{K} = K + KT stands for the transpose of the matrix K.
• diag(.) denotes a diagonal matrix.
• I is an appropriately dimensioned identity matrix.
• P > 0 means that P is a positive-definite matrix.

2 Problem formulation and Preliminaries
Consider the bilateral teleoperation system shown in Figure 1[1]. The parameters of this
model are defined in the following Table 1. The dynamic equations of the bilateral teleoper-
ation system can be derived as follows [1];

mm ẍm(t) + bm ẋm(t) = um(t) + fh(t),
ms ẍs(t) + bs ẋs(t) = us(t) + fe(t),

fh(t) = h0(t) − khxm(t) − ch ẋm(t),
fe(t) = kexs(t) + be ẋs(t),

(1)

The tracking error between the reference signal and the master is;

etm(t) = fh(t) − ytm(t) (2)
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Figure 1. Bilateral teleoperation system.

Table 1. Bilateral Teleoperation System
Parameters.

mm Mass of the master
ms Mass of the slave
xm(t) Horizontal displacement of the master
xs(t) Horizontal displacement of the slave
bm Coefficient of the master damping
bs Coefficient of the slave damping
ch Coefficient of damping and describe the dynamics of the human hand
kh Coefficient of stiffness and describe the dynamics of the human hand
h0(t) Reference input force
be Coefficient of damping and describe the environmental-induced exogenous

force while it is in-contact
ke Coefficient of stiffness and describe the environmental-induced exogenous

force while it is in-contact
um(t) Control force applied to the master
us(t) Control force applied to the slave

The tracking error between the reference signal and the slave can be written as;

ets(t) = fh(t) − yts(t) (3)

Where;



fh(t) =
[
1 0

]
ω(t),

ytm(t) =
[
1 0 0 0

]
x0(t),

yts(t) =
[
0 0 1 0

]
x0(t),

x0(t) =
[
xm(t) ẋm(t) xs(t) ẋs(t)

]T
,

ω(t) =
[
fh(t) fe(t)

]T
,

u(t) =
[
um(t) us(t)

]T
,

(4)

     

E3S Web of Conferences 469, 00060 (2023)
ICEGC'2023

https://doi.org/10.1051/e3sconf/202346900060

3



In the light of equation (1)-(4) and assuming that ms and mm are not exactly known, one can
consider a state-space representation for the bilateral teleoperation system as;{

ẋ(t) = M̃x(t) + Ñu(t) + D̃ω(t)
z(t) = Ex(t) + Fω(t) (5)

where x(t) =
[
xm(t) ẋm(t) xs(t) ẋs(t)

∫
etm(t)

∫
ets(t)
]T

is the state vector
∈ ℜn, u(t) ∈ ℜm is the control input vector, ω(t) ∈ ℜs is the exogenous in-
put vector, z(t) ∈ ℜp is the set of controlled outputs that are selected as follows

z(t) =


∫

etm(t)dt

|
∫

etm(t)dt |

∫
ets(t)dt

|
∫

ets(t)dt |

∫
eω(t)

|
∫

eω(t) |

, with
∫

etm(t)dt is the integral tracking error

between the reference signal and the master and |
∫

etm(t)dt | denotes the estimated upper
value of

∫
etm(t)dt. On the other hand,

∫
ets(t)dt is an integral tracking error between the ref-

erence signal and the slave and |
∫

ets(t)dt | is its estimated upper value. eω(t) = ( fh(t)− fe(t))
is the force error between the human operator and environmental-induced exogenous forces
and |

∫
eω(t) | is the estimated upper value of eω(t), and;

M̃ =



0 1 0 0 0 0
0 bm

mm
(P3 − 1) 0 0 0 0

0 0 0 1 0 0
0 0 0 bs

ms
(P4 − 1) 0 0

−1 0 0 0 0 0
0 0 −1 0 0 0


, E =

0 0 0 0 α 0
0 0 0 0 0 δ
0 0 0 0 0 0

 ,

Ñ =



0 0
1

mm
(P1 + 1) 0

0 0
0 1

ms
(P2 + 1)

0 0
0 0


, D̃ =



0 0
1

mm
(P1 + 1) 0

0 0
0 1

ms
(P2 − 1)

1 0
1 0


,

F =

0 0
0 0
β −β

 with P1, P2, P3 and P4 are maximum parameter uncertainty bounds of

1
mm
, 1

ms
, bm

mm
and bs

ms
respectively.

