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Abstract: Methods for experimental and computational assessment of the 
dissipation indicators of the endurance limit and cyclic durability of power 
lugs of machines and mechanisms are presented. Based on a generalization 
of the results of fatigue tests, the dependences of the standard deviation of 
the logarithm of the number of cycles before failure of lugs made of high-
strength steels on the maximum amplitudes of cyclic stresses were 
constructed. Formulas are obtained for calculating the coefficient of 

variation of the theoretical stress concentration coefficient of the lugs from 
production deviations of their dimensions in plan and from the dispersion 
of the gap between the bolt and the hole. Based on these formulas, the 
values of the coefficient of variation of the theoretical stress concentration 
coefficient for typical lugs are obtained and given. 

1 Introduction 

To predict the service life and reliability of power elements of machines and structures 

based on strength conditions under variable loading, it is necessary to have indicators of the 

dispersion of fatigue resistance characteristics. The main factors causing their dispersion 

are: 1 – structural heterogeneity of the metal (the presence of various phases, inclusions, 

distortions of the crystal lattice, different sizes, shape and orientation of grains, random 

changes in the microgeometry and structure of the surface layer, etc.); the influence of this 

group of factors determines the statistical nature of the processes of fatigue destruction and 

leads to dispersion of the fatigue characteristics of samples made from metal of the same 
heat and not having significant differences in the main dimensions from the nominal ones; 

2 – variation in the mechanical properties of a material of the same brand, but different 

melts or types of procurement operations (forging, stamping, pressing, etc.), deviations in 

heat treatment modes within one process (hardening, tempering, etc.); 3 – deviations of the 

actual dimensions of parts from the nominal ones (errors in the radii of curvature in zones 

of stress concentration, where the geometry is often not controlled, have an especially 
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significant impact); 4 – deviations of technological parameters during manufacturing, 

finishing and hardening of the surface of the part; 5 – differences in operating conditions 

(temperature, corrosion, surface damage, etc.); 6 – deviations of technological parameters 

during repair and restoration. To calculate parts for fatigue resistance and durability in a 

probabilistic aspect, distribution functions of their endurance limit or cyclic durability 

distribution functions are required. These functions make it possible to determine the 

endurance limit and durability of a part corresponding to a certain, predetermined 

probability of destruction P. The endurance limit of a part corresponding to the probability 

of destruction P, under the normal distribution law, is determined by the formula 

( ) ( )1
D

D RD

R
R p

Z V
s

s s= +     (1) 

RD
s - where is the median value of the endurance limit (corresponding to 50% 

probability of failure); Zp – quantile of the normal distribution corresponding to the 

probability of destruction P; 
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= - coefficient of variation and mean square endurance limit deviation, 

respectively/ 

The durability of a part, corresponding to the probability of destruction P, under the 

normal law of distribution of its logarithm at one stress level is determined from the 

formula 

( ) ( )lg
lg lg 1

P NP
N N Z v= +     (2) 

where LgN  - median value of logarithm of durability; 

LgN

LgN

S

LgN
n =  - the coefficient of variation; 

LgN
S - standard deviation LgN at a constant 

voltage amplitude σa. 

Dispersion indicators of the main characteristics of fatigue resistance (
RD

S
s

, 
LgN

S  and 

etc.) can be determined either on the basis of mass testing of parts, or by calculation, using 
test results of samples, models and reference information on the patterns of dispersion of 

the physical and mechanical properties of the material of the part, its geometric dimensions 

and the stability of technological processes, especially finishing treatments. Due to the fact 

that carrying out mass testing of full-scale parts in the statistical aspect is very difficult, 

labor-intensive and, therefore, expensive, it is advisable to pay increased attention to the 

development and implementation of computational and experimental methods for assessing 

dispersion indicators of fatigue resistance characteristics. For statistical assessment of the 

fatigue resistance characteristics of the main elements of hinge-bolt joints, in particular 

lugs, it is possible to construct complete probabilistic fatigue diagrams that establish the 

relationship between three quantities: σa - the amplitude of cyclic stresses, N - the number 

of cycles before failure and P - the probability of failure. 

2 Materials and Methods 

To construct these diagrams, fatigue tests are carried out on samples, models or parts, 

preferably made from metal of the same heat, at several levels of stress amplitudes (usually 

4 to 6 levels are selected). Moreover, at each level at least 10 samples are tested. Arranging 

the logarithms of the numbers of cycles before destruction in a variation series and 
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determining estimates of the probability of destruction 
0, 5i

P
n

-
=  (i – serial number of 

the sample in the variation series; n – number of samples tested at one stress level), 

construct empirical durability distribution functions. This construction is usually carried out 

on lognormal probability paper. In graphical form, the durability distribution functions 

represent a family of curves in P–N coordinates, each of which corresponds to a certain 

stress level σa. Similar curves for eyes made of steel 30XGCH2A are shown in Fig.1. 

