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Abstract. This article considers the problem to optimize technological 
processes via optimization of the material flows distribution. It 
demonstrates the possibility to solve the problem of optimizing the spatial 
forms of the material flows movement while eliminating several mutually 
influencing bottlenecks. It is shown that the unloading of the bottlenecks 
should be performed proportionally to their workload.  The work proposes 
the procedures of iterative directed enumeration, which allows to minimize 
the cost of changing the values of the route matrix while ensuring the 
required performance. The simulation results prove the possibility to use 
coefficients that take into account the proportion of the bottleneck 

workloads in the iterative method of directed enumeration to obtain a gain 
in performance cost. The efficiency and practical significance of the 
scientific and methodological apparatus proposed in the work is confirmed 
by a methodological example. 

1 Introduction 

Automation of technological processes (TP) involves the management of internal and 

external resources of the production system (PS), taking into account restrictions. The goal 

is to optimize the spatial forms of the movement of material flows [1-5] in time and space, 

and to achieve the required performance [6-9]. 

Ensuring the required performance of the PS only by redistributing spatial forms of 

material flows between copies of the same type of resources without additional introduction 

of copies of certain types of resources into the system is considered in [4]. This is achieved 
by eliminating bottlenecks (BN) using the procedures of the main and mirror changes in the 

route matrix in the model of an open queuing network. 

In practice, as a rule, PSs have several mutually influencing BNs [10-15]. Therefore, for 

cases of simultaneous elimination of several BNs, it is necessary to clarify the features of 

solving the problem of redistributing flows between copies of the same type of resources [4, 

7]. Therefore, taking into account the mutual influence of simultaneously eliminated several 

BNs should additionally provide a gain both in the production system performance and in 

the its reconfiguration costs, and, as a result, in the price of performance. 
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Thus, the development of a scientific and methodological apparatus for optimizing the 

spatial forms of the movement of material flows in TP, in cases of simultaneous elimination 

of several mutually influencing BNs, is relevant scientific and technical task. 

The purpose of the article is to develop a scientific and methodological apparatus to 

solve the problem of optimizing the spatial forms of the movement of material flows while 

simultaneously eliminating several mutually influencing BNs. 

To achieve this goal, it is necessary to do the following [16-17]. 

1) To formalize of the optimization problem.  

2) To justify the method for solving the optimization problem. 

3) To perform the simulation. 

2 Formulation of the problem 

Formulation of the problem of optimization of TP in a meaningful form is presented in [4]. 

“Initial data. The initial state of the TP is characterized by a set of resource types with 

several copies in each type. External load is the input for the TP. The interaction of 

elements during the system operation is known. Each element of the system is characterized 

by parameters reflecting its performance. 

The optimization criterion is the minimum cost of transferring the TP from the initial 

state to the optimal state. Variable parameters are the parameters characterizing the 

interaction of elements. It is the change of these parameters that demands the flows 

redistribution. Limitations: performance after optimization should be no worse than 

required; distribution of flows is carried out between copies of resources of the same type. 
In addition to these limitations, there may be others, depending on the specific model and 

problem.” 

Formulation of the problem of optimization of TP in a formalized form is presented in 

[4] (expressions (1)–(3)). 

3 Theoretical part 

Justification of the method for solving the optimization problem. In the problem under 

consideration, the variable parameters are the elements of the routing matrix ( , )q i j ; 

0,i L , 0,j L , where L is the number of the TP elements. The common space of variable 

parameters has (L × L) parameters in general form, and each parameter can vary in a range 

corresponding to the restriction on changes of the elements of the route matrix (for 

technical and other reasons). At the same time, the solution of the optimization problem is 

reasonable for complex systems with L>10, when the number of options considered will be 

large (at least (L+1)×(L+1)×L). Therefore, in this case the use of the complete enumeration 

method is inefficient. So, in order to reduce the number of variables under consideration, it 

is reasonable to use the directed enumeration method [15]. To determine the enumeration 

direction, we can use an essential feature of the variable parameters, namely that all 

variable parameters are elements of a two-dimensional set (route matrix). 

This feature determines the following properties [9, 18-19]. 

1) Each element of the set is uniquely specified by the row number and column number of 

the matrix, which are the reason to include the element in the list of the problem solution. 
2) All elements of this matrix are interconnected, i.e. changing some parameters implies 

changing other parameters. 

