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Abstract. The article presents a general theory of the analysis of 
subharmonic oscillations at a frequency of 25 Hz in three-phase Ferro 
resonance circuits with common magnetic conductors. The abbreviated 
equations are obtained by averaging with the corresponding phases. From 
the condition of the existence of a periodic solution, the phase and amplitude 
ratios of the excited oscillations are determined, which differ from three-
phase circuits with a separate ferromagnetic element. In steady-state mode, 
the excitation conditions and the area of existence are determined depending 
on the parameters of the circuit, the bias current and the applied action. The 
stability of the solution of the initial system of nonlinear second-order 
differential equations is also studied by analysing the roots of the 
characteristic equation using a qualitative method. In the theory of nonlinear 
electrical circuits, the analysis of the physical processes occurring in three-
phase Ferro resonance circuits during the excitation of second-order 
subharmonic oscillations is of particular importance in the design and 
creation of various converter devices. 

1 Introduction 

Ensuring Subharmonics are harmonics that have frequencies smaller than the base frequency. 
In energy systems, under certain conditions, the emergence of currents of subharmonic 
frequency is observed. Subharmonic frequencies include frequencies below: the primary 
frequency is divided by some positive integer N, i.e. 1/n, for example, if the generator's 
primary frequency is 50 Hz, while the subharmonic frequency is 25 Hz (1/2) and 16.6 Hz 
(1/3). Inductive resistances are used to limit the magnitude of the harmonic oscillations that 
occur in nonlinear chains, as inductive resistance affects the current. Similarly, sequentially 
connected linear capacitance resistors are used to increase the actual power by canceling part 
of the inductive resistance. However, as with sequential linear capacitance when resistances 
are compensated, some solutions can cause new problems in the system. When capacitors are 
used as a sequential element in a transmission line, subharmonic currents with frequencies 
below the main ones are formed [1,2,3].  Extensive research has been conducted, and the 
effects of subharmonic currents are devastating. Despite the fact that currently there are many 
publications on the study of subharmonic fluctuations in three-phase chains, the processes in 
them are analyzed only on the basis of experimental studies. According to the results of the 
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analysis, a theoretical analysis was carried out of processes in three-phase chains as an 
analogue of single-phase chains, which could not reveal the quantitative and qualitative side 
of processes in three-phase chains. This in turn involves solving nonlinear systems of non-
uniform differential equations with reciprocal phase displacements in three-phase chains. 
These equations describe nonlinear three-phase systems [4,5,6]. On the other hand, in all 
available literature, subharmonic oscillations are studied in three-phase chains where each 
phase uses separate ferromagnetic elements. The excitation of subharmonic oscillations in 
three-phase ferromagnetic element three-phase chains with a magnetic relationship between 
phases in common ferromagnetic spindle chains has not yet been sufficiently studied [7,8]. 
This cited document examined the mode of excitation of subharmonic oscillations of the third 
order in a three-phase chain consisting of linear active, capacitive and nonlinear inductive 
elements with a common magnetic connection, which is an analogue of the "line unloaded 
Transformer" Power Line, and obtained equations of motion [9]. Using the averaging method 
with the corresponding phases Shortened equations. From the condition for the existence of 
a periodic solution, phase relations are determined that differ from the phase relations for 
three-phase circuits with group ferromagnetic elements. In the stationary mode, the excitation 
conditions, the areas of existence, the dependence of the output values on the parameters of 
the circuit and the applied action are determined. In general, subharmonic oscillations in 
three-phase chains can be excited in chains consisting of nonlinear inductive resistance and 
capacitance in chains for the purpose of accumulating a certain amount of energy in their 
elements necessary to excite and hold their oscillation at a given frequency [10,11,12,13,14]. 
However, from a practical point of view, electro ferromagnetic chains that are capable of 
working to a large capacity during energy exchange occur, which are autoparametric 
oscillatory circuits that are of great interest. In chains where ferromagnetic elements are 
connected in series with linear capacitances, a large amount of energy is stored in the 
excitation process when building for switchgear equipment and can generate circuits that can 
be used effectively to create them [15,16]. In this regard, the issues of developing methods 
and theory for calculating subgarmonic energy modifiers, which can be used as the basis for 
engineering calculations of specific devices, have also been studied separately [17,18,19]. Of 
even greater practical importance is the creation of devices based on multiphase subharmonic 
chains with electro ferromagnetic vibrational chains, mainly: two-phase and three-phase 
devices. These, unlike existing energy modifiers, which are mainly based on single-phase 
nonlinear circuits, have phase-discrete properties, are reliable and convenient to operate. 
[20,21,22]. 
 

