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Abstract. Modernization of the finite element model is currently the basic 
tool for refining the numerical solution of modeling problems by adjusting 
the numerical response to the observed empirical behavior of the system. 

Recently, the modification of the model in some cases is carried out using 
the maximum likelihood method. Following this approach, the update 
problem can be transformed into a multiobjective optimization problem. 
Due to the non-trivial non-linear behavior of the desired objective 
functions, metaheuristic optimization algorithms are usually used to solve 
such an optimization problem. However, despite the fact that recently this 
method has proven itself quite well, nevertheless, there are two significant 
drawbacks that must be eliminated for the practical application of this 

method. Among which are the length of time spent on the calculation of 
the problem and the uncertainty associated with choosing the most optimal 
updated model among all Pareto optimal solutions. To circumvent these 
limitations, this paper proposes to apply a new joint algorithm that takes 
advantage of the joint relationship between two optimization algorithms, a 
machine learning method, and a statistical toolkit. As a result of the study, 
two main advantages of the newly proposed algorithm were revealed: it 
leads to a clear reduction in simulation time; and also allows you to make a 
reliable choice of the best updated model. 

1 Introduction 

Modernization of the model based on the finite difference method in recent years is a 
widely used method for refining numerical models in various fields of science and 

technology. Currently, modified finite element models are a popular tool for assessing the 

performance parameters of various structures [1-3]. Modified finite element models refine 

the numerical simulation of the structure's response to external factors by making changes 

to the numerical results in accordance with empirical data. Consequently, they form the 

basis of most monitoring systems [4]. 

The method of modified finite difference models as applied to civil engineering 

appeared in the 90s as an approach with the help of which it became possible to reduce the 
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discrepancy between model and empirical data [5]. In some cases, modified vibration 

models were used. [6]. Empirical design properties can be determined using empirical 

modal analysis or operational modal analysis. [7]. 

An overview of the whole variety of methods for upgrading a finite difference model is 

available in the scientific literature, for example, in [8], the following approaches can be 

used to upgrade a finite difference model of structures: using direct methods, in this case, 

the matrices characterizing the inertial-strength characteristics of the numerical model are 

direct modification for accurate reproduction of empirical modal data; iterative methods, in 

which I discretely change a number of model parameters in order to reduce the discrepancy 

between numerical and empirical data. 

Despite the fact that direct methods were carefully used in early works devoted to the 
modernization of the finite difference model, they have three significant drawbacks [9]: 

associated with the matrix of the system, due to inaccuracies in the relationships between 

elements; the appearance of factors negatively affecting the result; loss of physical meaning 

in the modified model. Subsequently, methods have been developed and implemented to 

overcome these shortcomings. To determine the objective function, two different problems 

are usually considered: the first is the optimization problem according to one criterion and 

the second is the problem of multi-criteria optimization. The first type of optimization 

problems is characterized by the presence of one objective function, which is defined in 

terms of the sum of weighted residuals. Weight values are usually obtained by trial and 

error. Alternatively, the use of multiobjective optimization makes it possible to avoid the 

process described above. When solving a single-objective optimization problem, the result 

is a set of unique parameters. Both the first and the second approaches accept parameters 
that have a significant impact on its dynamic behavior. The choice of these parameters is 

usually carried out using sensitivity analysis [10]. Based on the foregoing, it follows that 

iterative methods make it possible to improve the numerical model. Iterative methods can 

be divided into three main groups: non-linear programming algorithms [11]; artificial 

intelligence algorithms [12]; and Bayesian algorithms [13]. 

In classical works, the problem of upgrading a finite difference model was solved using 

classical algorithms of nonlinear programming [14-16]. The performance of these 

algorithms was sufficient to solve the problem of upgrading simple models. However, as 

the numerical models became more complex, the time required to solve the problem 

increased, which prevented the use of these classical algorithms. Later, in order to reduce 

the calculation time, various artificial intelligence algorithms were considered. These 
methods offer a set of meta-heuristic rules that can guide an algorithm in finding a solution 

to an optimization problem. From the whole variety of different artificial intelligence 

algorithms, one can single out the bee algorithm or genetic algorithms. Relatively recently, 

machine learning methods have also been used to solve the problem of upgrading a finite 

difference model. Despite this, these computational methods still have two limitations: 

although they are more efficient than classical non-linear programming methods, they still 

require a lot of computation time to complete the update process; and in the case of 

multiobjective optimization, an additional decision problem needs to be solved. 