 

 

Fig. 1. Durability distribution functions of lugs made of steel 30KhGSN2A (d = 20 mm, D = 38 mm, t 
= 11 mm) at different stress levels σmax (in MPa): 1 – o – 520; 2 – ∆ – 420; 3 – □ – 320; 4 – × – 260 

The full probabilistic fatigue diagram can also be represented in coordinates σmax – N 

with parameter P, i.e. in the form of a family of fatigue curves corresponding to different 

probability of failure P. Such a diagram in the form of fatigue curves for lugs made of steel 

30XGCH2A, corresponding to different probability P, is shown in Fig. 2.  

 

Fig. 2 Fatigue curves for lugs made of steel 30XGCH2A, corresponding to the probability of 
destruction: 1 – 90 % ; 2 – 70 %; 3 – 50 %; 4 – 30 %; 5 – 10 %; 6 – 2 % 

It should be noted that the extrapolation of fatigue curves that have a horizontal portion 

should not exceed the durability corresponding to the breaking point of these curves. 

In some cases, it is convenient to represent the full probabilistic fatigue diagram in 

coordinates Р – σmax with parameter N, i.e. in the form of distribution functions of 

endurance limits corresponding to different values of the base number of cycles Nb. 
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Fig. 3. Distribution functions of the endurance limit of lugs made of steel 30KhGSN2A at different 
values of the base number of cycles Nb: 1 – 106; 2 – 105 

All three families of curves presented in Fig. 1–3 are variations of the full probabilistic 

fatigue diagram. By statistically processing the data used as the basis for constructing this 

diagram, it is possible to obtain estimates of the mathematical expectation and standard 

deviation of the values σRd и lgN at given values Nb and σmax, respectively. 

In table Figure 1 shows the dispersion indicators of the cyclic durability of lugs made of 

high-strength steels, obtained by statistical processing of experimental data from [1]. 

Durability dissipation increases with decreasing cyclic stress level. Moreover, the 

relationship SlgN with σmax for lugs made of steels 30KhGSN2A and 40KhGSNZVA, 
qualitatively and quantitatively approximately the same. Correlation analysis of the results 

of many fatigue tests suggests that there is a power-law relationship between the standard 

deviation of the logarithm of the number of cycles before failure and the stress level in the 

form:  

2

lg 1 max

K

N
S K s=        (3) 

where K1 and K2 – empirical coefficients. Based on the data in Table 1, the following 

values of the coefficients of equation (3) were obtained: for lugs made of 30KhGSN2A К1 

= 7,3·105 , К2 = –2,20; for lugs made of 30XGCH2A К1 = 8,9·104 , К2 = –1,82. Graphic 

dependencies for eye data are shown in Fig. 4. 

Table 1. Durability dissipation indicators for steel lugs (d = 20 mm; D = 38 mm) 

Steel grade 

Stress 

level σmax, 

MPa 

Number of 

tested 

samples n 

lgN  lg N
S  

lg N
V  

30KhGSN2A 

260 

320 

420 

520 

8 

15 

15 

15 

5,47 

5,11 

4,67 

4,39 

0,415 

0,210 

0,086 

0,101 

0,076 

0,041 

0,018 

0,023 

30XGCH2A  

ВAА 

(EI643) 

260 

460 

570 

690 

8 

11 

15 

16 

5,53 

4,44 

4,14 

3,91 

0,421 

0,092 

0,071 

0,084 

0,076 

0,021 

0,017 

0,021 
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Fig.4. Dependence of SlgN on the level of maximum cycle stresses σmax for lugs made of steel: 1 – · 
– 30XGCH2A (d = 20 mm, D = 38 mm, t = 11 mm); 2 – – ∆ – – 30XGCH2A (d = 20 mm, D = 38 
mm, t = 9 mm) 

Experimental data [2] show that the dissipation of the cyclic durability of steel lugs 

depends little on the technology of processing contact surfaces and applying various 

coatings and lubricants to them. The distribution functions of the durability before the 

destruction of these lugs are shown in Fig. 5. 

 

Fig. 5. Distribution of cyclic durability of lugs made of steel 30XGCH2A with different 

technologies for processing contact surfaces [2]: 1 – О – without lubrication; 2 – ∆ – 
lubricant CIATIM-201; 3 – the bolt is coated with silver; 4 – × – the bolt is coated with 

VAP-2; 5  – the surfaces of the hole and chamfers are hardened by work hardening. 