2 Materials and methods 

The conditions of excitation and the nature of the processes of the agro-industrial complex in 
such circuits depend not only on the parameters of the elements, the degree of nonlinearity 
of the PV, the initial conditions, but also on the structure and methods of connecting the 
elements, the symmetry of the system and the magnitude of the input effect.  In three-phase 
systems, depending on the amplitude, the applied voltage, initial conditions and parameters 
of the third-order subharmonic oscillations circuit are excited with different amplitude-phase 
relations and phase alternation, sharply violating the symmetry of the system. Let us consider 
the steady-state mode of third-order subharmonic oscillations in symmetric three-phase 
ferroresonance circuits using frequency-energy relations. The Weber-ampere characteristic 
of a nonlinear inductance (identical in all phases) is approximated by a cubic two-term of the 
third degree (1): 

𝑖௩ ൌ 𝑎Ф௩ ൅ 𝑏Ф௩
ଷ       (1) 
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Taking the law of change in the fluxes created by the current of nonlinear inductance, in 
the form of (2): 

Ф௩ ൌ Ф௩ 𝑐𝑜𝑠 ቂ𝑤𝑡 ൅ 𝜙ଵ ൅ ቀ
ଵି௩

ଽ
ቁ2𝜋ቃ ൅Фଷ௩௠ 𝑐𝑜𝑠 ቂ3𝑤𝑡 ൅ 𝜙ଷ ൅ ቀ

ଵି௩

ଷ
ቁ2𝜋ቃ                 

(2) 
To analyze the excitation of third-order subharmonic oscillations in three-phase electro 

ferromagnetic oscillatory circuits, substitute (1) in (3) 

                                 𝑖௩ ൌ 𝐴ଵ௩ 𝑐𝑜𝑠 ቂ𝑤𝑡 ൅ 𝜙ଵ ൅ 2𝜋 ቀ
ଵି௩

ଽ
ቁቃ ൅ 𝐵ଵ௩ 𝑐𝑜𝑠 ቂ3𝑤𝑡 ൅ 𝜙ଷ ൅

2𝜋 ቀ
ଵି௩

ଷ
ቁቃ ൅ 

൅𝐴ଶ௩ 𝑠𝑖𝑛 ቂ𝑤𝑡 ൅ 𝜙ଵ ൅ 2𝜋 ቀ
ଵି௩

ଽ
ቁቃ ൅ 𝐵ଶ௩ 𝑠𝑖𝑛 ቂ3𝑤𝑡 ൅ 𝜙ଷ ൅ 2𝜋 ቀ

ଵି௩

ଷ
ቁቃ            (3) 

Where: 