Bayesian algorithms are based on estimating the probability density function of model 

parameters. These algorithms use Bayes' theorem to estimate the probability density 

function of model parameters. The likelihood function determines the differences between 

the numerical and empirical modal properties of the structure. The probability density 
function characterizes the previous assumption about the statistical behavior of the model 

parameters. Bayesian algorithms are typically implemented by applying sampling 

techniques. While there are several advantages to using Bayesian methods to update a finite 

difference model, the simulation time required to complete the model update is even greater 
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than for the aforementioned AI algorithms. This fact does not allow applying this approach 

to solving many practical problems. 

In order to reduce the computation time when upgrading the finite difference model, 

most researchers consider the possibility of using joint or hybrid artificial intelligence 

algorithms. Algorithms of this type take advantage of two or more AI algorithms such that 

combining those results in a new overall algorithm that shows improved performance 

compared to applying them separately. For example, in, the modification of the steel frame 

structure model is carried out using the annealing simulation algorithm hybridized with the 

Kalman filter. Similarly, the team of authors in used a particle swarm optimization 

algorithm to update the model of a continuous railway bridge. The main advantage of the 

proposals described above is a significant reduction in the duration of the calculation 
required to solve the modification problem, without losing the accuracy of the modified 

solution. Taking into account recent trends, this study presents a new joint machine learning 

and optimization algorithm for modifying a finite difference model. The proposal presented 

in this article combines two optimization algorithms, namely multicriteria harmony search, 

active set method in conjunction with ANN [4], and statistical principal component 

analysis. The basis of the obtained algorithm is the algorithms of multicriteria search for 

harmony and global optimization, while the latter turned out to be very effective for solving 

the problems of upgrading the finite difference model. Therefore, a set of solutions is 

randomly generated and then a multi-objective search algorithm is applied to minimize the 

multi-objective function, defined in terms of residuals between the numerical and empirical 

properties of the design, using the most important parameters finite-difference models as 

design variables. The result of this process is a sparsely populated Pareto front. As a result, 
the performance of this basic algorithm is enhanced by its interaction with: traditional 

statistical principal component analysis, which is used to transform the original Pareto front 

from function space to principal component space, resulting in a modified Pareto front with 

more pronounced variability. This allows you to get a continuous front, using a discrete 

number of iterations, which follows from the application of the multi-criteria search 

algorithm; and a local optimization algorithm, an active set algorithm that uses the 

properties of the resulting front. This method allows you to choose a solution among all the 

different optimal solutions of such a front. 

The above algorithm satisfactorily handles this decision problem due to its proven 

efficiency in solving optimization problems. Upon completion of the process of 

determining the optimal solution in the space of the main components, it can be 
transformed into the space of functional components, which will allow us to determine a set 

of parameters that determine the modified model of difference elements. The proposed 

algorithm has the following main advantages: a significant reduction in computation time 

compared to the original artificial intelligence algorithm and a more accurate search for the 

optimal modified model. 

2 Fundamentals of upgrading the finite difference model by the 
maximum likelihood method 

The goal of correcting a finite difference model is to find an accurate numerical finite 

difference model corresponding to the empirical dynamic behavior of the analyzed object. 

This goal can be achieved by evaluating the most important parameters of the model, which 

reduce the discrepancies between the numerical and empirical data. Therefore, the problem 

of upgrading a finite difference model can be reduced to the problem of identifying 

parameters. In some cases, the maximum likelihood method is equivalent to the least 

squares method. 

 
 

 

E3S Web of Conferences 458, 09009 (2023)

EMMFT-2023
https://doi.org/10.1051/e3sconf/202345809009

3



This means that the modernization problem can be transformed into an optimization 

problem, its main goal is to find the minimum of the sum of relative differences between 

empirical and numerical properties, while the most significant parameters of the model are 

considered as variables. Thus, the problem of upgrading the finite difference model in the 

case of a multicriteria approach can be formulated as: 
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jr  are the residuals of the j-th natural frequency and mode of 

oscillation, respectively; fm is the number of vibration modes;   is a vector containing the 

most important parameters of the finite difference model; 
l  and 
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upper boundaries of the search areas for these parameters, respectively. 
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where  ,num jf   is the numerical natural frequency j , ,emp jf is the empirical natural 

frequency j , and  jMAC  is the value of the modal guarantee criterion [31], which is 

defined as the ratio used to evaluate the correlation between modal forms: numerical,
 ,num j  

, and empirical, ,emp j , vibration mode j , defined as: 
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Therefore, carrying out the modernization of the finite difference model, as a problem 

of multicriteria optimization, involves the following steps [12]: empirical determination of 

the modal properties of the object under study using empirical or operational modal 

analysis; determination of numerical properties based on the analysis of a finite difference 

model; objective function evaluation; verification of convergence criteria. 