Using the approach in [24] consider ms(t) and mm(t), which are varying in given range:
ms(t) ∈ [msmin ,msmax ] and mm(t) ∈ [mmmin ,mmmax ]. This means that the uncertain mass ms(t) is
delimited by its minimum value msmin and its maximum value msmax . In addition, the uncertain
mass mm(t) is delimited by its minimum value mmmin and its maximum value mmmax . Then
we get the values of 1

ms(t)
and 1

mm(t) from ms(t) ∈ [msmin ,msmax ] and mm(t) ∈ [mmmin ,mmmax ] as
follows;

max
1

ms(t)
=

1
msmin

= m̂s min
1

ms(t)
=

1
msmax

= m̌s

max
1

mm(t)
=

1
mmmin

= m̂s min
1

mm(t)
=

1
mmmax

= m̌m

We can represent the expressions
1

ms(t)
and

1
mm(t)

by

1
ms(t)

= P̂1(ϕ1(t))m̂s + P̂2(ϕ1(t))m̌s;

1
mm(t)

= Q̂1(ϕ2(t))m̂m + Q̂2(ϕ2(t))m̌m;
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where ϕ1(t) =
1

ms(t)
; ϕ2(t) =

1
mm(t)

; P̂1(ϕ1(t)) + P̂2(ϕ1(t)) = 1 and Q̂2(ϕ2(t)) + Q̂1(ϕ2(t)) = 1.

The membership functions can be calculated as;

P̂1(ϕ1(t)) =

1
ms(t)

− m̌s

m̂s − m̌s
; P̂2(ϕ1(t)) =

m̂s −
1

ms(t)
m̂s − m̌s

Q̂1(ϕ2(t)) =

1
mm(t)

− m̌m

m̂m − m̌m
; Q̂2(ϕ2(t)) =

m̂m −
1

mm(t)
m̂m − m̌m

The membership functions shown in Fig. 2 are labelled by Heavy and Light. We can

Figure 2. Membership functions P̂1(ϕ1(t)) and P̂2(ϕ1(t)) and membership functions Q̂1(ϕ2(t)) and
Q̂2(ϕ2(t)) respectively.

represent the system (5) by the following fuzzy models;

Model Rule 1 : IF ϕ1(t) is Heavy and ϕ2(t) is Heavy, THEN{
ẋ(t) = M̃1x(t) + Ñ1u(t) + D̃1ω(t)
z(t) = Ex(t) + Fω(t)

where the matrices M̃1, Ñ1 and D̃1 are obtained by replacing
1

ms(t)
and

1
mm(t)

in the matrices

M̃, Ñ and D̃ with m̂s and m̂m respectively.

Model Rule 2 : IF ϕ1(t) is Heavy and ϕ2(t) is Light, THEN{
ẋ(t) = M̃2x(t) + Ñ2u(t) + D̃2ω(t)
z(t) = Ex(t) + Fω(t)
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where the matrices M̃2, Ñ2 and D̃2 are obtained by replacing
1

ms(t)
and

1
mm(t)

in the matrices

M̃, Ñ and D̃ with m̂s and m̌m respectively.

Model Rule 3 : IF ϕ1(t) is Light and ϕ2(t) is Heavy, THEN{
ẋ(t) = M̃3x(t) + Ñ3u(t) + D̃3ω(t)
z(t) = Cx(t) + Dω(t)

where the matrices M̃3, Ñ3 and D̃3 are obtained by replacing
1

ms(t)
and

1
mm(t)

in the matrices

M̃, Ñ and D̃ with m̌s and m̂m respectively.

Model Rule 4 : IF ϕ1(t) is Light and ϕ2(t) is Light, THEN{
ẋ(t) = M̃4x(t) + Ñ4u(t) + D̃4ω(t)
z(t) = Ex(t) + Fω(t)

where the matrices M̃4, Ñ4 and D̃4 are obtained by replacing
1

ms(t)
and

1
mm(t)

in the matrices

M̃, Ñ and D̃ with m̌s and m̌m respectively.
Then, by fuzzy mixing, the global fuzzy model is deduced as follows;

{
ẋ(t) =

∑4
i=1 hi(ϕ(t))

[
M̃ix(t) + Ñiu(t) + D̃iω(t)

]
z(t) = Ex(t) + Fω(t)

(6)

where h1(ϕ(t)) = P̂1(ϕ1(t)) × Q̂1(ϕ2(t)), h2(ϕ(t)) = P̂1(ϕ1(t)) × Q̂2(ϕ2(t)),

h3(ϕ(t)) = P̂2(ϕ1(t)) × Q̂1(ϕ2(t)), h4(ϕ(t)) = P̂2(ϕ1(t)) × Q̂2(ϕ2(t)),

Let the matrices;[
M̃ Ñ D̃

]
=
∑4

i=1 hi(ϕ(t))
[
M̃i Ñi D̃i

]
It is obvious that the fuzzy weighting functions hi(ϕ(t)) satisfy hi(ϕ(t)) ≥ 0 and∑4

i=1 hi(ϕ(t)) = 1

The state feedback control is inferred as;

u(t) = Rx(t) (7)