𝐴ଵ௩ ൌ 𝑎Фଵ௠ ൅ 𝑏Фଵ௠ ൤
3
4
Фଵ௠
ଶ ൅

3
2
Фଷ௠
ଶ ൅

3
4
Фଵ௠Фଷ௠ 𝑐𝑜𝑠ሺ3𝜙ଵ ൅ 𝜙ଷሻ൨ 

𝐴ଶ௩ ൌ
3
4
𝑏Фଵ௠

ଶ Фଵ௠ 𝑠𝑖𝑛ሺ3𝜙ଵ ൅ 𝜙ଷሻ 

𝐵ଵ௩ ൌ 𝑎Фଷ௠ ൅ 𝑏Фଵ௠ ൤
3
4
Фଷ௠
ଶ ൅

3
2
Фଵ௠
ଶ ൅

1
4
Фଵ௠
ଶ 𝑐𝑜𝑠ሺ3𝜙ଵ ൅ 𝜙ଷሻ൨ 

𝐵ଶ௩ ൌ
ଵ

ସ
𝑏Фଵ௠

ଷ 𝑠𝑖𝑛ሺ3𝜙ଵ ൅ 𝜙ଷሻ     (4) 

In expression (3), terms that differ in frequency from ω and 3ω are ignored for simplicity. 
Using the conclusions about the possible variants of excitation of subharmonic oscillations 
circuit in three-phase circuits, we will use the initial data and express the currents of 
individual phases, while we assume that the components of the subharmonic flows are shifted 
by angles of 0°, 40°, 80°, and the fundamental harmonic flows are symmetrical and constitute 
a direct sequence system. 

3 Results and discussion 

To determine the area of existence and critical values of the circuit parameters at which the 
steady-state mode of subharmonic oscillations can still exist in three-phase ferroresonance 
circuits, consider equations (3). To do this, square them and add them up. The instantaneous 
value of the voltage in the nonlinear inductance, taking into account (2), is expressed as (5): 

𝑈ଵ ൌ
ௗф

ௗ௧
െ 𝑎𝑤Фଵ௠ 𝑠𝑖𝑛ሺ𝑤𝑡 ൅ 𝜙ଵሻ െ 3𝑏Фଷ௠ 𝑠𝑖𝑛ሺ3𝑤𝑡 ൅ 𝜙ଷሻ    (5) 

Let's write down the voltage and current in a complex form and we can solve. As a result, 
we obtain expressions that determine the relationship between the squares of the amplitudes 
of the fundamental harmonic flux and subharmonics. Taking into account the phase relations 
in the three-phase circuits given in 3, we obtain in general terms the following equations for 
each phase (6): 

36Фଷ௩
ସ ൅ 27Фଷ௩

ଶ Фଵ௩
ଶ ൅ 9Фଵ௩

ସ െ 2𝑁௩Фଶ௩
ଶ െ 𝑁௩Фଵ௩

ଶ ൅
ଵ଺

ଽ௕మ
𝑁௩ሾ𝐾௩ ൅ 1ሿ ൌ 0 (6) 

Where, the values  𝐍𝛎  and  𝐊𝛎 summarized in Table 1.  

Table 1.  Dependence of coefficients 𝑁ఔ and 𝐾ఔ on Phase Shift angles. 

Options Phase 
Start of 
phase 

 𝑵𝝂 𝑲𝝂 

1 A 
00 

𝐾௤ െ 𝑎
𝑏

 
𝐾௣

𝐾௤ െ 𝑎
 

B 
400 

0.643𝐾௣ ൅ 0.766𝐾௤ െ 𝑎
𝑏

 
0.766𝐾௣ ൅ 0.643𝐾௤

0.643𝐾௣ ൅ 0.766𝐾௤ െ 𝑎
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C 
800 

0.984𝐾௣ ൅ 0.173𝐾௤ െ 𝑎
𝑏

 
0.173𝐾௣ ൅ 0.984𝐾௤

0.984𝐾௣ ൅ 0.173𝐾௤ െ 𝑎
 

2 A 
00 

𝐾௤ െ 𝑎
𝑏

 
𝐾௣

𝐾௤ െ 𝑎
 

B 
800 

0.984𝐾௣ ൅ 0.173𝐾௤ െ 𝑎
𝑏

 

0.173𝐾௣ ൅ 0.984𝐾௤
0.984𝐾௣ ൅ 0.173𝐾௤ െ 𝑎

 