The possibility of taking into account these properties is shown in work [4], which 

defines the system elements:  r(i); rq(i); rl(i); rz(i). By the numbers of these parameters the 
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variable parameters (numbers of rows and columns) of the routing matrix can be selected to 

include them in the list of effective coordinates for solving the problem. The effectiveness 

of the coordinates is justified by the possibility of eliminating a BN by the minimum total 

number of changes in the elements of the route matrix [20]. Let us denote the effective 

coordinates of the directed enumeration method as follows: 

 

X(i) ={x1(i); x2 (i); x3 (i); x4(i)}.                   (1) 

 

The elements of the four-dimensional vector of effective coordinates take the following 

values: 

 
x1(i) = r(i); x2(i) = rq(i); x3(i) = rl(i); 

 x4(i) = rz(i).                                      (2) 

 

In accordance with the indicated effective coordinates, the changes in the values of the 

elements of the route matrix are carried out in the same way, see article [9]: 

 
*

*

( 3( ), 1( )) ( 3( ), 1( )) 1;

( 3( ), 2( )) ( 3( ), 2( )) 1,

q x i x i q x i x i

q x i x i q x i x i

   


  

            (3) 

where * - is the membership sign of the parameter value before changing its value; 

1  - is the value of the main change in the elements of the route matrix. 

 

( 2( ), 3( )) * ( 2( ), 3( )) 2;

( 2( ), 4( )) * ( 2( ), 4( )) 2,

q x i x i q x i x i

q x i x i q x i x i

  


               

 (4) 

where 2  is the value of the mirror change in the elements of the route matrix. 

If, for example, for the efficiency of the redistribution of information flows in the TP, 

one more BN, namely element r(k), is simultaneously considered, and, accordingly, 
elements rq(k), rl(k), rz(k). This means that the main and mirror changes of the route matrix 

is simultaneously performed to unload the two BN in the TP  ( ), ( )r i r k . Accordingly, one 

more vector of effective coordinates is considered 
 

X(k) ={x1(k); x2 (k); x3 (k); x4(k)}.                  (5) 

 

For three BNs, we have {r(i), r(k), r(j)} and the third vector of effective coordinates 

 

X(j) ={x1(j); x2 (j); x3 (j); x4(j)}.                  (6) 

 

Depending on the specific problem of optimizing the TP, a larger number of BNs can be 

considered. Thus, the determination of effective coordinates allows to change from 

complete enumeration to directed enumeration and answer the question: “What should be 

changed and in what direction (increase or decrease)?” But the question: "How much to 
change?"  remains open. 

When unloading several interdependent BNs at the same time, it is necessary to justify 

the values of the main and mirror changes in the elements of the route matrix ( 1 , 2 ). In 

the work [4] it was assumed that these values should be of the same order as the values of 

the routing matrix elements. But in this case, the result of unloading the BN may not be as 

significant as it could be. Indeed, it is possible to simply slip past the optimal result, and by 

a significant value. To prevent this, we need to apply the iterative method of directed 
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enumeration, and the iteration step should be taken an order of magnitude less than the 

order of the route matrix values. Let us denote them as DP1, DP2 for the main and mirror 

changes of the route matrix respectively.  

If there are several BNs in the TP, then these BNs are loaded differently. Therefore, the 

unloading of the BNs should performed in proportion (in accordance) with their workload, 

that is, using the adaptation coefficient Ka(i), calculated for each BN. Then the iteration 

steps can be defined as follows: 

 

1 1 ( ) ;aDP K i n                                (7) 

 

2 2 ( ) ,aDP K i n                               (8) 

 

where n is the number of the iteration performed.  

As the value of Ka(i) we can take the ratio of the workload of the considered BN to the 

workload of the most loaded BN (i.e., to the value of the workload with the maximal value 

among the workloads of all elements) 

 

1,

( )
( )

max ( )
a

j L

p i
K i

p j


 .                               (9) 

 

Therefore, for the most loaded BN Ka(i) = 1.0, and for the rest BNs Ka(i) <1.0. The 
positive effect of the use of the adaptive coefficient is due to that all BNs exhaust the 

possibilities of their unloading at the same time. Otherwise, BNs exhaust these possibilities 

earlier than the most loaded BN does that, and the solution of the problem during an 

iteration slips past the optimal result. In addition, there is a gain not only in efficiency, but 

also in costs.  

Let's illustrate this with a simple example. Let us consider a system that has three 

bottlenecks, and for the first BN Ka(i) = 1.0, for the second BN Ka(i) = 0.9, for the third BN 

Ka(i) = 0.8. The costs to perform the unloading of the first BN are b in arbitrary units (a.u.). 