By substituting (7) into (6), the closed-loop fuzzy system can be represented as;{
ẋ(t) =

∑4
i=1 hi(ϕ(t))

[(
M̃i + ÑiR

)
x(t) + D̃iω(t)

]
z(t) = Ex(t) + Fω(t)

(8)

3 Robust H∞ controller with standard linear matrix inequalities

In this Section, we will design the static output feedback (SOF) H∞ control for the T-S fuzzy
system.
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Theorem 1 Consider the closed-loop fuzzy system (8), and a scalar γ > 0, the system is
asymptotically stable with the H∞ performance γ > 0, if there exist symmetric matrix Q =
QT > 0 and a matrix S such that the following LMIs hold.QM̃T

i + M̃iQ + S T ÑT
i + ÑiS D̃i QET

∗ −γI FT

∗ ∗ −γI

 < 0, (i = 1, ..., 4) (9)

The controller’s gain is given by R = S Q−1.

Proof 1 A bounded real-lemma [22] can be written for the closed-loop fuzzy system (8) as
follows ;

V̇ +
1
γ

zT z − γωTω < 0 (10)

where V(t) = xT (t)Px(t), if there exist matrice P = PT > 0, we obtain;

[
(M̃i + ÑiR)T P + P(M̃i + ÑiR) + γ−1ET E PD̃i + γ

−1ET F
∗ γ−1FT F − γI

]
< 0 (11)

the H∞ norm of (8) from its input ω to output z is less than γ.
Applying Schur complement on inequality (11) and defining Q = P−1, S = RQ, and pre- and
post- multiplying (11) by diag {Q, I, I} and its transpose gives inequality (9), which ends the
proof.

4 Robust H∞ controller with dilated linear matrix inequalities

The following lemma is essential for the development of controllers based on dilated LMIs.

Lemma 1 ([21])
Given a symmetric matrix T and two matrices H and V of appropriate dimensions whose
range spaces are independent, there exists an unstructured matrix U that satisfies;

He
{
HT UV

}
+ T < 0 (12)

if and only if the following projection inequalities with respect to U are satisfied;

NT
HT NH < 0 (13)

NT
v T Nv < 0 (14)

where NH and Nv are arbitrary matrices whose columns form a basis of the nullspaces of H
and V respectively.

Theorem 2 The closed-loop fuzzy system (8), and a scalar γ > 0, the system is asymptoti-
cally stable with the H∞ performance γ > 0, if there exist scalar λ > 0, symmetric matrix
K = KT > 0 and matrices Y, L such that the following LMIs hold;

Π −YT M̃T
i − LT ÑT

i + λY + K −λD̃i YT ET

∗ YT + Y −D̃i 0
∗ ∗ −γ2I FT

∗ ∗ ∗ −I

 < 0, (i = 1, ..., 4) (15)

where Π = −λYT M̃T
i −λM̃iY −λLT ÑT

i −λÑiL and the controller’s gain is given by R = LY−1.
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Proof 2 for all t ≥ 0, it must be satisfied that,

J(t) = V̇ + zT z − γ2ωTω < 0, (16)

Choosing the Lyapunov-Krasvskii functional as;

V(t) = xT (t)Px(t),

where P = PT > 0. using (8) and (16), we have;

J(t) =
∑4

i=1 hi(ϕ(t))
{
xT (t)

[
PM̃i + M̃T

i P + PÑiR + RT ÑT
i P
]

x(t)

+2xT (t)PD̃iω(t)
}
+ [Ex(t) + Fω(t)]T [Ex(t) + Fω(t)] − γ2ωT (t)ω(t)

=
∑4

i=1 hiΦ
T ξTψξΦ < 0

(17)

where Φ =
[
xT (t) ω(t)

]
; ξ =


I 0

M̃i + ÑiR D̃i

0 I
E F

; ψ =

0 P 0 0
P 0 0 0
0 0 −γ2I 0
0 0 0 I

 and hi = hi(ϕ(t)).

we can rewrite equation (17) as follows;

∑4
i=1 hiΦ

T

 I 0
M̃i + ÑiR D̃i

0 I


T E

T E P ET F
P 0 0

FT E 0 FT F − γ2I


 I 0
M̃i + ÑiR D̃i

0 I

Φ < 0

Define

NH =

 I 0
M̃i + ÑiR D̃i

0 I

; H =
[
−M̃i − ÑiR I −D̃i

]
; T =

E
T E P ET F
P 0 0

FT E 0 FT F − γ2I

.
This implies that the closed-loop fuzzy system is asymptotically stable.