The solution of the multicriteria optimization problem considered above leads to a set of 

parameter vectors. Each of them is a possible solution to the problem. The set of parameters 

can be represented graphically as a curve. Thus, each point on this curve represents an 

optimal upgraded model for which one of the objectives cannot be improved without 

compromising the other. This means that there is a need to solve the problem of decision 
making in order to choose the best solution on the front. To do this, various methods have 

been proposed in the literature based on the balance between the various members of the 

 
 

 

E3S Web of Conferences 458, 09009 (2023)

EMMFT-2023
https://doi.org/10.1051/e3sconf/202345809009

4



front. As practice shows, these methods define the best solution as the point at which a 

small increase in one term of the objective function will lead to a significant decrease in 

another term. This point is known as the "knee" point, and each method offers a slightly 

different criterion for determining it. 

3 A joint machine learning optimization algorithm for upgrading 

a finite difference model 

Despite the fact that the approach described above is quite popular for solving problems of 

upgrading finite-difference models of the objects under study, as mentioned earlier, it has 

two main limitations in the process of solving practical engineering problems: an 

intermediate decision-making problem should provide the best optimal solution for the  

front. To overcome these two shortcomings, the authors of the work proposed a new 

algorithm that takes advantage of a number of well-known methods of machine learning, 

statistics and optimization. 

3.1. Components of a machine learning collaborative optimization algorithm 

3.1.1. Multipurpose Search for Harmony 

The harmony search algorithm was developed for solving single-criteria optimization 

problems, and over time it was modernized for a class of multi-criteria optimization 
problems. This metaheuristic computational algorithm. At the heart of his work lies the 

imitation of the process of musical inspiration: the search for harmony throughout musical 

creativity. The algorithm for finding the global minimum value of the objective function 

uses several heuristics. At the initial stage, the algorithm randomly generates a set, the 

elements of which are called harmonies. Each harmony contains the values of the model 

parameters. The harmonies are stored in a matrix called the harmony matrix, H. An 

objective function is evaluated for each harmony. In the next step, a new set of harmonies is 

iteratively generated using the following steps: memory accounting, random creation, and 

pitch adjustment. Each element of the new harmony vector is determined iteratively based 

on the information stored in the harmony matrix, H, otherwise the algorithm generates it 

randomly. Both mechanisms are controlled by the speed of consideration of the harmony 

memory, which is, in essence, an estimate of the probability of determining a new element 
through the previous one. The next parameter, the pitch correction rate, is calculated to 

determine the probability of changing a new element if it was found using the previous one. 

The impact of the mutation is based on the initially set bandwidth, which is added to or 

subtracted from the values of the harmony matrix H. The objective function is evaluated for 

each new harmony. To solve the problem of multicriteria optimization, it is necessary to 

select non-dominated solutions from the entire set of solutions that form the Pareto front. 

For this purpose, the authors in this paper use the non-dominated sorting method, which is 

described in detail in. Therefore, for each new solution, the crowding distance attribute is 

determined: this parameter acts as a benchmark for separating the worst solutions and 

restoring the original size of the harmony matrix H. The process described above is 

repeated until a certain stopping condition is met. As a result of the actions described 
above, the front is formed. Each of its points represents a possible optimal solution to the 

problem of upgrading the finite difference model. 
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3.1.2. Principal component analysis 

Principal component analysis is a tool often used to identify patterns in a set of empirical 

data. The process of principal component analysis can be divided into the following stages: 

normalization of the data set; calculation of the covariance matrix of the data; finding 

eigenvalues and eigenvectors of the covariance matrix; and determining the evaluation of 
the main components. 

There are two facts worth noting in this process: the eigenvector is associated with the 

largest eigenvalue of the first principal component, and so on; and principal component 

values are defined as projections of the dataset into principal component space. Therefore, 

one of the main advantages of Principal Component Analysis is that it allows you to 

transform the initial data set into a new simplified Principal Component Space. In the 

transformed coordinate system, the correlation between the variables that define the data set 

is more pronounced. This method is used in this paper to transform the front from the 

original function space to the space of principal components. This orthogonal 

transformation is defined by changing the data so that its maximum variation is 

progressively projected onto each principal component. In the case under consideration, this 
transformation makes it possible to emphasize the convex behavior of the front in the new 

coordinate system. Two main advantages follow from this: increasing the accuracy of any 

predictive model; and the local optimization algorithm is sufficiently applicable to solve the 

decision problem, the essence of which is to choose the best solution among the various 

elements of the found front. These facts indicate that principal component analysis is a key 

step both for increasing the performance of the proposed algorithm and, as a result, 

guarantees the successful completion of the process of upgrading the considered finite 

difference model. Thus, principal component analysis will be applied in the algorithm to the 

dataset. The new front obtained after applying the multi-objective search for harmony will 

be referred to as the transformed front. In order to find a continuous front, an artificial 

neural network will be tuned to the resulting transformed front. 

