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Abstract. The problems of the non-stationary flow of a viscoelastic fluid 
in a flat channel under the influence of a constant pressure gradient are 
solved based on the generalized Maxwell model. By solving the problem, 
formulas for velocity distribution, fluid flow rate, and other hydrodynamic 
quantities were determined. Based on the formulas derived, transient 
processes in the unsteady flow of a viscoelastic fluid in a flat channel are 
analysed. Based on the results of the analysis, it was shown that transient 
processes depending on the Deborah number, which determines the 
elasticity property in an elastic-viscous fluid, differ fundamentally from the 
transient process in a Newtonian fluid. It was discovered that the transition 
processes of the characteristics of an elastic-viscous fluid from an unsteady 
to a stationary state at small values of the Deborah number practically do not 
differ from the transition processes of a Newtonian fluid. At large values of 
the Deborah number, it was established that the process of transition of an 
elastic-viscous fluid from an unsteady state to a stationary one is of a wave 
nature, in contrast to the transition process of a Newtonian fluid, and the 
transition time is several times longer than the transition time of a Newtonian 
fluid. It was also revealed that perturbed processes can arise during the 
transition.  

1 Introduction 

In many scientific and technological operations, the unsteady flow of a viscoelastic fluid 
in a flat channel under the effect of a constant pressure gradient is studied. As is known, the 
viscoelastic properties of non-Newtonian fluids significantly affect the hydrodynamic 
characteristics of the flow. For example, when transporting highly viscous and heavy oil and 
petroleum products over long distances and circulating drilling fluid in a well, one of the 
important tasks is to develop an effective method for reducing the hydrodynamic resistance 
of flows [1, 2]. In the pipeline transport of viscous and or viscoelastic fluid, an unsteady flow 
is observed during the starting and stopping modes of the working bodies (mechanismsIn 
such instances, the fluid flow rate and other hydrodynamic properties of the flow deviate 
dramatically from those of ordinary Newtonian fluid flows. However, such flows are often 
employed in different technical processes, including chemical technology, biological 

*Corresponding author:  rajabovsuxrob72@gmail.com 

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons 
Attribution License 4.0 (https://creativecommons.org/licenses/by/4.0/).

E3S Web of Conferences 587, 01012 (2024)	 https://doi.org/10.1051/e3sconf/202458701012
GreenEnergy 2024



mechanics, and acoustics. Unsteady flows of Newtonian and non-Newtonian fluids, 
especially viscoelastic fluids in pipes and channels, have been the subject of several 
investigations [3–10]. The erratic flow of a viscous incompressible fluid in a cylindrical pipe 
was initially studied by I.S. Gromeka [3, 4]. He calculated the shear stress on the wall, the 
velocity change, and the fluid flow rate in these articles. The time of steadying hydrodynamic 
quantities during the flow of a viscous fluid in a cylindrical conduit may be found using these 
formulae. Then this problem was studied in [5-10] for unsteady flow of a viscous fluid. In 
[11], unsteady viscoelastic flows of Oldroyd-B fluid through an infinite pipe of circular cross-
section were analyzed. A fluid flows under the influence of a time-dependent pressure 
gradient in the following three cases: 1) the pressure gradient changes with time by the 
exponential law; 2) the pressure gradient pulsates; 3) the pressure gradient is constant. 
Formulas are obtained for the fluid velocity distribution, fluid flow rate, and other 
hydrodynamic characteristics of the flow. 

Unsteady pulsating flows of viscous and viscoelastic fluid in a circular cylindrical pipe 
of infinite length under the influence of a harmonically changing pressure gradient were 
studied in [12]. By solving the problem, calculation formulas for the fluid velocity 
distribution and flow rate were obtained. Numerical calculations have shown that in a 
pulsating flow at lower values of the dimensionless oscillation frequency, the velocity, flow 
rate, and other hydrodynamic parameters starting from zero initial state are steadied slowly, 
compared to high oscillation frequencies and are close to the parameters of a non-pulsating 
flow. In an oscillating flow at high oscillation frequencies, these parameters are steadied 
almost instantly. Based on the Maxwell model, the issue of unstable oscillatory flow of a 
viscoelastic fluid in a flat channel was examined in [13, 14]. Formulas for determining 
dynamic and frequency characteristics were obtained. The impact of vibration frequency and 
fluid relaxation characteristics on the shear stress on the wall was investigated by numerical 
experiments. It is demonstrated that the fluid's acceleration and viscoelastic characteristics 
are what restrict the use of the quasi-stationary technique. The issues with viscoelastic fluid's 
erratic flow in long pipes with an annular cross-section were resolved in [15, 16]. Since the 
fluid's rheological properties were thought to be independent of deformation rate, the issue 
was simplified to a linear one, and the Laplace transform was used to get an analytical 
solution.  

The computation results were acquired for a Newtonian fluid with constant 
characteristics, in which the evolution of velocity profiles follows a diffusion-like pattern. At 
every gap point, the shear stresses and velocity grow monotonically to their stationary values. 
A fluid's elasticity gives its flow a wave-like quality as it develops. In [17], laminar 
oscillatory flows of Oldroyd-B and Maxwell viscoelastic fluids were examined; numerous 
intriguing characteristics that aren't present in Newtonian fluid flows were shown. 

In [18], the electro-kinetic flow of viscoelastic fluids in a flat channel under the influence 
of an oscillatory pressure gradient was studied. It is assumed that the fluid flow is laminar 
and unidirectional; therefore, the fluid flow has a linear mode. The surface potentials are 
assumed small, so the Poisson-Boltzmann equation is linearized. During flow, resonant 
behavior appears when the elastic properties of the Maxwell fluid predominate. The 
resonance phenomenon enhances electro-kinetic effects, and the efficiency of conversion of 
electro-kinetic energy is enhanced too. 

In the references listed above, the field of fluid velocities is mainly studied under various 
modes of change in pressure gradient. Inadequate research was done on the variations in the 
wall's maximum longitudinal velocity, fluid flow rate, and tangential shear stress that happen 
while an unstable flow moves. In most cases, in hydrodynamic models of unsteady flows, 
fluids were replaced by a sequence of flows with a quasi-stationary distribution of 
hydrodynamic quantities. At present, the issue of the validity of studying quasi-stationary 
characteristics to determine the field of shear stresses in unsteady flows of viscous and 
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viscoelastic fluids has practically not been resolved. Naturally, under such conditions, there 
is a need to use hydrodynamic models of unsteady processes that take into account changes 
in the hydrodynamic characteristics of the flow depending on time.

In this article, the authors study the unsteady flow of a viscoelastic fluid using the 
generalized Maxwell model in a flat channel under the influence of a constant pressure 
gradient. The distribution of longitudinal velocity, fluid flow rate, and shear stress on the wall 
are calculated using the following formulas. Transient processes during the starting mode of 
viscoelastic fluid flow are analyzed.

