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Abstract. Problems of numerical methods for calculating hyperbolic 

systems of equations with several variables are considered topical. At 

present, for most technical issues, the solution to one-dimensional non-

stationary problems can be conducted with sufficient accuracy. It is too 

early to assert the mass solution of three-dimensional problems. Therefore, 

the present study is focused on the consideration of the accuracy and 

stability of the two-dimensional difference method for solving non-

stationary dynamic problems. Unlike conventional difference schemes, the 

M. Wilkins difference scheme, based on the integral definition of partial 

derivatives, is considered here. The order of approximation error for 

arbitrary quadrangular cells is shown. Analytical methods are used to 

determine the accuracy and stability of the difference relations for the 

linear equations of the dynamics of a deformable rigid body, as applied to 

the problems of the interaction of rigid bodies with soil. 

1 Introduction 

When solving dynamic problems on the interaction of rigid bodies with soil, complex 

mathematical problems arise in integrating a nonlinear system of equations of motion, the 

continuity, and the deformation of a rigid body and soil. The analytical methods used to 

integrate this system of equations have some drawbacks since they greatly simplify the real 

situation. The interaction conditions or the application of the equations of state, which take 

into account the complex properties of the medium, make it difficult to obtain analytical 

solutions to the problem [1-4]. The application of analytical methods is not possible due to 

the complexity of the considered systems of equations and boundary conditions. There is 

only a limited range of problems solved analytically, that take into account the elastic-

plastic properties of soils. In some cases, this is achieved by setting specific boundary 

conditions [5–7], in other cases, by considering some idealized cases of deformation [8–

10]. This does not detract from the merits of analytical methods of solution but focuses on 

the need to use a numerical method. 

When solving systems of differential equations with initial and boundary conditions 

(dynamic problems), various methods can be used [11-15]. The most common and widely 
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used among them are the finite difference method and the finite element method [12-16]. 

From the point of view of implementing complex and nonlinear boundary conditions 

(interaction models) and equations of state (deformation models), solving problems based 

on the finite element method becomes much more complicated. From this point of view and 

the relative ease of implementation on a computer, the finite difference method is in the 

most advantageous position [11-13]. From the set of existing schemes [17-20] of this 

method, one can choose the M.L. Wilkins scheme [20], based on the integral definition of 

partial derivatives (natural finite-difference approximation). Indeed, when solving non-

homogeneous problems for domains with complex boundaries and using nonlinear 

equations of state, the Wilkins-type scheme and its modified options are widely used [20–

21]. A wide range of problems was solved  by applying these schemes [22–28]. They were 

also used to solve problems of destruction under dynamic loads and problems of impact, 

collision, penetration, and others. 

Difference schemes [18-20] for systems of hyperbolic equations are convenient in that 

there are no difficulties in solving the coupled system of difference equations. These 

equations are solved sequentially from one time layer to the next, with each point of the 

difference scheme being calculated independently. However, such (explicit) schemes have 

one disadvantage. They allow counting only with a time step subject to a certain constraint. 

If it is violated, the scheme becomes unstable, and the calculation becomes impossible [20]. 

Therefore, there is a need to study the stability of the difference scheme. The purpose of 

this work is to study the accuracy and stability of the difference scheme [20]. 

2 Statement of the problem 

We consider systems of equations for the plane motion of a rigid body under the action of 

external forces in certain domain  bounded by contour L (Fig. 1). 

The dynamic behavior of a deformable body is described by the following system of 

equations: 
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  is the Hamilton operator; v


 is the particle velocity vector; u


 

is the particle displacement vector; r


 is the radius-vector of particles;   is the density; P  

is the pressure (volume stress); Ŝ  is the stress deviator tensor;  0V  is the relative 

volume; 
0  is the initial density; ̂  and ̂  are the strain tensor and strain rate; the dot 

above the parameters means the total derivative with respect to time. 