3.1.3. Artificial neural network 

An artificial neural network is a supervised machine learning. Artificial neural networks 

have not been used in the problems of upgrading the finite difference model and detecting 
damage to engineering structures. 

A fairly widely used network topology is a multilayer perceptron, this method has been 

successfully used in various areas, for example, non-linear curve fitting. This type of 

networks consists of two layers: input, output and a set of hidden layers of neurons that 

interact with each other based on the principle of direct connection, so information flows 

are unidirectional: one neuron transmits information to all neurons of the next layer, but in 

return does not receive from them no information. Reasonable and correct setting of the 

number of hidden layers and neurons in each layer plays a major role in ensuring the 

accuracy of the network. It has been shown that one hidden layer is sufficient for a uniform 

approximation of any continuous function . The number of neurons in the hidden layer can 

be found either by trial and error, where the optimal number of neurons minimizes the 

mean square error, or using empirical relationships. 
The output of neurons is formed using a non-linear transformation of the weighted sum 

of the inputs. Backpropagation of a multilayer parsetron is a learning algorithm based on 

adjusting the weight connection between two neurons. Thus, learning can be formulated as 

a non-linear minimization problem, which is solved using a gradient-based algorithm. As a 

result of solving the minimization problem, a set of optimal weights was found. The found 
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weights provide the minimum error between the outputs of the artificial neural network and 

the real values . 

An artificial neural network will be implemented in this joint algorithm for the 

numerical approximation of the processed front. The front approximated by an artificial 

neural network will be denoted as an approximated front. 

3.1.4. Active Set Algorithm 

After finding the approximated front, it is necessary to solve the decision problem: finding 

the best solution among the variety of elements of the approximated front. To achieve the 

goal, the decision-making problem is again transformed into an optimization problem. By 

applying the properties of the computed approximated front, using the local optimization 

algorithm, taking into account its convergence rate and good accuracy in the process of 

solving the convex optimization problem. The solution of this optimization problem makes 

it possible to find the "inflection" point, i.e. the point by which the influence of various 

residuals can be best established. Of the many different local optimization algorithms, this 
paper uses the traditional active set algorithm, which is associated with its efficiency for 

solving optimization problems with additional conditions. The active set algorithm is an 

iterative method that solves the main optimization problem with additional conditions by 

solving a sequence of subproblems with additional equality solutions. Therefore, the main 

task of the algorithm is to predict the active set. The active set is defined as a set of 

constraints that are satisfied when solving the main optimization problem. As a rule, the 

active set algorithm can be conditionally divided into two phases: feasibility; and 

optimality. At the feasibility stage, the objective function is ignored, and the allowable 

point is determined for the constraints. For the optimality phase, the objective function is 

minimized, while satisfiability is preserved. For the sake of efficiency, the calculation of 

both phases must be performed by the same basic algorithm. 

Thus, the decision problem is usually formulated as the following optimization problem 
with additional conditions: 

must be minimized    5g y  under the condition 

  

min max

min

min

0

0

x x

y y
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where  g   is the objective function,   is the vector of parameters, min  and 
max  are 

the minimum and maximum values of the physical parameters that form the Pareto front, 

respectively,  ,x y  are the outputs of the integrated neural network in the spaces of the 

principal components, minx  and miny  are the minimum values of the elements of the front 

being approximated. The optimization problem is limited by the search area and two non-

linear constraints to improve the performance of the update process. 

3.2. Machine Learning Joint Optimization Algorithm 

The considered algorithm for optimizing machine learning includes the main advantages of 

the four methods discussed above in order to reduce the time spent on upgrading the finite 

difference model, while ensuring the required accuracy. 
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For this, the key aspect is the adequate setting of the front. The presence of a 

sufficiently filled front is indispensable for accurately determining the best modernized 

model. Finding this front requires a significant number of iterations and a large population 

size, and the AI algorithm is considered to solve the upgrade problem using a maximum 

likelihood approach. 