2 Materials and Methods

Let us consider the problem of unsteady flow of a viscoelastic incompressible fluid 
between two stationary parallel planes extending in both directions to infinity. We denote the 
distance between the walls by 2h . The 0x -axis runs horizontally in the middle of the channel 
along the flow. The 0y -axis is directed perpendicular to the 0x -axis. The flow of 
viscoelastic fluid occurs symmetrically along the axis of the channel.

The differential equation of motion of a viscoelastic incompressible fluid under stress has 
the following form [7-12, 19-23]:

𝜌𝜌 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = − 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 −
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 (1)

where u is the longitudinal velocity; p - pressure;  - density;  - shear stress; t -time.
Rheological equations of state of a fluid are taken in the form of a generalized Maxwell 

equation [17, 18]
𝜏𝜏 = 𝜏𝜏𝑠𝑠 + 𝜏𝜏𝑝𝑝, 𝜏𝜏𝑠𝑠 = −𝜂𝜂𝑠𝑠

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 , 𝜆𝜆

𝜕𝜕𝜏𝜏𝑝𝑝
𝜕𝜕𝜕𝜕 + 𝜏𝜏𝑝𝑝 = −𝜂𝜂𝑝𝑝

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 (2)

Here 𝜆𝜆 is the relaxation time; 𝜏𝜏𝑠𝑠 - shear stress of the Newtonian fluid; 𝜏𝜏𝑝𝑝- shear stress of 
the Maxwell fluid; 𝜏𝜏 - shear stress of the mixture; 𝜂𝜂𝑠𝑠 - dynamic viscosity of Newtonian fluid; 
𝜂𝜂𝑝𝑝- dynamic viscosity of Maxwell fluid. The equality between dynamic viscosities is satisfied 
[17, 18, 20, 21]:

𝜂𝜂 = 𝜂𝜂𝑠𝑠 + 𝜂𝜂𝑝𝑝
where  is the dynamic viscosity of the mixture.
Substituting (2) into the equation of motion (1) for the fluid velocity, we obtain:

𝜌𝜌(1 + 𝜆𝜆 𝜕𝜕
𝜕𝜕𝜕𝜕)

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −(1 + 𝜆𝜆 𝜕𝜕

𝜕𝜕𝜕𝜕)
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝜂𝜂𝑠𝑠(1 + 𝜆𝜆 𝜕𝜕

𝜕𝜕𝜕𝜕)
𝜕𝜕2𝑢𝑢
𝜕𝜕𝑦𝑦2 + 𝜂𝜂𝑝𝑝

𝜕𝜕2𝑢𝑢
𝜕𝜕𝑦𝑦2 (3)

in order to resolve equations (3), The formulation of the initial and boundary conditions is 
required. Assumedly,
before the time point 𝑡𝑡 = 0, the fluid is at rest. Starting from 𝑡𝑡 = 0, the fluid flows because 
of the pressure gradient's positive constant𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐. in this instance, the starting state and 
the wall's non-slip state will resemble this:

𝑢𝑢 = 0 at 𝑡𝑡 = 0, 𝑢𝑢 = 0 for 𝑦𝑦 = ℎ (4)
In this case, the flow occurs symmetrically along the axis of the channel, therefore

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 0 for 𝑦𝑦 = 0 . (5)

Performing the Laplace-Carson transform, i.e. transferring in equation from the original 
to the picture

(3) and boundary conditions (4) and (5), we obtain:
𝑑𝑑2𝑢̄𝑢(𝑦𝑦,𝑠𝑠)
𝑑𝑑𝑦𝑦2 + 𝑖𝑖2𝜌𝜌𝜌𝜌

𝜂𝜂𝜂𝜂∗(𝑠𝑠) 𝑢̄𝑢(𝑦𝑦, 𝑠𝑠) =
1

𝜂𝜂𝜂𝜂∗(𝑠𝑠)
𝑑𝑑𝑝̄𝑝(𝑥𝑥)
𝑑𝑑𝑑𝑑 (6)
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Here 𝜂𝜂(𝑠𝑠) = (𝜂𝜂𝑠𝑠𝜂𝜂 +
𝜂𝜂𝑝𝑝
𝜂𝜂

1
1+𝑠𝑠𝑠𝑠) = (𝑋𝑋 + 𝑍𝑍 1

1+𝑠𝑠𝑠𝑠), where X and Z  are the fractions of 
Newtonian and Maxwell fluids, respectively [17,18]. 

Fundamental solutions to the equation without the right-hand side are the functions of 

cosine and sine𝑐𝑐𝑐𝑐𝑐𝑐 (𝑖𝑖√ 𝜌𝜌𝜌𝜌
𝜂𝜂𝜂𝜂∗(𝑠𝑠) 𝑦𝑦) and 𝑠𝑠𝑠𝑠𝑠𝑠 (𝑖𝑖√ 𝜌𝜌𝜌𝜌

𝜂𝜂𝜂𝜂∗(𝑠𝑠) 𝑦𝑦) , and partial solution to equation (3) 

with the right-hand side is constant− 1
𝜌𝜌𝜌𝜌

𝑑𝑑𝑝̄𝑝(𝑥𝑥)
𝑑𝑑𝑑𝑑 . 

Thus, the general solution to equation (3) has the following form: 

𝑢𝑢(𝑦𝑦, 𝑠𝑠) = 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 (𝑖𝑖√ 𝜌𝜌𝜌𝜌
𝜂𝜂𝜂𝜂∗(𝑠𝑠) 𝑦𝑦) + 𝐷𝐷 𝑠𝑠𝑠𝑠𝑠𝑠 (𝑖𝑖√ 𝜌𝜌𝜌𝜌

𝜂𝜂𝜂𝜂∗(𝑠𝑠) 𝑦𝑦) −
1
𝜌𝜌𝜌𝜌

𝑑𝑑𝑝̄𝑝(𝑥𝑥)
𝑑𝑑𝑑𝑑 . ( 7) 

Using boundary condition (5), we find constant 𝐷𝐷, which is equal to zero, and to 
determine constant С, we use boundary condition (4). As a result, for the velocity image we 
have: 

 

𝑢̄𝑢(𝑦𝑦, 𝑠𝑠) = 1
𝜌𝜌𝜌𝜌 (−

𝑑𝑑𝑝̄𝑝(𝑥𝑥)
𝑑𝑑𝑑𝑑 ) (1 −

𝑐𝑐𝑐𝑐𝑐𝑐(𝑖𝑖√ 𝜌𝜌𝜌𝜌
𝜂𝜂𝜂𝜂∗(𝑠𝑠)𝑦𝑦)