By choosing Nv =

[
I −λI 0
0 0 I

]T
and V =

[
λI I 0

]
, which verifies condition (14)

of lemma 1, we can deduce that;

He


λI

I
0

U [−M̃i − ÑiR I −D̃i

] +
E

T E P ET F
P 0 0

FT E 0 FT F − γ2I

 < 0 (18)

Defining Y = U−1, K = YT PY, pre- and post- multiplying (18) by diag
{
YT ,YT , I

}
and its

transpose, using the definition L = RY and by applying Schur Complement, we can obtain
the inequality (15) with Y invertible matrix. This concludes the proof.

Remark 1 According to Theorem 2, the controller design incorporates the use of an auxil-
iary variable instead of a symmetric Lyapunov matrix. This approach expands the solution
space of Linear Matrix Inequalities (LMIs), leading to less conservative controller synthesis
compared to standard techniques. By utilizing dilated LMIs, we can achieve a broader range
of feasible solutions and reduce conservatism in the controller design process.
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Remark 2 It is important to highlight that the proposed control strategy represents a novel
approach to controlling bilateral teleoperation systems using dilated LMIs. By applying an
optimization procedure that minimizes γ, we can obtain the performance measure of H∞
norm. This allows us to assess and optimize the robustness and disturbance rejection ca-
pabilities of the system. The utilization of dilated LMIs in this context provides a promising
avenue for achieving improved control performance in bilateral teleoperation.

5 Application to a PV system

In this example, we will attempt to demonstrate the effectiveness of our study by adopting a
real photovoltaic system model, whose specifications are listed in Table 2.

Table 2. PV panel module: 1Soltech 1STH-FRL-4H-250-M60- BLK.

Specifications Values

Cells per module (Ncell) 60
Series parallel 1
Maximum power 248.977 W
Voltage at maximum power point 30.7 V
Current at maximum power point 8.11 A
Open circuit voltage 38.4 V
Short-circuit current 8.85 A

Consider the following T-S PV model developed in [25] and described as;
ẋ(t) =

∑4
i=1 hi(ϕ(t)) [Ax(t) + Biu(t) + Dω(t)]

y(t) = Ex(t)
(19)

where A ∈ ℜna×na , Bi ∈ ℜ
na×mb ,D ∈ ℜna×ωd and E ∈ ℜny×na are constant matrices with

A =



−RL

L
−

1
L

1
L

1
C2

−
1

RC2
0

−1
C1

0 0


, D =


0
0
1

C1

, B1 =


VC2min

L
−

ILmin

C2
0

, B2 =


VC2min

L
−

ILmax

C2
0

, B3 =


VC2max

L
−

ILmin

C2
0

,

B4 =


VC2max

L
−

ILmax

C2
0

, E =
[
1 0 0
0 1 0

]
and x(t) =

 IL(t)
VC2(t)
VPV (t)

, ω(t) = IPV (t)

we choose the state feedback control as u(t) = Rx(t).

Considering the parameter mentioned in [25]; L = 10mH, RL = 0.01Ω, C1 = 500µF,
C2 = 100µF and R = 20Ω and by using our Theorem 2 we find
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R =
[
−0.1447 0.0028 0.0021

]
for the same parameters, we obtain the following figures.
Figure 3 shows the PV power response and figure 4 the PV voltage response.

Figures 3 and 4 show that both the PV power response and the PV voltage response

Figure 3. The power of PV.

Figure 4. The voltage of PV.

converge precisely to the desired value. This result validates the effectiveness of the
proposed approach.

6 Conclusion

In this study, we have proposed a novel approach for the robust H∞ control of bilateral teleop-
eration systems, combining dilated linear matrix inequalities (LMIs) and the Takagi-Sugeno
(T-S) fuzzy control approach. Our aim was to achieve improved control performance and
robustness in the presence of uncertainties.
By representing the bilateral teleoperation system using the T-S fuzzy control model and em-
ploying Lyapunov stability analysis, we ensured asymptotic stability. The design of robust
H∞ state feedback controllers based on both standard and dilated LMIs effectively handled
uncertainties in the master/slave system.
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In a practical example, we extended our approach by adding a simulation model of a pho-
tovoltaic system. This model enabled us to demonstrate how our approach can be adapted
to other fields. By integrating this photovoltaic model, we illustrated the flexibility of our
methodology and its ability to be applied to a variety of complex systems.
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