 
C 

1600 
0.939𝐾௣ ൅ 0.342𝐾௤ െ 𝑎

𝑏
 

0.342𝐾௣ ൅ 0.939 ൅ 𝐾௤
0.939𝐾௣ ൅ 0.342𝐾௤ െ 𝑎

 

3 A 
00 

𝐾௤ െ 𝑎
𝑏

 
𝐾௣

𝐾௤ െ 𝑎
 

B 
1600 

0.939𝐾௣ ൅ 0.342𝐾௤ െ 𝑎
𝑏

 
0.342𝐾௣ ൅ 0.939 ൅ 𝐾௤

0.939𝐾௣ ൅ 0.342𝐾௤ െ 𝑎
 

C 
3200 

0.643𝐾௣ ൅ 0.766𝐾௤ െ 𝑎
𝑏

 
0. .766𝐾௣ ൅ 0.643 ൅ 𝐾௤
0.643𝐾௣ ൅ 0.766𝐾௤ െ 𝑎

 

 
Each equation of this system is an equation for the connection of the square of the flows 

of the main and sub harmonic components  Фଷ௩
ଶ and Фଵ௩

ଶ  in ferromagnetic elements and is the 
equation of the second-order curve. By solving from it, it is possible to determine the critical 
parameters of the phase elements, the active resistance and the capacitance of the circuit. 
Expression (5) is the conditions for the existence of a subharmonic oscillation mode for each 
phase in three-phase circuits. It can be seen from the inequalities that the conditions for the 
existence of subharmonic oscillations for each phase are different and are determined by the 
parameters of the circuit. If conditions (5) are met, the second-order curves describe real 
ellipses located in the first square of the plane Фଷ௩

ଶ  0 Фଵ௩
ଶ . The coordinates of the ellipse 

centers are determined by the formula: for a phase shift of 0°,40°, 80° we get: 

                          Ф301
ଶ ൌ

ଶ

଻
൬

௄೛
௄೜ି௔

൰                             (7) 

                         Ф101
ଶ ൌ

ସ

଻
൬

௄೛
௄೜ି௔

൰         (8) 

                 Ф302
ଶ ൌ

ଶ

଻
ቀ
଴.଺ସଷ௄೛ା଴.଻଺଺௄೜ି௔

௕
ቁ           (9) 

                  Ф102
ଶ ൌ

ସ

଻
ቀ
଴.଺ସଷ௄೛ା଴.଻଺଺௄೜ି௔

௕
ቁ         (10) 

                 Ф303
ଶ ൌ

ଶ

଻
ቀ
଴.ଽ଼ସ௄೛ା଴.ଵ଻ଷ௄೜ି௔

௕
ቁ                                     (11) 

                      Ф103
ଶ ൌ

ସ

଻
ቀ
଴.ଽ଼ସ௄೛ା଴.ଵ଻ଷ௄೜ି௔

௕
ቁ                              (12) 

Graphical interpretations of equations (5) corresponding to the steady-state mode of third-
order subharmonic oscillations for the mode of excitation of subharmonic oscillations with a 
phase shift of 0°, 40°, 80°.According to the table, the excitation conditions for different 
phases differ from each other, because K1, K2 and K3 are different. Different K1 correspond 
to their ellipses, from which it can be seen that in each particular case, the regions of existence 
by the input effect of  ΔФଷ௩ெ

ଶ and the amplitudes of the excited subharmonic oscillations differ 
from each other. The use of the frequency-energy method for the analysis of subharmonic 
oscillations in three-phase ferroresonance circuits is possible only when used in the power 
ratios of the phases and phase relations of the corresponding ones. The use of the energy 
method, regardless of the characteristics of the frequency-converting element, simplifies the 
computational algorithm for compiling the equations of the established process of the agro-
industrial complex both in the division mode and in the frequency multiplication mode 
(derivation of the equations of motion of the system, approximate the solution of shortened 
equations). 
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4 Conclusion  

