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Abstract. Debris flows and avalanches are dangerous natural phenomena, characterized by the gravity-
driven motion of granular media immersed in a fluid. For an appropriate hazard assessment or disaster
mitigation by scenario investigation, it is crucial to capture the underlying dynamics of the granular solid
phase. For this purpose, a multilayer depth-averaged approach represents a promising and computationally
efficient tool over fully three-dimensional models. Here we use a mathematically well-posed multilayer
model, which implements the u(/)-theology and a dilatancy law depending on the inertial number, /, and
compare the numerical results of the model with laboratory experiments of steady uniform chute flows over
an erodible bed. The well-posedness of the model for any value of 7, which is essential to get convergent
numerical solutions, is achieved by considering an approximation of the in-plane stress gradients, directly
emerging from the u(/)-rtheology. The predicted velocity profiles show a very good agreement with the
experimental ones, measured by particle image velocimetry (PIV). The volume fraction profiles by the
multilayer model are also in good qualitative agreement with those measured by using the stochastic-optical
method (SOM), while they tend to overestimate the volume fraction measurements in the more dilute upper
region, closer to the free surface.

1 Introduction dilatancy law, depending on the inertial number /, to
take into account the effects of the variable volume
Debris flows and granular avalanches are dangerous fraction [7]. It is worth noting that the well-posedness of
phenomena for humans and infrastructures in the model for any value of the inertial number, /, is also
mountainous regions. The physical understanding of the practically useful to obtain convergent numerical
granular dynamics and the related mathematical solutions [5]. For a suitable comparison with the
modelling are essential for the risk assessment of such experiments in a narrow chute, the multilayer model is
events. In the context of continuum mechanics, depth- here equipped with rate-independent Coulomb-friction
averaged models, equipped with suitable constitutive terms accounting for the sidewall resistances (e.g., [8]).
laws, are widely employed for the description of Fig. 1 shows a sketch of the multilayer approach, where
granular flows, especially for large field-scale the spatial domain of the granular avalanche is
simulations (e.g., [1]), as they are computationally more partitioned into a pre-set number, N, of layers that
efficient than three-dimensional (3D) models. Yet, dynamically evolve according to the chosen rheology.

depth-averaged models miss significant dynamical
processes occurring along the transverse flow direction.
While single-layer models are suitable for describing
granular flows with a blunt velocity profile, they
become insufficient if the velocity profiles are highly
sheared and swiftly change in shape owing to a
rheological stratification (e.g., [2]). The multilayer
approach [3-5] represents a way to partially overcome
the aforementioned limitations without renouncing the
computational advantages of the depth-averaged
models. In this work, we employ a mathematically well-
posed multilayer model, introduced by [5], and compare

the modelled velocity and volume fraction profiles with Fig. 1. Sketch of the multilayer approach [5], where the
the experimental data of steady uniform chute granular generic layer is represented by the symbol, €, the layer
flows over an erodible bed. The model uses the well thickness by 4, , and the layer interfaces by I, .

established u(/)-rheology [6] and also incorporates a
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2 Multilayer model equations and

numerical integration

The model equations were obtained by depth-averaging
the mass and momentum balances in each layer,
followed by first-order asymptotic expansion for the
parameter ¢ = H/L<<1, with H and L, respectively,

being the typical depth and length scales of the
avalanche. More details on the derivation of the model
equations and its key mathematical properties can be
found in [5]. A distinctive feature of the proposed
multilayer model is that an approximation of the in-
plane stress gradients, directly emerging from the u(/)-
rheology, is considered in the layer-averaged
momentum equations, to ensure the well-posedness for
any /. It is worth noting that this additional term is

smaller than the leading order approximation, O (g) s

and, thus, is usually neglected in the first-order depth-
averaged models available in the literature [9]. With
reference to the generic layer i, the model partial
differential equations (PDE) are
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where g =gsind, g. =gcosg, p, is the grain

density, W is the channel width and g, is a friction

coefficient parameterizing the sidewall resistances. In
(1)-(3) the unknowns are the layer-averaged volume

fractions, 17, , the layer masses, h.;[., and the layer-

averaged momenta, 7, v u,,, with u_, denoting the x-

component velocity in the layer i Eq. (1) describes the
transport of v, and its concurrent relaxation toward the

equilibrium value, v, ., , according to a relaxation

1,

time, 7, [5]. The dilatancy law, here used for defining

relax

i

V, gos » Tepresents a slight modification of the formula

proposed by [7] for dense granular flows,
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In (4) a’ is an empirical parameter, v, and v __ are,

respectively, the lower and upper bounds for v [5]. Eq.
(2) is the mass balance of the generic layer i, where

M., are the mass fluxes per unit length of interface

projected along x, which can be set equal to zero for the
case of immiscible layers or calculated by suitable
closures. Finally, Eq. (3) is the momentum balance
equation of the layer i. In 3),

w=d,(u+um)sg. /Iov0 , with d, being the grain
diameter, is a diffusion-like coefficient accounting for

the effects of the in-plane stress gradients, and ensures
the well-posedness of the model for all / [5]. The shear

in (3) are calculated by suitable

~k
stresses, f_|
1

+1/2”
discretizations of the u(/)-rheology [5],

M — U,
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In (5) T is the shear-stress tensor, D is the strain-rate
tensor, | || is the Frobenius norm, p is the pressure, z,

is the static friction coefficient, y, is an upper bound for
M, and I is a constant [6].

The PDE system, (1)-(3), is numerically integrated by
means of an operator splitting scheme, where its
advection part is advanced by a finite volume scheme,
employing a lateralized Harten—Lax—van Leer (LHLL)
approximate Riemann solver [10]. High resolution in
space is achieved thanks to a MUSCL predictor-
corrector treatment. More details on the numerical
scheme can be found in [5].

