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Abstract. The article investigates a variant of a non-relativistic model of
the motion of a rigid body in a uniform magnetic field described by a system
of differential equations in a deterministic problem of the rotation of an
isotropic body relative to the center of inertia fixed in the geometric center
and offers experimental characteristics of the studies, the results of tests of
the inductive orientation system of a moving homogeneous body. Thus, the
article covers both theoretical and practical issues of the dynamics of rigid
bodies under the influence of a magnetic field, offering methods and
approaches to controlling their orientation and motion.

1 Introduction

The problem of the motion of a rigid body under the influence of external forces and moments
of force is presented as follows. Since a rigid body generally possesses six degrees of
freedom, the general system of equations of motion must contain six differential equations.
They are represented as time derivatives of two vectors — the momentum of the body P and
the kinetic moment L [1].

dP _ . dL_

< M
de . dr

’ )

where F and M are the resultant force and momentum.
If the mass m and the velocity of motion of the center of mass v, then the momentum

P=mv ”

Expression for Kinetic Moment
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where p is the density of the body;

V -volume;
Q) - instantaneous angular velocity vector;
r - radius — vector.
By choosing the directions of the coordinate axes appropriately, the inertia tensor

V |

can be converted to a diagonal appearance. These directions are called the principal axes of
inertia, and the corresponding values of the tensor components are called the principal
moments of inertia.

After reducing to the principal axes for the components of the kinetic moment, the
following is obtained:

L=19 . L=1,0, L =10, y

where 1,,1,,1; are the main moments of inertia.

To describe the motion of a rigid body, two coordinate systems are introduced: a fixed
system £7¢ and a mobile system xyz, the origin of which coincides with the center of mass

of the rigid body and the axes are directed along the main axes of inertia.
The equations of solid-state dynamics consist of three equations of motion of the center
of mass:

d2§ d277 d2§
m— =t m—=F  m—==F
dt ar . Mar T .

where F,F,, F, are the coordinate projections of the resultant force applied to the body and

the equations of motion relative to the center of mass, recorded in a movable coordinate
system:

1.0
%+ 0,10, -0, 1,0, =M,
’ ,

>

dL,Q,

~QLO+ Q0 =M,
5 (6)
+O,L,O, -Q,[,Q, =M,

>

dI,Q,

where M ,M ,, M are the coordinate projections of the resultant moment of forces.

Moving on to the study of the dynamics of solids in an electromagnetic field, it is
necessary to take into account electromagnetic forces and moments of forces. If no external
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forces, except for electromagnetic forces, act, then the components F.,F, ,F, M, are

directly components of electromagnetic forces and moments of forces.
The most common form of notation of electromagnetic forces for a rigid body [2]:

F= 805f {E(nE) —%Ezn}dS +
S

i§ {B(nB) —len}dS
Hos 2

where E is the strength of the electric field;
B - Magnetic field induction

&, - dielectric constant of vacuum;

14, -magnetic inductivity;

n is a normal vector to the surface of a solid.

Integration is carried out on the surface covering the body under consideration. The only
condition regarding the choice of this surface is that it should not contain sources that create
an electromagnetic field inside [3].

In the above expression of electromagnetic forces, it would also be necessary to take into
account the force arising from a change in the momentum of the electromagnetic field, the
density of which

®)

and the magnitude of this force is considered negligible.

The written expression (7) is also applied to a simple special case, namely, when
considering the electromagnetic pressure acting on the surface of a hemisphere.

Let us choose the coordinate system in such a way that the surface of the half-space
coincides with the plane (x, z) and the positive direction of the normal coincides with the
positive direction of the y-axis. , which within a half-space decays at infinity [4]. In this case,
the normal electric and magnetic pressures are determined by the expressions

P :—LBf.

E M
P =-2E;; 2y ©
2

If the external uniform fields are directed along the y-axis with a similar attenuation at
infinity within a half-space, then the corresponding pressures:

1
P, =—B8..
PE :ﬁEz . 2uy -

2

(10)

pressures are created in the direction of the normal and the surface of the half-space is drawn
into the field.
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The nature of electromagnetic forces and moments of forces acting on a rigid body
depends on the distribution of the field, the finding of which is associated with the integration
of Maxwell's equations in the medium:

rotE = _9B rotH = j +8—D
ot ot - (D
divD=p, .divB=0

where O is the density of electric charges.