In conclusion, it can be said that in three-phase ferroresonance chains with a common 
ferromagnetic element, a nonlinear equation of motion is induced, allowing to obtain an 
equation that takes into account the processes in the common ferromagnetic element in 
contrast to ferroresonance chains made up of individual ferroromagnetic elements. Even in 
three-phase ferroresonance chains with a three-phase ferromagnetic element, subharmonic 
oscillations excite in hard and soft modes. It has been found that ferroresonance, composed 
of separate ferroromagnetic elements, excites simultaneously in all phases in contrast to 
chains. In three-phase ferroresonance chains with a common three-phase ferromagnetic 
element, subharmonic oscillations appear in a wider range than in three-phase ferroresonance 
chains consisting of separate ferromagnetic elements, which allows for wide applications in 
mnogoustoychivian elements. 

References 

1. Joe Perez, ERL Phase Power Technologies 11, 13-15 (2014)  

2. Koshi Okymyra, Akira Kishima. “Met, Face End. Kyoto Univ” 3, 134-150 (1971) 

3. Wright Jan A. JEEE Trans Power Apper and System 8, 61-65 (1970) 

4. A.N. Tovbaev, D.Sh. Mardonov, A.X. Mamatazimov, S.S. Samatova, Journal of 
Physics: Conference Series 2094, 052048 (2021) 

5. Akram Tovbaev, Gayrat Boynazarov, Islom Togaev, E3S Web of Conferences 390 
06032 (2023)  

6. N.O. Ataullayev, D.F. Nizomova, B.Q. Muxammadov, Journal of  Physics: Conference 
2094 052039 (2021) 

7. M. Ibodulaev, A.N. Tovboyev, E3S Web of Conferences 216 01113 (2020) 

8. A.N. Tovboyev, I.B. Togayev, I.Q. Uzoqov, G.Y. Nodirov, E3S Web of Conferences 
414 03001 (2023) 

9. A.I. Karshibaev, B.Sh. Narzullaev, X.Sh. Murodov, Journal of Physics: Conference 
Series 1679 022074 (2020)   

10. A.O. Ataullaev, M.K. Sayidov, E3S Web of Conferences 414 03006 (2023) 

11. A. Tovbaev, M. Ibadulaev, Z. Safarov, AIP Conference Proceedings 2552 030027 
(2023)  

12. Oybek Ishnazarov, Jonibek Mavlonov, Davron Mardonov, E3S Web of Conferences 461 
01091 (2023)   

13. Yu.S. Zhelezko, Power stations 9, 33 (2001) 

14. E.O. Bakai, Bulletin of the South Ural State University. Ser. Economics and 
Management 11(4), 117-125 (2017)  

15. M. Ibodullaev, Bulletin of Tashkent State Technical University 1, 77-83 (1993)  

16. M.S. Libkind, Academy of Sciences 9, 86-90 (1963)  

17. A.N. Mannapov, P. Musabekov, Collection "Questions of the theory of nonlinear 
circuits and processes" (Tashkent, 1979), p. 269   

18. S.A. Sirok, Yu.V. Kasharnaya, S.A. Evgrafov et al., Promishlennaya energy 8, 9-15 
(2010) 

19. A. Ovchinnikov, News of Electrotechnics 6(18) (2002) 

E3S Web of Conferences 525, 03008 (2024)

GEOTECH-2024
https://doi.org/10.1051/e3sconf/202452503008

5



20. J. Dixon et al., Reactive power compensation technologies: A modern review (Textbook, 
Engineering, 2022) 93(12)  

21. T.J.E. Miller, Reactive Power Control in Electric Systems (Wiley, 1982) 

22. A.T. Belenov, V.V. Kharchenko, S.A. Rakitov, Y.V. Daus, I.V. Yudaev, Applied Solar 
Energy 52(2), 105-108 (2016) 

 

 

E3S Web of Conferences 525, 03008 (2024)

GEOTECH-2024
https://doi.org/10.1051/e3sconf/202452503008

6