𝑐𝑐𝑐𝑐𝑐𝑐(𝑖𝑖√ 𝜌𝜌𝜌𝜌
𝜂𝜂𝜂𝜂∗(𝑠𝑠)ℎ)

).   (8) 

We derive the integral expression for the fluid velocity as follows using the Laplace-
Carson transform's inversion formula: 

𝑢𝑢(𝑦𝑦, 𝑡𝑡) = 1
2𝜋𝜋𝜋𝜋 ∫ 𝑒𝑒𝑠𝑠𝑠𝑠 1

𝜌𝜌𝜌𝜌 (−
𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑑𝑑 )𝜎𝜎+𝑖𝑖∞

𝜎𝜎−𝑖𝑖∞ (1 −
𝑐𝑐𝑐𝑐𝑐𝑐(𝑖𝑖√ 𝜌𝜌𝜌𝜌

𝜂𝜂𝜂𝜂∗(𝑠𝑠)𝑦𝑦)

𝑐𝑐𝑐𝑐𝑐𝑐(𝑖𝑖√ 𝜌𝜌𝜌𝜌
𝜂𝜂𝜂𝜂∗(𝑠𝑠)ℎ)

) 𝑑𝑑𝑑𝑑
𝑠𝑠    (9) 

In order to compute the integral (9) over a complex variable, the residues for the integrand 
must be determined. Given that the roots of the cosine are real integers and that the 
denominator is equal to zero, we calculate: 

 
𝑠𝑠 = 0

  
and 

 
𝑠𝑠 = −𝑣𝑣

𝑠𝑠1,2,𝑛𝑛
ℎ2

   (10) 

Here 𝑠𝑠1,2,𝑛𝑛 are the solutions to transcendental equation 𝑐𝑐𝑐𝑐𝑐𝑐 (𝑖𝑖√ 𝜌𝜌𝜌𝜌
𝜂𝜂𝜂𝜂∗(𝑠𝑠) ℎ) = 0. Since there 

are no complicated poles, we may apply the meromorphic function's expansion into simple 
fractions in the manner shown below: 

𝐹𝐹1(𝑠𝑠)
𝐹𝐹2(𝑠𝑠)

= 1
𝜌𝜌𝜌𝜌 (−

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑)

(𝑐𝑐𝑐𝑐𝑐𝑐(𝑖𝑖√ 𝜌𝜌𝜌𝜌
𝜂𝜂𝜂𝜂∗(𝑠𝑠)ℎ)−𝑐𝑐𝑐𝑐𝑐𝑐(𝑖𝑖√

𝜌𝜌𝜌𝜌
𝜂𝜂𝜂𝜂∗(𝑠𝑠)𝑦𝑦))

𝑐𝑐𝑐𝑐𝑐𝑐(𝑖𝑖√ 𝜌𝜌𝜌𝜌
𝜂𝜂𝜂𝜂∗(𝑠𝑠)ℎ)

𝑒𝑒𝑠𝑠𝑠𝑠

𝑠𝑠 = 𝐶𝐶0
𝑠𝑠 + ∑ 𝐶𝐶𝑖𝑖,𝑛𝑛

𝑠𝑠−𝑠𝑠𝑖𝑖,𝑛𝑛
2
𝑖𝑖=1            (11) 

𝐹𝐹1(𝑠𝑠) = (− 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑) (𝑐𝑐𝑐𝑐𝑐𝑐 (𝑖𝑖√

𝜌𝜌𝜌𝜌
𝜂𝜂𝜂𝜂∗(𝑠𝑠) ℎ) − 𝑐𝑐𝑐𝑐𝑐𝑐 (𝑖𝑖√ 𝜌𝜌𝜌𝜌

𝜂𝜂𝜂𝜂∗(𝑠𝑠) 𝑦𝑦)) 𝑒𝑒
𝑠𝑠𝑠𝑠; 𝐹𝐹2(𝑠𝑠) =

𝜌𝜌𝑠𝑠2 𝑐𝑐𝑐𝑐𝑐𝑐 (𝑖𝑖√ 𝜌𝜌𝜌𝜌
𝜂𝜂𝜂𝜂∗(𝑠𝑠) ℎ). 

To determine residue 𝐶𝐶0, It is necessary to multiply equality on both sides. (11) by 𝑠𝑠 and 
then tend 𝑠𝑠 to zero, i.e. 

𝐶𝐶0 = 𝑙𝑙𝑙𝑙𝑙𝑙
𝑠𝑠→0

𝑠𝑠𝐹𝐹1(𝑠𝑠)
𝐹𝐹2(𝑠𝑠)

= 𝑙𝑙𝑙𝑙𝑙𝑙
𝑠𝑠→0

𝑠𝑠 (−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑) (𝑐𝑐𝑐𝑐𝑐𝑐 (𝑖𝑖√

𝜌𝜌𝜌𝜌
𝜂𝜂𝜂𝜂 ∗ (𝑠𝑠) ℎ) − 𝑐𝑐𝑐𝑐𝑐𝑐 (𝑖𝑖√ 𝜌𝜌𝜌𝜌

𝜂𝜂𝜂𝜂 ∗ (𝑠𝑠) 𝑦𝑦))

𝜌𝜌𝑠𝑠2 𝑐𝑐𝑐𝑐𝑐𝑐 (𝑖𝑖√ 𝜌𝜌𝜌𝜌
𝜂𝜂𝜂𝜂 ∗ (𝑠𝑠) ℎ)

=

= 1
2𝜂𝜂 (−

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) ℎ

2 (1 − 𝑦𝑦2

ℎ2
).  (12) 

Here, it is assumed that 𝑐𝑐𝑐𝑐𝑐𝑐 𝑥𝑥 = 1 − 𝑥𝑥2

2! +
𝑥𝑥4

4! −⋅⋅
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To determine residue 𝐶𝐶𝑖𝑖,𝑛𝑛, we need to multiply (11) by the difference 𝑠𝑠 − 𝑠𝑠𝑖𝑖𝑖𝑖  and tend 𝑠𝑠 
to 𝑠𝑠𝑖𝑖𝑖𝑖, considering that 

𝐶𝐶𝑖𝑖𝑖𝑖 = 𝑙𝑙𝑙𝑙𝑙𝑙
𝑠𝑠→𝑠𝑠𝑖𝑖𝑖𝑖

𝐹𝐹1(𝑠𝑠)
𝐹𝐹2(𝑠𝑠)−𝐹𝐹2(𝑠𝑠𝑖𝑖𝑖𝑖)

𝑠𝑠−𝑠𝑠𝑖𝑖𝑖𝑖

= 𝐹𝐹1(𝑠𝑠𝑖𝑖𝑖𝑖)
𝐹𝐹2′ (𝑠𝑠𝑖𝑖𝑖𝑖)