These costs are proportional to changes in the values of the route matrix. The unloading of 

the BN is performed in two ways, the first option: without taking into account the 

adaptation coefficients, the second option: taking into account the adaptation coefficients. 

It is required to compare, with other factors, including the number of iterations, being 
equal the relative gain in costs to perform unloading of the considered BNs of the system.   

Solution. Let CBN1, CBN2, and CBN3 be the costs to perform the unloading of the first BN, 

second BN, and third BN, respectively. Then the following two options are possible.  

The first option (without taking into account the adaptation coefficients, when CBN1 = 

CBN2 = CBN3). If unloading one BN requires b a.u., then the costs to unload all three BNs for 

this option are: 

 

C1 = CBN1+CBN2+CBN3 =3 CBN1 =3b a.u. 

 

The second option (taking into account the adaptation coefficients, i.e. when CBN1= b 

a.u.; CBN2= 0.9b a.u.; CBN3 = 0.8b a.u.) 
The costs to unload all three PAs according to the second option are:  

 

C1 = CBN1+CBN2+CBN3 = b+0,9b +0,8b =2,7b a.u. 

 

Comparative analysis. The absolute gain consists: 
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ΔC=C1 – C2 =3b-2.7b=0.3b a.u. 

 

The relative gain consists: 

 

1

0,3
100% 100% 10%

3
С

C b

C b



     . 

 

4 Suggestions and results of implementation 

4.1 Simulation results 

Let us consider an example illustrating the practical feasibility and significance of the 

proposed approach. 

Example. Let us consider a TP consisting of 15 elements (L=15). Source intensity is 

H0= 2 flow units/h.  The system has 5 types of resources, 3 copies in each type of 

resources. The rest of the initial data are given in Table 1. Table 1 also shows the 

correspondence of the element number to one of the 5 resource types. The first type of 
resource includes elements: 1; 2; 3. The second type of resource includes elements: 4; 5; 6. 

The third type of resource includes elements: 7; 8; 9. The fourth type of resource includes 

elements: 10; 11; 12. The fifth type of resource includes elements: 13; 14; 15.  

Values of steps of iterations (changes) of the route matrix: main DP1= 0.02; mirror 

DP2= 0.01. 

Table 1. The initial data of the example 

Resource type 

 

No. 

Elem. 

Elements of the 

1st resource 

type 

Elements of the 

2nd resource 

type 

Elements of the 

3rd resource 

type 

Elements of the 

4th resource 

type 

Elements of the 

5th resource 

type 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

M(i) 

[flow un./h] 
3.0 3.0 3.0 3.0 3.0 3.0 4.5 4.5 4.5 4.0 4.0 4.0 2.0 2.0 2.0 

CB(i) 0.3 0.3 0.3 0.7 0.7 0.7 1.2 1.2 1.2 1.5 1.5 1.5 0.8 0.8 0.8 

СОА(i) 0.7 0.8 0.9 ‒ ‒ ‒ ‒ ‒ ‒ ‒ ‒ ‒ ‒ ‒ ‒ 

The initial routing matrix Q0 is represented in Table 2.  

Table 2. Initial routing matrix q0 

Resource types 

  Elements of the 

1st resource 

type 

Elements of 

the 2nd 

resource type 

Elements of the 

3rd resource 

type 

Elements of the 

4th resource 

type 

Elements of the 

5th resource 

type 

j 

i 

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

0  0.2

5 

0.2

0 

0.5

5 
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1 0.4

0 

   0

.

4 

  0.2

0 

        

2 0.3

0 

    0.5   0.2

0 

       

3 0.4

0 

     0.3   0.3

0 

      

4  0.3

0 

        0.7

0 

     

5   0.4

0 

        0.6

0 

    

6    0.5

0 

        0.5

0 

   

7  0.1

5 

 0.0

5 

      0.3

0 

  0.5

0 

  

8   0.2

5 

        0.3

5 

  0.4

0 

 

9    0.2

0 

        0.4

0 

  0.4

0 

1

0 

    0

.

6 

  0.4

0 

        

1

1 

     0.5   0.5

0 

       

1

2 

      0.4 0.1

0 

 0.5

0 

      

1

3 

       1.0

0 

        

1

4 

        1.0

0 

       

1

5 

         1.0

0 

      

The costs are determined by the total changes in the elements of the routing matrix 

( , )
0 0

L L
q i j

i j
 

 

, so the cost function can be conventionally expressed by this value. 