As mentioned earlier, the core of the algorithm will be the algorithm of multi-criteria 

search for harmony. 

This algorithm has demonstrated a high rate of convergence and significant accuracy in 

relation to the problems of upgrading finite difference models. Due to the existence of a 

directly proportional relationship between the duration of the calculation required for this 

algorithm and the number of elements of the resulting front, the proposed algorithm will be 
used to calculate only the sparse front, in order to reduce the duration of the calculation. 

However, the direct use of a non-overflowing would not provide the required level of 

accuracy in choosing the best optimal solution. To overcome this problem, the main 

advantages of both statistical and machine learning methods are incorporated into the 

algorithm. 

Thus, the original uncrowded front will be projected from function space to principal 

component space by analyzing the principal components of the dataset that make up the 

front. The calculated front will be denoted as the transformed front. This coordinate 

transformation is the fundamental point of the proposed algorithm, this is due to the fact 

that it allows you to express data in a coordinate space in which their variability is clearly 

traced. The information about the correlation and variation of the data that follows from the 

analysis of principal components makes it possible to increase the accuracy of any 
predictive model adapted to the data being processed. Thus, the processed front has a 

characteristic shape, which facilitates the subsequent solution of the decision-making 

problem of finding the "inflection" point. 

The “inflection” point in the space of principal components coincides with the 

minimum of the processed front, so that the problem of decision making is reduced to the 

problem of function minimization. Hence, provided that any local minimum of a convex 

function defined on a convex set is a global minimum, such a minimization problem can be 

solved more efficiently with a local optimizer than with metaheuristic algorithms. 

Therefore, to solve a decision-making problem using a local optimization algorithm, it 

is required that: the transformable front be given a convex function and a convex set is 

given. 
To satisfy the first requirement, the properties of artificial neural networks as universal 

approximators were taken into account . Thus, with the help of an artificial neural network 

was designed, trained and tested to approximate the processed Pareto front. This artificial 

neural network, in fact, is an approximated Pareto front and displays the relationship 

between the parameters of the finite difference model and the multicriteria function that 

characterizes the modernization problem. Thus, the approximated Pareto front is a convex 

function. 

Similarly, the second requirement is satisfied by specifying a convex set and the 

corresponding search area. The minimum and maximum values of the processed front 

elements are considered to define this area. Since the convex function is given in the same 

domain, the convex optimization problem is transformed into a convex optimization 

problem with additional conditions. In the end, the final convex optimization problem with 
additional conditions can be solved through the use of a local optimization algorithm and, 

therefore, determining the best upgrade of the finite difference model. Of the set of all local 

optimization described in the literature, the usual active set algorithm was adopted, since it 

was widely used to solve constrained minimization problems. 
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The stages of the algorithm implementation can be described as follows: a set of initial 

solutions is generated randomly; the multicriteria harmony search algorithm is used to find 

the initial sparsely populated front; the resulting front is projected onto its space of 

principal components, in order to find the transformable front; this transformable front is 

subsequently approximated continually by an artificial neural network; then the minimum 

value of the resulting approximated front is found; they found best solution is projected 

back into the original space of functional components, which will provide conditions for 

finding the parameters that determine the modernized finite difference model. 

On fig. 1 shows a block diagram of the proposed machine learning optimization 

algorithm. 

 

 

Fig. 1. Flowchart of the proposed machine learning-optimization algorithm. 

4 Conclusions 

When solving practical engineering problems, the modernization of a finite-difference 

model of complex engineering structures is usually carried out by applying the maximum 

likelihood principle. Guided by this method, the problem of upgrading a finite difference 

model can be transformed into a problem of multiobjective optimization. Previously, 

various computational algorithms were proposed to solve a complex optimization problem. 

However, in the process of applying these algorithms, the following complications arise: it 

is a long computation time until the upgrade process is completed; and the need to solve a 

decision-making problem, the accuracy of which depends on setting a crowded front under 

certain conditions. To overcome these limitations, a new algorithm has been developed and 
tested in this paper. This combines the advantages of two methods of search and analysis of 

principal components. The scheme of the joint algorithm can be summarized with the 

following six steps: a set of initial solutions is randomly generated; a multi-criteria search 

algorithm is applied to form the initial non-overflowing front; the formed front is projected 

into the space of its principal components; then the front is continuously approximated by 

an artificial neural network; the search for the minimum of the approximate front obtained 

using the neural network is carried out, and in the end, the optimal solution found is 

transformed back into the original space of functional components. As a result of the steps 

listed above, the authors of the work receive a set of parameters characterizing the 

modernized finite difference model. 
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