.    (13) 

Now we need to find the value of 𝑠𝑠𝑖𝑖𝑖𝑖, for this, we use equation .𝑐𝑐𝑐𝑐𝑐𝑐 (𝑖𝑖√ 𝜌𝜌𝜌𝜌
𝜂𝜂𝜂𝜂∗(𝑠𝑠) ℎ) = 0., its 

solution has the following form: 

𝑖𝑖√ 𝜌𝜌𝜌𝜌
𝜂𝜂𝜂𝜂∗(𝑠𝑠) ℎ =

2𝑛𝑛+1
2 𝜋𝜋   (14) 

Here, considering that 𝜂𝜂 ∗ (𝑠𝑠) == (𝑋𝑋 + 𝑍𝑍 1
1+𝑠𝑠𝑠𝑠) , we reduce equation (14) to the 

following form: 
𝜌𝜌𝜌𝜌

𝜂𝜂𝜂𝜂∗(𝑠𝑠) ℎ
2 = − (2𝑛𝑛+1)2

4 𝜋𝜋2 or 𝑠𝑠 = − (2𝑛𝑛+1)2

4 𝜋𝜋2 𝜈𝜈
ℎ2
(𝑋𝑋 + 𝑍𝑍 1

1+𝑠𝑠𝑠𝑠).  (15) 
From here, it is easy to transform equation (15) to the following quadratic equation: 

𝐷𝐷𝐷𝐷𝑠̄𝑠2 − 𝑠̄𝑠(1 + 𝑋𝑋𝑋𝑋𝑋𝑋𝑎𝑎02) + 𝑎𝑎02 = 0    (16)
 Here 𝑎𝑎0 =

2𝑛𝑛+1
2 𝜋𝜋, 𝐷𝐷𝐷𝐷 = 𝜆𝜆𝜆𝜆

ℎ2
, 𝑠𝑠 = − 𝜈𝜈

ℎ2
𝑠̄𝑠
 
There are two roots to quadratic equation (16): 

real different, real equal, and complex conjugate. We consider all these cases in “Numerical 
calculations and discussions”. 

Now, considering that 𝑠̄𝑠 = 𝑠𝑠𝑖𝑖𝑖𝑖 ,we determine 𝐶𝐶𝑖𝑖𝑖𝑖 = 𝑙𝑙𝑙𝑙𝑙𝑙
𝑠𝑠→𝑠𝑠𝑖𝑖𝑖𝑖

𝐹𝐹1(𝑠̄𝑠)
𝐹𝐹2(𝑠̄𝑠)−𝐹𝐹2(𝑠𝑠𝑖𝑖𝑖𝑖)

𝑠̄𝑠−𝑠𝑠𝑖𝑖𝑖𝑖

= 𝐹𝐹1(𝑠𝑠𝑖𝑖𝑖𝑖)
𝐹𝐹2′ (𝑠𝑠𝑖𝑖𝑖𝑖)

 , here, the 

numerator is easily calculated: 

𝐹𝐹1(𝑠𝑠𝑖𝑖𝑖𝑖) = (−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑)(𝑐𝑐𝑐𝑐𝑐𝑐 (𝑖𝑖√

𝜌𝜌𝑠𝑠𝑖𝑖𝑖𝑖
𝜂𝜂𝜂𝜂 ∗ (𝑠𝑠𝑖𝑖𝑖𝑖)

ℎ) − 𝑐𝑐𝑐𝑐𝑐𝑐 (𝑖𝑖√
𝜌𝜌𝑠𝑠𝑖𝑖𝑖𝑖

𝜂𝜂𝜂𝜂 ∗ (𝑠𝑠𝑖𝑖𝑖𝑖)
𝑦𝑦)) 𝑒𝑒𝑠𝑠𝑖𝑖𝑖𝑖𝑡𝑡 =

= (− 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑) (−𝑐𝑐𝑐𝑐𝑐𝑐 (

(2𝑛𝑛+1)
2 𝜋𝜋 𝑦𝑦

ℎ
)) 𝑒𝑒𝑠𝑠𝑖𝑖𝑖𝑖𝑡𝑡.    (17) 

Here, it is assumed that 𝑐𝑐𝑐𝑐𝑐𝑐 (𝑖𝑖√ 𝜌𝜌𝑠𝑠𝑖𝑖𝑖𝑖
𝜂𝜂𝜂𝜂∗(𝑠𝑠𝑖𝑖𝑖𝑖)

ℎ) = 0 . 

The denominator is calculated using the derivative with respect to s , i.e. 

𝐹𝐹2′(𝑠𝑠) = 2𝜌𝜌𝜌𝜌 𝑐𝑐𝑐𝑐𝑐𝑐 (𝑖𝑖ℎ√
𝜌𝜌𝜌𝜌

𝜂𝜂𝜂𝜂 ∗ (𝑠𝑠)) − 𝜌𝜌𝑠𝑠2 𝑠𝑠𝑠𝑠𝑠𝑠 (𝑖𝑖ℎ√
𝜌𝜌𝜌𝜌

𝜂𝜂𝜂𝜂 ∗ (𝑠𝑠))(𝑖𝑖ℎ√
𝜌𝜌𝜌𝜌

𝜂𝜂𝜂𝜂∗(𝑠𝑠))
𝑠𝑠

′

=

−𝜌𝜌𝑠𝑠2(−1)𝑛𝑛 (𝑖𝑖ℎ√ 𝜌𝜌𝜌𝜌
𝜂𝜂𝜂𝜂∗(𝑠𝑠))

𝑠𝑠

′
= −𝜌𝜌𝑠𝑠2(−1)𝑛𝑛 𝑖𝑖ℎ

√𝜈𝜈 (√
𝑠𝑠

𝜂𝜂∗(𝑠𝑠))
𝑠𝑠

′
.   (18)  

where: 𝜈𝜈 = 𝜂𝜂
𝜌𝜌. Derivative (√ 𝑠𝑠

𝜂𝜂∗(𝑠𝑠))
𝑠𝑠

′
 from formula (18) is calculated as: 

(√ 𝑠𝑠
𝜂𝜂∗(𝑠𝑠))

𝑠𝑠

′
= 1

2(√ 𝑠𝑠
𝜂𝜂∗(𝑠𝑠))

( 𝑠𝑠
𝜂𝜂∗(𝑠𝑠))𝑠𝑠

′
= 1

2(√ 𝑠𝑠
𝜂𝜂∗(𝑠𝑠))

(𝜂𝜂
∗(𝑠𝑠)−𝑠𝑠(𝜂𝜂∗(𝑠𝑠))𝑠𝑠

′

𝜂𝜂∗2(𝑠𝑠) ).   (19) 