The main factors that determine the different nature of electromagnetic forces and
moments of forces are:

- spatial dependence of the external field,

- Time dependence of the external field;

- geometric shape of the body;

- Body material: dielectric, ferromagnetic, conductor.

In many practical problems, alternating fields are used to generate electromagnetic forces.
If the frequency is high enough, then when calculating forces and moments of forces,
averaging over time is performed [5]. When the fields change according to the sinusoidal
law, the electromagnetic pressure will have the following dependence on time:

P=P,sin’ ot

Suppose that the pressure is exerted on the surface of the wafer with an area S and a
thickness d (the density of the wafer material p ).

The x coordinate is chosen, which characterizes the position of the plate surface in the
o L . dP .
direction of the pressure. Then, taking into account the expression 7 = F, where F is the
t

resultant force,

d’x .
de = B) Sln2 wt
4 (12)

As aresult of integrating this equation under zero initial conditions
dx

“ o
x\t:O =0 dt |t=0

H

Obtained for speed /" and movement x [6]:

Pyt sin2et| __ Rt’|, sin’ar
V= 1—— X=— 1_ >
2pd 20t ). 4pd (01)

The first terms of the right-hand parts of the obtained expressions characterize the motion

. (13)

of the plate under the influence of constant pressure %PO, which can be determined as a

result of averaging the pressure p = p,sin’ @t over the period. The second terms
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characterize the motion caused by field oscillations. For large values of time, they wr >>1
disappear [7] and uniformly accelerated motion becomes decisive.

2pvd
Taking into account the fact that with uniformly accelerated motion, time ¢ = dd or
0

r=2 |2 d the following criteria are obtained to determine the applicability of time
0
averaging:

2
2pved =>1 dprard d>>1
B 5
or . (14)

Of scientific interest are the possible results of integrating the equation (12) discussed
here under zero initial conditions:

Pyt sin 2t Bt { cosa)tcosa)t}
V= ]l— | x= 1+ >
2pd 20t 4pd (o)

(15)

The author of this paper proposes a modern approach to solving the desired equation in a
deterministic class of nonstationary functions, to study the motions caused by field
fluctuations for small values of time, and to consider equation (12) here as follows:

d’x

-1 .2 . e e e el .- .

e = F,sin” @t under various non-zero deterministic initial conditions, and with the
t

representation performed

d .
pd—uzPOsmza)t

dt u(ty=0)=u, . u, #0

(16)

Let's write down [8]:

t
u=u,+ J.pfldflf{) sin * wtdt
0 17

Herewith

t t
ufp’ld’lﬁ) sin® wtdt —uuy +ug = Ip’ld’lﬂ) sin’ wrdt®
0 0 a8

From where

1

t
J‘p’ld’lP0 sin’ wrdt = 0.5u+(0.25u” —uu, +uyu,)?
‘ 9

On the other hand:
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1

‘ 2
0.25u” —u[ p™'d ' P, sin® crdt +
0

Uy, =0.5u+ . )
(J'plle0 sin’ a)tdtJ
0

(20)

The most important problems of the force effect of the electromagnetic field are reduced
to the problems of linear electrodynamics, which makes it possible to take into account linear
relations:

D=¢E. B=pH . j=oF

21

Neglecting the insignificant influence of displacement currents, a system of initial
equations is obtained:

OB
rotE =——
ot : rotH = oE,

divD=p, . divB=0

and distinguish three main tasks of electrodynamics:
- dielectric or conductive bodies in a stationary or alternating electric field,
- ferromagnetic bodies in a stationary or alternating magnetic field,
- conductive bodies in an alternating magnetic field.

2 Materials and methods

A noticeable effect of the natural magnetic field is used in orientation on the terrain with the
help of a magnetic compass.

The presence of other magnetic sources, conductive areas distorts the actual readings. The
author of this paper proposes to take into account the results of experimental tests of
gyroscopic elements of inertial systems in the design recommendations of advanced devices
and devices in a wide range of electromagnetic disturbances.

In an alternating magnetic field, the magnetic compass is idle.

A short-term alternating magnetic field has less disturbing effect on the functioning of a
magnetically shielded sensing element compared to a uniform fixed field of measurable
strength.