To solve the systems of equations (1)-(4), it is necessary to set the initial and boundary 

conditions. The initial conditions are usually assumed to be zero, or at the time of the 

dynamic load, they are: at 00  tt , },{ yx : 
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 (5) 

 

Boundary conditions can be as follows: on the external contour at 0t , the stress 

vector 
L


is set: 

 

     LyxtyxLL   ,      , , ,


; (6) 
 

or displacement vector nu


: 

 

     Lyxtyxuu LL   ,     , , ,


. (7) 
 

Thus, the solution to the systems of equations (1)-(4) is required with the corresponding 

initial (5) and boundary (6), (7) conditions. When solving by the difference method, it is 

convenient to take a finite difference scheme [20] using a quadrangular grid. 

3 Finite-difference solution method 

To construct a difference scheme, equations (1)-(3) are integrated on a certain domain 

consisting of parts of cells surrounding the grid node under consideration (a schematic 

representation of grids in domain  is shown in Fig. 1), and the stress components and 

material density are considered constant in each cell. Let us use the integral definitions of 

partial derivatives [20]. Then, the partial derivative of some function ),( yxF  can be 

expressed by finite difference relations: 
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which give the values  of derivatives xF   and yF   at the center of the quadrangle 

(Fig. 2(a)). Here, kkk yxF ,,  are the values of functions },{ uvF


 and coordinates yx,  at the 

nodal point k. To calculate the acceleration, the value of function }ˆ,{ SPF  is determined at 

the center of the quadrangle. The integration domain is area 1,2,3,4 indicated in Fig. 2(b). 

The corresponding finite-difference relations take the following form: 
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where area 1,2,3,4 is taken as the average of the areas of quadrangles IVIIIIII AAAA . 
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Thus, the partial derivatives with respect to the coordinates in (1)-(3) are determined 

from the above relations (8)-(9). The difference relations over time are determined as 

follows (the values of parameters },ˆ,,,{ Vruvs 


 at time ntt   are denoted by 
ns ): 

 

 

n

n

nn

dt
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t

vv












   2/12/1

,   
2/12/11   nnnn tvrr


,… (10) 

 

where the values of velocities are calculated when the time is incremented by half a 

step, and the values of coordinates and deformation are calculated when the time is changed 

by a full step. The finite-difference formulas (10) introduced in this way according to [13, 

15], have a second-order approximation error. 

 

 

Fig. 1. Schematic representation of the partitioning of quadrilateral grids. 

4 Error of the difference scheme 

Let us find out the error value of the difference scheme (8)-(9). In [21], the approximation 

of a system of partial differential equations to finite-difference equations was studied in 

detail in solving non-stationary boundary value problems on the interaction of rigid bodies. 

The error of this approximation was studied in [21] for rectangular grids. 
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Fig. 2. Cells for calculating partial derivatives in the 

center of the cells. 

Fig. 3. Grid for checking the 

approximation error. 

Let the considered domain  (Fig. 1) be partitioned in an arbitrary way. Let us check 

the approximation for arbitrary quadrangular grids. Since the finite-difference scheme in 

time is the central derivative, it is natural that scheme (10) has the second order of 

approximation in time. 
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We determine the error of difference relations (8) for arbitrary quadrangular grids 

shown in Fig. 3. The expressions for calculating the cell area are written in terms of the 

coordinates of points 1, 2, 3, 4. Then the first relation (8) has the following form: 
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Let us expand function F defined in the center of the cell at points 1, 2, 3, 4 into Taylor 

series: 
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where the parameters with index C mean those that are defined in the center of the cell, 

and with index I - at an arbitrary point inside the cells. Taking into account the following 

relations 
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,      4242 xxxx 

, 
 

we substitute expressions (12)-(13) expanded in a Taylor series into equations (11) and, 

due to the continuity of the corresponding partial derivatives inside the cells, the 

coefficients are bounded: 
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 22  , , jjiix yyxxK 
 

 

Likewise, for the second relation (8), we obtain: 

 

 
 22  , , jjiiyyy xxyyKLL 

. 
 

Consequently, the finite difference relations (8)-(9) approximate the partial derivatives 

of a continuous function for an arbitrary grid with the 2nd order of approximation. In other 

words, this means that with a decrease in coordinate steps by several times, we can expect a 

corresponding reduction in solution error by approximately two orders of magnitude. 