Since 𝑖𝑖ℎ√𝜈𝜈 √
𝑠𝑠

𝜂𝜂∗(𝑠𝑠) =
2𝑛𝑛+1
2 𝜋𝜋 , therefore:  

(√ 𝑠𝑠
𝜂𝜂∗(𝑠𝑠))

𝑠𝑠

′
= 𝑖𝑖ℎ

(2𝑛𝑛+1)𝜋𝜋√𝜈𝜈 (
𝜂𝜂∗(𝑠𝑠)−𝑠𝑠(𝜂𝜂∗(𝑠𝑠))𝑠𝑠

′

𝜂𝜂∗2(𝑠𝑠) ).    (20)  

Considering that 𝜂𝜂∗(𝑠𝑠) = − 4𝑠𝑠
(2𝑛𝑛+1)2𝜋𝜋2

ℎ2

𝜈𝜈  , Eq. (20) takes the following form:  
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(√
𝑠𝑠

𝜂𝜂∗(𝑠𝑠))
𝑠𝑠

′

= 𝑖𝑖ℎ
(2𝑛𝑛 + 1)𝜋𝜋√𝜈𝜈

(
𝜂𝜂∗(𝑠𝑠) − 𝑠𝑠(𝜂𝜂∗(𝑠𝑠))𝑠𝑠

′

𝜂𝜂∗2(𝑠𝑠) ) =

= 𝑖𝑖ℎ
(2𝑛𝑛+1)𝜋𝜋√𝜈𝜈

(2𝑛𝑛+1)4𝜋𝜋4

16𝑠𝑠2
𝜈𝜈2

ℎ4
(𝜂𝜂∗(𝑠𝑠) − 𝑠𝑠(𝜂𝜂∗(𝑠𝑠))𝑠𝑠

′).    (21) 
With the found derivatives (21) and (18), we find the formula for calculating the 

denominator (13): 

𝐹𝐹2′(𝑠𝑠) = −𝜌𝜌𝑠𝑠2(−1)𝑛𝑛 𝑖𝑖ℎ
√𝜈𝜈

(√
𝑠𝑠

𝜂𝜂∗(𝑠𝑠))
𝑠𝑠

′

=

= −𝜌𝜌𝑠𝑠2(−1)𝑛𝑛 𝑖𝑖ℎ
√𝜈𝜈

𝑖𝑖ℎ
(2𝑛𝑛 + 1)𝜋𝜋√𝜈𝜈

(2𝑛𝑛 + 1)4𝜋𝜋4
16𝑠𝑠2

𝜈𝜈2
ℎ4
(𝜂𝜂∗(𝑠𝑠) − 𝑠𝑠((𝜂𝜂∗(𝑠𝑠))𝑠𝑠

′)

=
= 𝜌𝜌(−1)𝑛𝑛 (2𝑛𝑛+1)3𝜋𝜋3

16
𝜈𝜈
ℎ2
(𝜂𝜂∗(𝑠𝑠) − 𝑠𝑠((𝜂𝜂∗(𝑠𝑠))𝑠𝑠

′).     (22) 
Instead of 𝜂𝜂∗(𝑠𝑠), substituting its value  

𝜂𝜂∗(𝑠𝑠) = (𝑋𝑋 + 𝑍𝑍 1
1 + 𝑠𝑠𝑠𝑠)𝜂𝜂

∗ ′(𝑠𝑠) = −𝜆𝜆𝜆𝜆
(1 + 𝑠𝑠𝑠𝑠)2

𝜂𝜂∗(𝑠𝑠) − 𝑠𝑠𝜂𝜂∗ ′(𝑠𝑠) = (𝑋𝑋 + 𝑍𝑍 1
1 + 𝑠𝑠𝑠𝑠) −

−𝑠𝑠𝑠𝑠𝑠𝑠
(1 + 𝑠𝑠𝑠𝑠)2 =

= 1 + 2𝜆𝜆𝜆𝜆 + 𝜆𝜆2𝑠𝑠2𝑋𝑋
(1 + 𝑠𝑠𝑠𝑠)2  

in (22) and considering that 𝑠𝑠 = − 𝜈𝜈
ℎ2
𝑠̄𝑠, 𝐷𝐷𝐷𝐷 = 𝜆𝜆𝜆𝜆

ℎ2
 , we obtain 

𝐹𝐹2′(𝑠̄𝑠) = 𝜌𝜌(−1)𝑛𝑛
(2𝑛𝑛 + 1)3𝜋𝜋3

16
𝜈𝜈
ℎ2
(𝜂𝜂∗(𝑠𝑠) − 𝑠𝑠((𝜂𝜂∗(𝑠𝑠))𝑠𝑠

′) =

= (−1)𝑛𝑛 (2𝑛𝑛+1)3𝜋𝜋3

16
𝜂𝜂
ℎ2

1−2𝐷𝐷𝐷𝐷𝑠̄𝑠+𝐷𝐷𝑒𝑒2𝑠̄𝑠2𝑋𝑋
(1−𝑠𝑠𝑠𝑠𝑠𝑠)2 .   (23) 

Substituting 𝐹𝐹1(𝑠̄𝑠) and 𝐹𝐹2′(𝑠̄𝑠) from (17) and (23) into (13), and replacing 𝑠̄𝑠 with 𝑠̄𝑠𝑖𝑖𝑖𝑖 , we 
obtain the final values for inC :  

𝐶𝐶𝑖𝑖𝑖𝑖 =
𝐹𝐹1(𝑠𝑠𝑖𝑖𝑖𝑖)
𝐹𝐹2′ (𝑠𝑠𝑖𝑖𝑖𝑖)

= ∑∑
(−𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑) (−𝑐𝑐𝑐𝑐𝑐𝑐 (
(2𝑛𝑛 + 1)

2 𝜋𝜋 𝑦𝑦ℎ) 𝑒𝑒
− 𝜈𝜈
ℎ2
𝑠̄𝑠𝑖𝑖𝑖𝑖𝑡𝑡)

(−1)𝑛𝑛+1 (2𝑛𝑛 + 1)3𝜋𝜋3
16

𝜂𝜂
ℎ2
1 − 2𝐷𝐷𝐷𝐷𝑠̄𝑠𝑖𝑖𝑖𝑖 + 𝐷𝐷𝑒𝑒2𝑠̄𝑠𝑖𝑖𝑖𝑖2𝑋𝑋

(1 − 𝑠𝑠𝑖𝑖𝑖𝑖𝐷𝐷𝐷𝐷)2

2

𝑖𝑖=1

∞

𝑛𝑛=1
=

= 16ℎ2
𝜂𝜂 (−𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)∑∑
(−1)𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐 ((2𝑛𝑛 + 1)

2 𝜋𝜋 𝑦𝑦ℎ) 𝑒𝑒
− 𝜈𝜈
ℎ2
𝑠̄𝑠𝑖𝑖𝑖𝑖𝑡𝑡.