The displacement of a rigid body in a homogeneous magnetic, electric field is described
by a system of differential equations, the right-hand parts of which contain electromagnetic
moments of forces. In the most general case, they are functions of the angles of the vector of
the external magnetic field and the axes of the observed coordinate system, as well as
functions of the vector of angular velocity Q solid. Sometimes it is possible to regard these
moments as depending only on the angles that determine the orientation of the rigid body
with respect to the external field. Let us consider here the dependence of the electromagnetic

moment of the forces M on the guide cosines y,7’,7” between the vector of the external
field B and the coordinate axes x,y,z of the movable coupled coordinate system. It is assumed
that the vector of the external field is directed along the axis § of the oriented initial

coordinate system. Then the components of the field along the coordinate axes of the movable
reference system are determined by the relations [9,10]:
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B =By . By:By/.Bz:B7// 22)

Equations of rotation of a rigid body with respect to a fixed point in a homogeneous
deterministic field:

a2, ——=+Q 1Q -Q1Q =2PV-

dt
oo, o v v b =4 ol e b

dI,Q
L QL0 4010, = 2PV
t
[(Otzz —o '+ azx(vz —y" )+ (07—, )Y/] oy
AL 010 -010, 2PV
dt X7y y yox X

I:(axx - ay)’ : + af)’(y/z - yz )+ (o“zxy/ - azy'}’)y//]

where P is the magnetic pressure

r=Qy -Qy"
B (24)

v =0y"-Qy .
y'=0,r-Qy

The coefficients ¢, depend on the shape and magnetic permeability of the body.

If guide cosines are known y,7’,»”, then their connection with Euler angles is

established using the known formulas:

p=arctgy!y’  v=arccoy’ .

1 1y
av/ - | o _rr-rry
zlt },// z 7/2_'_7//

(25)

System (23) — (25) is not generally integrated.
The most important special case is a rigid body that has the shape of an ellipsoid, since in
this case the components of the electromagnetic moment of forces are expressed by explicit

formulas:
B 4R, —1>(N.—N,)y'y" ~ 4R, D' (N, N )"
S 8 12 (Y ) R ¥ [P i [ Y Ty 1
M= psj A DI, =N

3a[t+ @ -V Jlt+ (1. -1, |

B (26)
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where the odds are

YA A dS Ak dS
] | |

iSﬁL/l1 )E

&=J6+D@+ﬁm&M®. =

B
a
6

B B

S - cross-sectional area of the ellipsoid; / =2a - the length of the ellipsoid.

Lemma. A Proposed Solution to the System of Real Equations (2.2), (2.5) of the Problem
of Rotation of an Ellipsoid in a Homogeneous Magnetic Field with Respect to an Observed
Fixed Point at

-Q.1.Q +Q.1Q +
AR, D’V =Ny
34+, DN, [l+®, -DN,]
QIO -Q1Q +
4R, - 1)? (N, =N, "
3x1[1+(in ~DN, [+ @, “ov]”
Q10 +Q 10 +
4R, -1)° (N,-N 84
3A4[1+ R, -DN J[L+ R, - DN, J

pSI

pS!

pSl

Designed as follows:

dld? +Q 10 -Q1Q +

dl Q
o010 +Q 10 + arQ, +
dt dt

Q10 =Q1Q +pSl-

4R, -D* (N, -N,)y'y"
341+ R, -DN, |1+ R, -DN_]
4R, -D)*(N, ~N)w'"
a0+, N Ji+ @, -]
4R -D*(N, - Ny’
34+ @&, DN, 1+ %, -1, |

Let us represent a variant of the non-relativistic problem of the rotation of an asymmetric
homogeneous rigid body with respect to a fixed point in a dissipative medium with reversible
properties by a system of the following real equations:

dlo /di+olo -olo, =Mo, ,
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dlo,/di-ol .o +ol o =M,o,
o 7, (27)

dl.o,/di+ol o, -0l o, =M,

Definition: A real characteristic polynomial for diagnosing the rest of a system of coupled
differential equations of a deterministic problem of the rotation of an asymmetric rigid body
with respect to a fixed point is developed as follows [11,12]:

I MM I M — 1 M1 M 00—
— I Mod My + 1Mo —od M1 M +

+al'Myo+a’I]'M, —a’
g : 28)

Assertion. If the developed inequality is observed, theoretical conditions for the stability
of equilibrium are developed:
1M MM — 1M MM -
IMI MO T M = 1M TM LM +
(~DIMLI MM 10 MMM —
MMM, = I MMM —
1M MM, +

+ 1M MM >0
’ (29)