It is required to perform a comparative analysis of the possibilities to unload the bottlenecks 

available in the TP. 

Solution. We determine the performance of the system based on the mathematical 
model given in [4, 7] and using the MS Excel program. The simulation allows to obtain the 

initial performance of the system, corresponding to the initial data of the example, being t0 

= 9.1446 s.  

In accordance with [4] and the above expressions (1), (2), (5), (6) we have three BN: 

r(i)=3 with workload p(3)=0.8617; r(k)=9 with workload p(9)=0.6463; r(j)=13 with 

workload p(13)=0.6398.  

The effective coordinates are X(i) = {3, 2, 6, 5}, X(k) = {9, 8, 12, 11}, X(j) = {13, 14, 7, 

8}. Values of adaptation coefficients are: Ka(i) = 1.0; Ka(k) = 0.75; Ka(j)= 0.7425. 

The procedures for unloading the BN without taking into account the adaptation 

coefficients are shown in Fig.1.  
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Fig. 1. Results of unloading bottlenecks without taking into account adaptation coefficients 

The result is the value obtained in the second iteration t12 = 8.3263 s, while the third 
iteration does not provide a performance gain and is removed from consideration. 

Performance gain (latency decreasing) is: 

 

Δt1 = t0 - t12 =9.1446 s – 8.3263 s = 0.8183 s. 

 

The cost of changing the values of the route matrix when unloading the three BNs is  

 

C1 = CBN1+CBN2+CBN3 =3 CBN1, 

 

and for the case of unloading the BN without taking into account the adaptation coefficients 

CBN1=CBN2=CBN3, so for a system in which m bottlenecks are considered, these costs in 

general form are as follows: 
 

1 ( 1 2 2 2) ,С DP DP n m        

 

where n is the number of iterations performed. 
Multiplying DP1 and DP2 by "2" is due to the fact that direct and mirror changes in the 

route matrix change two probability values. 

Therefore, for the given example 

 

1 (0.02 2 0.01 2) 2 3 0.36a.u.С          

 

The procedures for unloading the BN taking into account the adaptation coefficients are 

shown in Fig.2.  

 

 

Fig.2. Results of unloading bottlenecks taking into account adaptation coefficients 

The result is the value obtained in the third iteration t23 = 8.3263 s, while the fourth 

iteration does not provide a performance gain and is removed from consideration. 

Performance gain (latency decreasing) is: 

 

Δt1 = t0 – t23 =9.1446 s – 8.3180 s = 0.8266 s. 

 
Taking into account the adaptation coefficients, the costs for the unloading of all three 

BNs take the form 

 

2 1 2 3 ( ) ( 1 2 2 2)

( ) ( 1 2 2 2)

( ) ( 1 2 2 2)

3 (1.0 0.75 0.7425) (0.02 2 0.01 2) 0.4787a.u.

УМ УМ УМ a

a

a

С С С С K i DP DP n

K k DP DP n

K j DP DP n

          

       

       

        
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Let's perform a comparative analysis of the obtained results based on the indicator of 

the cost of changing a unit of performance   

 

, {1,2}.i
i

i

t
V i

C


  

 

The cost of changing one unit of performance when unloading the BN without taking 
into account the coefficients of adaptation is 

 

1

1

1

0.8183 s
2,2731 .

0.36 a.u.

t
V

C


  

 
 

The cost of changing one unit of performance when unloading the BN taking into 

account the coefficients of adaptation is 

 

2

2

2

0.8266 s
1.8422 .

0.4780 a.u.

t
V

C


    

 

Let us estimate the gain of applying the proposed approach using the indicator of the 

relative change in the unit of performance when unloading the BN 

 

1 2

1

2.2731 1.8422
δ 100% 100% 18.96%.

2.2731

V V
V

V

 
      

 

Thus, the use of coefficients that take into account the percentage of the bottleneck 
workloads for the iterative method of directed enumeration gives a performance gain of 

18.96% with the initial data of the example. 

5 Conclusions 

1. It demonstrates the possibility to solve the problem of optimizing the spatial forms of the 

material flows movement while eliminating several mutually influencing bottlenecks. 

2. The work proposes the procedures of iterative directed enumeration, which allows to 

minimize the cost of changing the values of the route matrix while ensuring the required 

performance. 

3. The simulation results prove the possibility to use coefficients that take into account the 

proportion of the bottleneck workloads in the iterative method of directed enumeration to 
obtain a gain in performance cost. 
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