(2𝑛𝑛 + 1)3𝜋𝜋3 1 − 2𝐷𝐷𝐷𝐷𝑠̄𝑠𝑖𝑖𝑖𝑖 + 𝐷𝐷𝑒𝑒2𝑠̄𝑠𝑖𝑖𝑖𝑖2𝑋𝑋
(1 − 𝑠𝑠𝑖𝑖𝑖𝑖𝐷𝐷𝐷𝐷)2

2

𝑖𝑖=1

∞

𝑛𝑛=1
. 

Summing up 𝐶𝐶𝑜𝑜 and 𝐶𝐶𝑖𝑖𝑖𝑖 and substituting into (11), Equation (3) has a solution that has 
the following form: 

𝑢𝑢(𝑦𝑦, 𝑡𝑡) = ℎ2

2𝜂𝜂 (−
𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑑𝑑 ) [(1 − 𝑦𝑦2

ℎ2
) + 32∑ ∑

(−1)𝑛𝑛 𝑐𝑐𝑐𝑐𝑐𝑐((2𝑛𝑛+12 )𝜋𝜋𝑦𝑦ℎ)𝑒𝑒
− 𝜈𝜈
ℎ2
𝑠̄𝑠𝑖𝑖𝑖𝑖𝑡𝑡

(2𝑛𝑛+1)3𝜋𝜋31−2𝐷𝐷𝐷𝐷𝑠̄𝑠𝑖𝑖𝑖𝑖+𝐷𝐷𝑒𝑒
2𝑠̄𝑠𝑖𝑖𝑖𝑖

2𝑋𝑋
(1−𝑠𝑠𝑖𝑖𝑖𝑖𝐷𝐷𝐷𝐷)2

2
𝑖𝑖=1

∞
𝑛𝑛=1   (24) 

22

2 2
0 3 31 1

2

(0, ) ( 1)1 32 .
1 2(2 1)

(1 )

ins tn h

in inn i

in

u t e
u Des De s Xn

s De





−

= =

−
= +

− +
+

−

    (25) 
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Here 𝑢𝑢0 =
ℎ2

2𝜂𝜂 (−
𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑑𝑑 ).  

Expression (25) shows that the velocity distribution becomes parabolic as it gets closer 
to infinity. 

𝑢𝑢(𝑦𝑦, 𝑡𝑡) = ℎ2

2𝜂𝜂 (−
𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑑𝑑 ) [(1 − 𝑦𝑦2

ℎ2
)   (26) 

Thus, the solution to the non-stationary motion problem when it approaches infinity 
yields the solution to the stationary fluid flow between parallel walls problem. 

3 Results and Discussion 

Numerical computations were performed to establish steady-state non-stationary 
processes with hydrodynamic properties during the non-stationary flow of a viscoelastic 
fluid, utilizing the obtained formulas (24) and (25). We initially investigate the Newtonian 
fluid in order to make comparisons between it and the steady-state viscoelastic fluid easier. 
The Newtonian fluid computation formulas are derived from (24) and (25), and for  
𝜆𝜆 = 0, 𝜂𝜂∗(𝑠𝑠) = 1, 𝑋𝑋 = 1, 𝑍𝑍 = 0, The transcendental equation's solution in this instance 
takes the following form. 

𝑐𝑐𝑐𝑐𝑐𝑐 (𝑖𝑖√𝜌𝜌𝜌𝜌
𝜂𝜂 ℎ) = 0, (𝑖𝑖√𝜌𝜌𝜌𝜌

𝜂𝜂 ℎ) = 2𝑛𝑛+1
2 𝜋𝜋, 𝑠𝑠 = − 𝜈𝜈

ℎ2
𝑠̄𝑠, 𝑠̄𝑠 = (2𝑛𝑛+1)2

4 𝜋𝜋2      (27) 

Using these expressions from formulas (24) and (25), calculation formulas to study 
Newtonian fluid can be obtained in the following form:  

 𝑢𝑢(𝑦𝑦, 𝑡𝑡) = ℎ2

2𝜂𝜂 (−
𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑑𝑑 ) [(1 − 𝑦𝑦2

ℎ2
) + 32∑ (−1)𝑛𝑛

(2𝑛𝑛+1)3𝜋𝜋3
∞
𝑛𝑛=1 𝑐𝑐𝑐𝑐𝑐𝑐 ((2𝑛𝑛+12 ) 𝜋𝜋 𝑦𝑦

ℎ
) 𝑒𝑒−

𝜈𝜈
ℎ2
(2𝑛𝑛+1)2

4 𝜋𝜋2𝑡𝑡] 
  (28) 

( )

( )2 2
2

2 1
4

3 3
0max 1

(0, ) ( 1)1 32
2 1

nn t
h

n

u t e
u n

 



+ −

=

−
= +

+
   (29) 

Numerical computations were carried out using formula (29), as seen in Fig. 1, to show 
how the ratio of the maximum velocity to the maximum velocity of a stationary flow changes 
with time. It is evident that the relative maximum velocity of a Newtonian fluid in a non-
stationary flow increases monotonically with time to the value of a stationary flow. 

 

 
Fig. 1. Variation in the maximum velocity to stationary profile maximum velocity ratio over time in 

an unsteady Newtonian fluid flow 
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Numerous literary sources [7-12] provide information regarding the method by which a 
Newtonian fluid moves from a non-stationary to a stationary flow regime. Nevertheless, not 
enough research has been done on the process by which viscoelastic fluids go from an 
unstable to a stationary flow. The unsteady flow of a viscoelastic fluid in annular pipes is the 
subject of references [15, 16]. The finite difference approach is used to solve these problems. 
An investigation of the issue resolved with the generalized two-fluid Maxwell model is 
shown below. 

We employ formulas (24) and (25), to do this. One of the physical characteristics of a 
viscoelastic fluid flow is that, after reaching its maximum velocity initially, the flow enters a 
stage of stagnant flow and monotonic reduction. The Maxwell model is used to examine the 
process of a viscoelastic fluid changing from an unstable to a stationary condition in a flat 
channel, based on formulas (24) and (25). In this instance, roots entering formulae (24) and 
(25) yield the solution to the quadratic equation (16).  

There are two roots identified for the quadratic equation (16): real different, real equal, 
and complex conjugate. 