5 Precision and stability 

We consider a system of difference equations on a regular quadrangular grid (on 

parallelograms) shown in Fig. 4(a), approximating the system of differential equations (1) 

for a plane motion of the medium. Let the solution to the problem be smooth (continuous). 

Then, in the non-stationary process (in the initial stage), the defining role in the cell 

changes is played by changes in volumetric deformation caused by the action of the 

spherical part of the stress tensor. Here, SP ˆ  and pressure is also the defining dynamic 

characteristic. Let us consider this case. Equation of motion (1) is written in vector form

PPdtvd grad


 or in displacements Pdtrddtud grad2222 


. 
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Fig. 4. Quadrangular grid for studying the stability of the scheme. 

Let us assume that rrr

 0 , PrPPP   ,  ,0


 are small perturbations localized 

in a small spatial domain; then, assuming the density value  in a small domain to be 

constant, for small perturbations we obtain the following equation 

 

 
Pdtrd  grad22 

. (14) 

Let the perturbation r

  be expanded in a Fourier series [13]. We will investigate the 

behavior of one of the terms of series 

 

  rkir n 
exp

. (15) 

 

The pressure perturbation in each quadrangle is  C

n rkiP


exp , where Cr


 is the radius 

vector of the center of the quadrangle. Then from Fig. 4(b), it follows that the pressure 

perturbations at points I, II, III, IV are equal, respectively, to: 
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Equation (14) after replacing with the corresponding finite-difference relation (8)-(9), 

considering formulas (15)-(17), and the conservation of mass 00 AA  , has the following 

form 

 

     00
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,(18) 
 

where *a


 and *b


 are vectors a


 and b


, rotated 90 counterclockwise. 

Now let us find an expression for P . For small perturbations P  in an elastic and 

elastoplastic medium, where the volumetric stress is proportional to the volumetric strain, 

from [20] we obtain for a plane motion the perturbation proportional to the cell area: 

 

 AAKP 
,    (19) 

 

where К is the bulk modulus. To determine A , we proceed as follows. Let the 

coordinate axes be directed along the diagonals of the parallelogram and the origin of 

coordinates be placed at the point of intersection of these diagonals (Fig. 4(b)). Let 

perturbations of the form  rki


exp  be imposed on the vertices of this figure. Then the area 

of the perturbed figure is: 
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

 . Then 

 

      .sinsin12    ,      ,  ibaAbabbababaa


 
 

So,   sinsin100 iAAAA  or   sinsiniAA . From (19), we 

obtain   sinsiniKP  and equation (18) has the following form: 

 

 

 
 

    
00

**

2

sinsinsinsin
2

12

A

ab
Kba

t 











 (20) 
 

We perform the following algebraic transformations. We multiply (20) by  sin*b


 and 

add the result to (20) multiplied by sin*a


. Taking into account that 

**

0 22 ababA


 , we get 
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 

 
2

00

2

2 sinsin
412

A

ba
tK








. (21) 
 

We introduce notation       BAbatK 2sinsin4 2

00

22



. 

Then equation (21) can be written as 

 

 
  01122  B

.  
 

The roots of this equation are equal in absolute value to one, if 11  B , that is, 

111  B . The right-hand inequality is always satisfied since 0B . Consider the left-

hand inequality       2sinsin4 2

00

22
 AbatK


. 

Note that  bababa


  ,maxsinsinmax , i.e. the maximum  sinsin ba


 

does not exceed the largest side of the given quadrangle. From here 

 

 
 baba

A
Kt 




 ,max

0
0

.  
 

In calculations, instead of determining the length of the four sides, we introduce 

diagonals d1 and d2, then    21  ,max ,max ddbaba 


 and considering that 

34 2

2

2

10 ccK   (с1, с2 – are the propagation velocities of longitudinal and transverse 

waves), we can write the stability condition in the following form: 

 

   2110  ,max ddcAt 
. (22) 

 

Condition (22) was obtained taking into account that the solution is continuous. 