The initial version of the equations of the problem of rotation of an asymmetric heat-
conducting solid with respect to a fixed point by inertia under rotary symmetry, represented
by the following coordinate equations in the case of Euler, deserves attention:

dIQ, / dt +Q,1,Q, =Q,IQ,
dIQ, | dt — O, 1,0, + Q10 =0
dLQ, /dt =

(30)

Where does the possible variant of the initial equivalent equation of the system (30) come

from:
d’IQ dzQ
—C—2+C" =140, 7 =CIQ,
dt dt . Z—const a1
L, dZQ, . . . . .
Hence, when C I =-0Q,Z we write the equivalent equation under consideration,
as follows:
c’ K, +CIQ, =0
dr’ i C-Q,= 0,

(32)
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Moreover, such an equation describes a harmonic oscillator with a known solution:
C,cosRt + C,sinRr
On the other hand, the initial equivalent equation is as follows:

d’iQ,
dr’

dzQ,

+C*IQ, = +CQ,Z

, (33)

The desired solution of which is developed as follows:

R-1;'Z=0 .

—ij azy, sin Rt + CQ,Z sin Redt - cos R +
wYar

1 7Q) .
— cosith L+ cosRtCQ, Zdt -sin Rt +
R dt

C, cosRt+C, sin Rt

3 Research and results

Studies of gyroscopic sensitive elements and devices, which preceded laboratory tests of the
physical model of the spherical inertial platform, revealed possible disturbances in the
functioning of gyroblocks in deterministic external magnetic fields of measurable strength.

A variant of the experimental model of a spherical miniature platform in a load-bearing
suspension different from the well-known gimbal contains electrically conductive outer and
inner spheres, in the space of which an inertial sensing element, a source of a reference
magnetic field of a fixed frequency are located, a magnetic field receiver and a device for
recording the movement of the inner sphere are located outside the outer sphere [13].

When the inner sphere rotates in the electromagnetic field, electromagnetic fields will be
induced in the wall, the interaction of which with the external field will lead to the appearance
of counteracting disturbance moments. The possibility of the occurrence of an induced
electromagnetic field in the conductive material of a spherical platform is noted by the depth
of penetration of the external field into the material of the structure, determined according to
[14-16]:

where o is the specific electrical conductivity of the material;
1 - Magnetic permeability of the material;
o - frequency of the electromagnetic field.

Experimental modeling consisted in evaluating the functioning of the developed version
of the magnetometric system for determining the angular coordinates of the physical model

10
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of a spherical miniature platform, taking into account the inductive method of measuring
alternating magnetic fields [18, 19].

The source of the reference magnetic field includes an inductor located stationary in the
geometric center of the inner sphere with a radius of 13.7 cm and a wall thickness of 0.1 cm,
in the cavity of which a gyroscopic sensing element is installed [20].

The magnetic field receiver includes inductors enclosing the outer sphere with a
circumference radius of 14 cm, wall thickness, and the radii of the receiver coils are 17.4 and
, the windings of which are made of copper wire with 82 turns with an active resistance of
9.6 and 17 Ohm and an inductance of 8.2 mH and 10 mH, respectively.0.1 cm18 cm

4 Conclusion

The inductor of the magnetic field source has a winding of copper wire with a circumference
radius of 6.3 cm with an active impedance of 9 ohms. Measurements of the parameters of the
inductors were carried out using a universal digital voltmeter B7-16 and a high-frequency
meter L and C E7-9.

A low-frequency signal generator F3-112/1 with an output voltage of 10 V was connected
to the source inductor, the main frequency error of which does not exceed £(0.01F+0.5) Hz
in the frequency range of 200 Hz - 20 kHz, where F is the frequency measured on the
generator scale. With the help of the optical device of the experiment, consisting of a light
source, a reflection plane and a screen, the directive angular deviation of the inner sphere was
monitored, with the help of a reference field receiver connected to an electrical measuring
device, the output signal was measured with the corresponding angular deviation of the inner
sphere relative to the fixed outer one. Statistical processing of the test results showed that the
standard error of the arithmetic mean value of the measurement result is 12 angles. min.

By installing a system of orthogonal inductors, it is possible to form a matrix of guide
cosines of the autonomous method of spatial orientation of an isotropic rigid body when
rotating relative to a fixed pole.

The proposed orientation system of a movable non-deformable body is based on the well-
known law of electromagnetic induction, written by differential expression e = —% , the
research of which makes it possible to develop the substantive aspects of electromotive force
induction and to substantiate the constructive basis of all existence.
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