𝑠𝑠1𝑛𝑛 =
1+𝑋𝑋𝑋𝑋𝑋𝑋𝑎𝑎02+√1−2𝐷𝐷𝐷𝐷𝑎𝑎02(𝑋𝑋−2)+𝑋𝑋2𝐷𝐷𝑒𝑒2𝑎𝑎04

2𝐷𝐷𝐷𝐷 ,  (30) 

𝑠𝑠2𝑛𝑛 =
1+𝑋𝑋𝑋𝑋𝑋𝑋𝑎𝑎02−√1−2𝐷𝐷𝐷𝐷𝑎𝑎02(𝑋𝑋−2)+𝑋𝑋2𝐷𝐷𝑒𝑒2𝑎𝑎04

2𝐷𝐷𝐷𝐷    (31) 
For a quadratic equation to have real roots, the discriminant in formulas (30) and (31) 

(1 − 2𝐷𝐷𝐷𝐷𝑎𝑎02(𝑋𝑋 − 2) + 𝑋𝑋2𝐷𝐷𝑒𝑒2𝑎𝑎04 ) Needs to be at least as high as zero.In this case, the roots 
are real, so the solutions to equations (24) and (25) are presented in the following form: 

𝑢𝑢(𝑦𝑦, 𝑡𝑡) = ℎ2

2𝜂𝜂 (−
𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑑𝑑 ) [(1 − 𝑦𝑦2

ℎ2
) + 32∑ ∑

(−1)𝑛𝑛+1 𝑐𝑐𝑐𝑐𝑐𝑐((2𝑛𝑛+12 )𝜋𝜋𝑦𝑦ℎ)𝑒𝑒
− 𝜈𝜈
ℎ2
𝑠̄𝑠𝑖𝑖𝑖𝑖𝑡𝑡

(2𝑛𝑛+1)3𝜋𝜋31−2𝐷𝐷𝐷𝐷𝑠̄𝑠𝑖𝑖𝑖𝑖+𝐷𝐷𝑒𝑒
2𝑠̄𝑠𝑖𝑖𝑖𝑖

2𝑋𝑋
(1−𝑠𝑠𝑖𝑖𝑖𝑖𝐷𝐷𝐷𝐷)2

2
𝑖𝑖=1

∞
𝑛𝑛=0   

 (32) 
𝑢𝑢(0,𝑡𝑡)
𝑢𝑢0

= 1 + 32∑ ∑ (−1)𝑛𝑛+1𝑒𝑒
− 𝜈𝜈
ℎ2
𝑠̄𝑠𝑖𝑖𝑖𝑖𝑡𝑡

(2𝑛𝑛+1)3𝜋𝜋31−2𝐷𝐷𝐷𝐷𝑠̄𝑠𝑖𝑖𝑖𝑖+𝐷𝐷𝑒𝑒
2𝑠̄𝑠𝑖𝑖𝑖𝑖

2𝑋𝑋
(1−𝑠̄𝑠𝑖𝑖𝑖𝑖𝐷𝐷𝐷𝐷)2

2
𝑖𝑖=1

∞
𝑛𝑛=0 .  (33) 

In this case, solutions to (32) and (33) will be the same as solutions to (24) and (25). 
Analysis of formulas (32) and (33) is given in Fig. 2.  

 

 
Fig. 2. Variation in the ratio of the maximum velocity to the maximum velocity of a stationary 

profile over time in an unstable viscoelastic fluid flow (for varying values of the Newtonian fluid 
concentration and Deborah number) 
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From Figure. 2, it is evident that in this instance, the non-stationarity processes in the flow 
of an elastic-viscous fluid and the non-stationarity processes in a Newtonian fluid are 
virtually equivalent. In this instance, the method of stabilizing the non-stationary flow of a 
Newtonian fluid can be used in place of the erratic flow of an elastic-viscous fluid. Now 
consider the situation when complex conjugate roots make up the roots of quadratic equation 
(16). When the discriminant of equation (16) is less than zero, this instance is observed. In 
this instance, the quadratic equation's solution is found to be: 

𝑠𝑠1𝑛𝑛 =
1+𝑋𝑋𝑋𝑋𝑋𝑋𝑎𝑎02+𝑖𝑖√2𝐷𝐷𝐷𝐷𝑎𝑎02(2−𝑋𝑋)−𝑋𝑋2𝐷𝐷𝑒𝑒2𝑎𝑎04−1

2𝐷𝐷𝐷𝐷 = 𝑎𝑎 + 𝑏𝑏𝑏𝑏      (34) 

𝑠𝑠2𝑛𝑛 =
1+𝑋𝑋𝑋𝑋𝑋𝑋𝑎𝑎02−𝑖𝑖√2𝐷𝐷𝐷𝐷𝑎𝑎02(2−𝑋𝑋)−𝑋𝑋2𝐷𝐷𝑒𝑒2𝑎𝑎04−1

2𝐷𝐷𝐷𝐷 = 𝑎𝑎 − 𝑏𝑏𝑏𝑏   (35) 

Here 𝑎𝑎 = 1−𝑋𝑋𝑋𝑋𝑋𝑋𝑎𝑎02

2𝐷𝐷𝐷𝐷 , 𝑏𝑏 =
√2𝐷𝐷𝐷𝐷𝑎𝑎02(2−𝑋𝑋)−𝑋𝑋2𝐷𝐷𝑒𝑒2𝑎𝑎04−1

2𝐷𝐷𝐷𝐷 , 𝑎𝑎0 =
2𝑛𝑛+1
2 𝜋𝜋, 𝐷𝐷𝐷𝐷 = 𝜆𝜆𝜆𝜆

ℎ2
 ,  𝑠𝑠1𝑛𝑛 = 𝑎𝑎 +

𝑏𝑏𝑏𝑏, 𝑠𝑠2𝑛𝑛 = 𝑎𝑎 − 𝑏𝑏𝑏𝑏 
Then solutions to (24) and (25) have the following form:  

𝑢𝑢(𝑦𝑦, 𝑡𝑡) = ℎ2

2𝜂𝜂 (−
𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑑𝑑 ) [(1 − 𝑦𝑦2

ℎ2
) +

32∑
(−1)𝑛𝑛+1 𝑐𝑐𝑐𝑐𝑐𝑐((2𝑛𝑛+12 )𝜋𝜋𝑦𝑦ℎ)2𝑒𝑒

− 𝜈𝜈
ℎ2
𝑎𝑎𝑛𝑛𝑡𝑡

(2𝑛𝑛+1)3𝜋𝜋3(𝑀𝑀2
2+𝑁𝑁22)

(𝑀𝑀3 𝑐𝑐𝑐𝑐𝑐𝑐 𝑏𝑏𝑛𝑛
𝜈𝜈
ℎ2
𝑡𝑡 + 𝑁𝑁3 𝑠𝑠𝑠𝑠𝑠𝑠 𝑏𝑏𝑛𝑛

𝜈𝜈
ℎ2
𝑡𝑡)∞

𝑛𝑛=0      (36) 