3 Comparisons with experimental data
and discussion

The predictions by the multilayer model are compared
with the steady uniform velocity and volume fraction
profiles of chute flow experiments over an erodible bed,
carried out at the University of Salerno (Italy).
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Fig. 2. The experimental set up.

The laboratory setup, similar to that used in [11], is
composed of a 2-m-long Plexiglas chute with a width,
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W =80mm, and an inclination of 32.5° (Fig. 2). A 6-

cm-high weir was placed at the chute outlet to enforce
the formation of a static wedge of granular material
below the active surface flow. The granular material,
composed of polyoxymethylene (POM) spheroidal
beads with diameter, d e = 3.3mm, was initially stored

in the upper part of the chute and then flowed down
through an adjustable gate. Different flow rates and flow
regimes were investigated by adjusting the gate opening
between 6 cm and 14 cm. Despite the fact that the flume
inclination was fixed (32.5°), the inclination of the free
surface of the granular flow, as well as the one of the
erodible bed, was found to self-adjust depending on the
mass flow rate. For each experiment, a transient of a few
seconds was followed by a steady state regime, in which
the fully developed surface flow was superimposed on a
static granular wedge. In an intermediate region of the
flume far enough from the inlet and the outlet, almost
uniform flow conditions were observed. The
measurements were taken at a cross section, 1 m
downstream from the gate, by means of two high-speed
cameras (AOS Technologies Corp.) capable of
recording 1000 frames per second. The sidewall velocity
profiles were obtained using the particle image
velocimetry (PIV) open-source package PIVlab [12],
and a 4-pass PIV analysis was carried out [13]. The
velocity field at the free surface, captured by the front
camera, allowed the estimation of a homogenization
coefficient, « , accounting for the deviations from a
purely 2D flow (e.g., [11, 14]), and, consequently,
permitted the estimation of the width-averaged velocity
profiles, which are directly compared with the computed
profiles by the model.

The volume fraction profiles near the sidewall were
measured using the stochastic-optical method (SOM)
[15]. This method, based on a binarization of the
photographs taken by the side camera, uses a stochastic
transfer function, previously obtained by Monte Carlo
simulations, and requires controlled illumination
conditions. In this application, a no-flicker LED lamp
(PhotoSonics MultiLED-LT) was placed at a distance of
32cm and with an incidence angle of 25° with respect to
the normal to the sidewall. To ensure the reliability of
measurements, the velocity and volume fraction profiles
were estimated by time-averaging the measurements
over a time interval of 5 seconds, and also by averaging
over 4 repetitions of the same experiment.

The simulations by the multilayer model were
conducted on a time interval of 25s, such that fully
developed flows occurred for all runs. The simulations
started from an initially static deposit with an arbitrary
thickness, 4, which was made to flow on a bed
inclination, ¢, equal to the inclination of the erodible

bed in the experiment to be described. Namely, the
initial conditions are

h=3%" h(x,0)=0.099m,
u,(x,0)=0, v,(x,0)=0.6.

A spatial domain, x €[—0.5,0.5]m, is considered with

(6)

a no-slip bed kinematic condition and non-reflecting
boundaries at x=-0.5m and x=0.5m. All the

simulations were performed with a number of layers,
N =60, and a spatial discretization, Ax=0.1m. The
time step was chosen equal to Az =0.002s, fulfilling the

Courant-Friedrichs-Lewy (CFL) condition for all the
investigated flows. The following rheological

parameters employed: g =tan(27.0°),
1, =tan(32.8°), I, =0.55, u,, =tan(10.4°), while
the dilatancy law, (4), was used with the following
parameters: v, =02, v =06 and a'=0.5.

were

With reference to the intermediate run, characterized by
an inflow gate opening of 8cm and representative of the
entire data set, Fig. 3 illustrates the velocity and volume
fraction profiles computed by the model and the
experimental ones. As it is clear from Fig. 3(a), the
agreement between the numerical and experimental
velocity profiles is excellent. Minor discrepancies are
observed in the lower creep region (£—z <—0.03m),

where the model underestimate  the

experimental velocities.

slightly
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Fig. 3. Comparisons between the steady uniform profiles
predicted by the multilayer model (at =25s) and the
experimental ones (experiment with inflow gate opening
8cm): (a) x-component velocity, u_ (b) volume fraction, v .

This is probably due to the chosen rheological
assumptions (u(/)-rheology and Coulomb-friction for
the sidewall resistances), which predict zero velocity
from a fixed depth, while the actual behaviour of the
lower creep flow consists of an exponential tail [16].

Focusing on the volume fraction profiles (Fig. 3(b)), it
can be noted that the model with the dilatancy law, (4),
qualitatively reproduces the general trend of the
experimental v profile. Yet, it is unable to correctly
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describe the upper, more dilute flow region,
corresponding to a thickness of a few grain diameters (
~0.0lm). This disagreement suggests that the chosen

dilatancy law, (4), is probably no longer valid in the
dilute regime.

The reported study on chute flows over an erodible bed
confirms the good capabilities of the multilayer
approach to reproduce the velocity and volume fraction
fields of dry granular avalanches. Especially
considering its relatively low computational costs [5],
the multilayer approach represents a valuable tool to
regularize and approximate more computationally
expensive 3D models based on similar rheological
assumptions. Moreover, the versatility of the multilayer
framework would allow the future implementation of
more sophisticated dilatancy laws without much effort.

This work is part of the project, "StratificdGRANULAR",
which received funding from the European Union’s Horizon
2020 research and innovation programme under the Marie
Sktodowska-Curie grant agreement No. 797890.
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