Consider now the case Pq  , i.e. for discontinuous solutions in the domain of the shock 

wave front. In this case, the pressure can be ignored in comparison with the artificial 

viscosity q. Therefore, the equations of motion (1) in vector form are written as follows: 

 

 qdtvd grad


,  
 

for small perturbations, we get 

 

 
qdtvd  grad0


.  (23) 

 

Let us represent small perturbations at the center of the quadrangle (Fig. 4) as 

 

 
   

 ,exp

;   ,exp     ;   ,exp

0

11

rkiqq

barkiUbarkir

n

nn








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where 011   ,  , q   is the perturbation of viscosity in the given quadrangle A0. 

We introduce the bulk viscosity in the following form [20]: 

 

 
  VVVAcq

2

0

2

0


.  
 

Then, for the perturbation of viscosity, we obtain the following expression: 

 

 
VvVVAcq

  div2 0

2

00
.  

If we introduce notation VVVAcB 
0

2

01 2  , then  vBq

 div10 . In the case of 

plane motion, from the equation of continuity of the medium (2)   AdtAdv 


div , and 

formula   sinsiniAA  obtained above, we get     sinsin 11iAdtAd , 

i.е. 

 

   sinsin 1110 iBq
.  (24) 

 

Substituting expressions 0 , , qqv 


 into equation (23) and replacing with finite-

difference relations (8), we obtain 

 

 
   

00

11
1

**** sinsin
1

A
iBaebeaebe

t

v iiii







  

  

or 

   








 sinsin

sinsin
21 **

00

11
1

11 ba
A

B
t

ba 


. 

 

Transforming this equation, similar to the transformations done with (21), we obtain 

 

 

 
2

00

2

1

sinsin
21

A

ab
tB








.  
 

To fulfill the stability condition 1 , it is required that 

 

 

 
1

sinsin
211

2

00

2

1 





A

ab
tB



  

or 

 
1

sinsin
411

2

0

2

2

0 



V

V

A

ab
tc



. 

 

The right-hand inequality is always satisfied, and the left-hand one imposes a restraint 

on the amount of change in V in one step: 

 

 
     2

21

2

00

211  ,max2 ddcAVVV nnn  

 (25) 
 

or for the time step 

E3S Web of Conferences 420, 03012 (2023) https://doi.org/10.1051/e3sconf/202342003012
EBWFF 2023

9

RETRACTED



 

 
   







 
 212

21

2

00  ,max2
n

VVddcAt 

.  
Thus, based on the conditions of stability (22) and accuracy (25), the automatic choice 

of the time step in the calculation process is conducted according to the following formula: 

 

 
 23

,

23 min   n

ji

n tt
,  

 

where 

 
  





   22

121

123  ,max q

nn ccddAt
, (26) 

 

  1   , ,max2 21

21
2

0 


ddVVcc
n

q
  is the safety factor, and 0qc  for 0VV . 

Note that the joint (meaning qP  ) study of stability also leads to the result (26). 

6 Discussion and conclusion 

The resulting condition (26) is a modified form of the von Neumann and Richtmyer 

condition [20], who introduced the artificial viscosity method for calculating shock waves. 

In dynamic problems, the calculation is generally performed with a smaller time step 

than the described criterion allows: the safety factor can be taken equal to 1/3 and the final 

formula for the time step is taken in the form 
2/3

*

2/3   n

n

n tt , where 
2/3

*

 nt  is 

determined by formula (26), and coefficient n is given by the following formula: 

 

 










1

2/3

*

2/3 / nn

n

tt

not, if

, 1,1    if 2/32/3

*

  nn tt

 (27) 
 

where 
1   is the constant value (0<

1 <1). 

By ensuring the stability of the difference relations in the counting process, the time 

step is automatically selected. These conditions can hardly be considered sufficient when 

applied to soils in dynamic problems with complex physical and mechanical properties. In 

this regard, in nonlinear problems, the assessment of the accuracy (convergence) of 

numerical results can be performed in the following ways: by comparing the numerical and 

exact analytical solutions (in cases when the latter can be obtained); by comparing 

numerical solutions of the same problem obtained independently by different authors; by 

comparing the results of calculations performed for different cell sizes into which the 

solution domain is divided; and, finally, by comparing numerical solutions with the 

available results of tests and experiments. 
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