𝑢𝑢(0,𝑡𝑡)
𝑢𝑢0

= 1 + 32∑ 2(−1)𝑛𝑛+1𝑒𝑒
− 𝜈𝜈
ℎ2
𝑎𝑎𝑛𝑛𝑡𝑡

(2𝑛𝑛+1)3𝜋𝜋3(𝑀𝑀2
2+𝑁𝑁22)

∞
𝑛𝑛=0 (𝑀𝑀3 𝑐𝑐𝑐𝑐𝑐𝑐 𝑏𝑏𝑛𝑛

𝜈𝜈
ℎ2
𝑡𝑡 + 𝑁𝑁3 𝑠𝑠𝑠𝑠𝑠𝑠 𝑏𝑏𝑛𝑛

𝜈𝜈
ℎ2
𝑡𝑡).          (37) 

Here 
𝑀𝑀1 = 1 − 2𝑎𝑎𝑛𝑛𝐷𝐷𝐷𝐷 + 𝑎𝑎𝑛𝑛2𝐷𝐷𝑒𝑒2 − 𝑏𝑏𝑛𝑛2, 𝑁𝑁1 = 2𝑎𝑎𝑛𝑛𝑏𝑏𝑛𝑛 − 2𝑏𝑏𝑛𝑛𝐷𝐷𝐷𝐷

𝑀𝑀2 = 1 − 2𝑎𝑎𝑛𝑛𝐷𝐷𝐷𝐷 + 𝑎𝑎𝑛𝑛2𝐷𝐷𝑒𝑒2𝑋𝑋 − 𝐷𝐷𝑒𝑒2𝑏𝑏𝑛𝑛2𝑋𝑋, 𝑁𝑁2 = 2𝑎𝑎𝑛𝑛𝑏𝑏𝑛𝑛𝐷𝐷𝑒𝑒2𝑋𝑋 − 2𝑏𝑏𝑛𝑛𝐷𝐷𝐷𝐷
𝑀𝑀3 = 𝑀𝑀1𝑀𝑀2 + 𝑁𝑁1𝑁𝑁2, 𝑁𝑁3 = −(𝑀𝑀1𝑁𝑁2 − 𝑀𝑀2𝑁𝑁1)

 
 
We examine the numerically calculated unsteady flow of an elastic-viscous fluid where 

the solutions to equation (16) are composed of complex conjugate roots using formula (37). 
Figures 3-6 (for the Deborah numbers and various values of the Newtonian fluid 
concentration) illustrate the change in time in the ratio of the maximum velocity to the 
maximum velocity of a stationary profile during an unsteady flow of a viscoelastic fluid.It is 
evident from the pictures that, in contrast to a Newtonian fluid, the transition from an unstable 
to a stationary state (based on the generalized Maxwell model of a viscoelastic fluid) is wave-
like. The Maxwell model of a viscoelastic fluid has a transition time that is several times 
longer than the Newtonian fluid models, as Figures 3-6 demonstrate. In Figure 1, for instance, 
it is three times longer; in Figure 2, it is four times longer; in Figure 5, it is 3.5 times longer; 
and in Figure 6, it is 4.5 times longer.  
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Fig. 3. Variation in the maximum velocity to the maximum velocity of a stationary profile over 
time in an unstable viscoelastic fluid flow (for varying Newtonian fluid concentration levels and 

Deborah numbers) 

 
Fig. 4. Variation in the maximum velocity to the maximum velocity of a stationary profile over 
time in an unstable viscoelastic fluid flow (for varying Newtonian fluid concentration levels and 

Deborah numbers) 
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Fig. 5. Variation in the maximum velocity to the maximum velocity of a stationary profile over 
time in an unstable viscoelastic fluid flow (for varying Newtonian fluid concentration levels and 

Deborah numbers) 

 
Fig. 6. Variation in the maximum velocity to the maximum velocity of a stationary profile over 
time in an unstable viscoelastic fluid flow (for varying Newtonian fluid concentration levels and 

Deborah numbers) 

 

The primary cause of the abrupt increase in hydrodynamic quantities during the transition 
of an elastic-viscous fluid can be assumed to be the inertial force taken into account in the 
Maxwell model. It is evident that, once the inertial force is removed, the fluid behaves exactly 
like a Newtonian fluid. The Deborah number, or relaxation, in this case explains the inertial 
force's effect. Figures 5 and 6 illustrate how the increase in the Deborah number during the 
transition process surpasses the ratio of the maximum velocity to the maximum velocity of 
the stationary profile of a viscoelastic fluid by 4.5–5 times when compared to the maximum 
velocity of a Newtonian fluid. It is evident from Figures 3–6 that the uneven motion of the 
mixture can, in a way, stabilize a viscoelastic fluid that is created by combining a Newtonian 
fluid with unsteady flows of viscoelastic fluids. In this instance, the characteristics can be 
normalized by an instantaneous maximum rise in the relative maximum velocity due to an 

11

E3S Web of Conferences 587, 01012 (2024)	 https://doi.org/10.1051/e3sconf/202458701012
GreenEnergy 2024



increase in the Newtonian fluid concentration. In technical and technological processes, 
ensuring the implementation of this function is crucial to preventing malfunctions and 
failures. 
4 Conclusion 

The problem of unsteady flow of an elastic-viscous fluid in a flat channel under the effect 
of a constant pressure gradient was solved using the generalized Maxwell model. The 
distribution of the fluid flow rate and velocity profile in an unsteady flow of viscoelastic fluid 
were calculated using the derived formulas. The methods by which the properties of an 
elastic-viscous fluid in a flat channel change from an unstable to a stationary state were 
examined using the formulas that were found. Considering the analysis's conclusions. It was 
demonstrated that transient processes in an elastic-viscous fluid that rely on the Debord 
number which establishes the fluid's elasticity property differ significantly from transient 
processes in a Newtonian fluid. It was found that at small values of the Deborah number, the 
processes of transitioning the properties of an elastic-viscous fluid from an unstable to a 
stationary state are essentially the same as those of a Newtonian fluid. It was discovered that 
the process of an elastic-viscous fluid changing from an unstable to a stationary state is wave-
like at large values of the Deborah number. The transition time is several times longer than 
the transition time of a Newtonian fluid, in contrast to the transition process itself. 
Additionally, it was shown that during the transition, disturbed processes can emerge. In a 
sense, the perturbed processes in viscoelastic fluid that occur in unsteady flows can be 
stabilized with the addition of Newtonian fluid. This demonstrates how a Newtonian fluid's 
disturbed properties can be normalized by an instantaneous maximum rise in the relative 
maximum velocity brought on by an increase in fluid concentration. In technical and 
technological procedures, this property's application is crucial for averting malfunctions or 
breakdowns. 
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