Coefficient of variation of lug endurance limit 
Rd

V
s

 can be calculated using the formula 

Rd

Rd

Rd

S
V

s

s
s

=       (4) 

 

 

where 
Rd

S
s

, 
R d

s  – respectively, the standard deviation and the average value 

(on the totality of all metal melts) of the endurance limit of the lugs. 
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The value of the coefficient of variation 
Rd

V
s

 in the absence of surface hardening and 

without taking into account deviations in manufacturing technology, we determine it using 
the formula [3] 

max

2 2 2

( ) ( ) ( )( )RRd
a

V V V V
s

s s s
= + +       (5) 

 

where 
max

2

( )
V

s
– coefficient of variation of maximum destructive stresses in the 

concentration zone, corresponding to the endurance limits of the lugs (when testing 

identical lug samples made from metal of the same heat); 
2

R

V
s

– coefficient of variation of average (on different heats) values of endurance limits 

of smooth laboratory samples with a diameter of 7.5 mm; 
2

a
V

s

– coefficient of variation of the theoretical stress concentration coefficient near the 

eye hole. 

Coefficient of variation of maximum breaking stresses 
max

2

( )
V

s
 takes into account the 

structural heterogeneity of the metal (the presence of various phases, inclusions, distortions 
of the crystal lattice, etc.). With a fairly stable technology, uniform properties of the metal 

in the volume of the part or eye, and the absence of residual stresses, the coefficient 
max

2

( )
V

s
 

calculated by the formula. 

max

0,1

1
V

V
s

s
q

=
+

      (6) 

Coefficient of variation of average values of endurance limits of smooth samples 
2

R

V
s

 

takes into account inter-melt dispersion of the mechanical properties of the metal. Size 
2

R

V
s

 

determined by statistical data of inter-fuse dispersion of endurance limits or, in the absence 
of such data, one can use inter-fuse dispersion of strength limit. 

The coefficient of variation of the theoretical stress concentration coefficient 
a

V
s

takes 

into account the influence of deviations of the actual dimensions of parts or lugs in the area 

of the holes from their nominal values on the dissipation of the endurance limit. Deviations 

in actual dimensions are generated by the instability of the technological parameters of the 

production process, as well as differences in operating conditions and load of parts (for 

example, differences in the intensity of wear and loosening of holes in the eyes). The 

coefficient of variation of the theoretical stress concentration coefficient is determined by 

the formula 

a

a

S
V

a

s

s

s

=        (7) 

where 
a

S
s

and a s  – respectively, the standard deviation and the average value 

ασ. 

The importance of taking into account the coefficient of variation 
a

V
s

 in calculations 

for the fatigue life of parts is illustrated in Fig. 6 [4]. As can be seen, at low probabilities of 

destruction (P < 1%) only due to a change in the value 
a

V
s

 with one nominal value of the 
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radius of the fillet transition, the fatigue life of the part can change by 10 times. So, with 

increasing coefficient 
a

V
s

 durability is doubled, durability drops eightfold. 

 

 

Fig. 6. Distribution functions of the cyclic durability of a part upon destruction in the fillet transition 

for different values of the coefficient of variation Vασ: 1– 0,08; 2 – 0,15 

3 Research and results 

Coefficient value ασ lugs is a function of several parameters characterizing their shape in 

plan, type of loading, bolt fit in the hole, etc. 

 

ασ = φ(d, D, ε, H, В ...),      (8) 

 

where d, D, H, B – geometric parameters of the eye in plan; 0

0 0

b
d d d

d d
e

-
= =

V
  - 

clearance and interference value;  db – bolt diameter; d0 – hole diameter. 

Based on a large number of experimental studies [3, 5, 6], it has been established that 

such geometric parameters of the eyelet as the width of the base B, the thickness of the 

upper bridge H and a number of others, as well as the direction of application of the 

external force, have little effect on the value of the theoretical concentration of the eyelet. 

The main influence on ασ is exerted by the geometric parameters d and D (or their ratio) 

and the amount of clearance or interference between the bolt and the eye hole ε. 

The influence of the parameter ratio d/D on the value of the theoretical stress 

concentration coefficient of the lugs is shown in Fig. 7. 
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Fig. 7. Dependences of ασ on d/D for different shapes of the lug bases 

To describe the dependency ασ from d/D you can use the following empirical 

expressions: 

1) ε = 0,2…0,3 % in the range 0,2 ≤ d/D ≤ 0,8, 

 
ασ = 0,85 + 0,95 D/d at A/D = 0,5, 

 

ασ = 0,6 + 0,95 D/d at A/D = 1;      (9) 

 

2) For ε ≈ 0 in the range 0,33 ≤ d/D ≤ 0,75, 

 

ασ = 0,45 + 0,95 D/d at A/D = 0,5. 

The nature of the dependence of the theoretical stress concentration coefficient of the 

lugs on the gap size is shown in Fig. 8. 

 

 

Fig. 8. Dependences of ασ on the gap size ε for lugs with d/D=0.4; d = 20 mm: curve 1 – base width 
B=0.5D; curve 2 – B=D. 

Increasing the gap from 0 (tight fit) to 1% increases the value of ασ by 30% (Fig. 8), 

with a further increase in the gap (ε > 1%) its effect on ασ is negligible. The dependences 

shown in Fig. 8 can be approximated by the expression  

ασ = a1 – a2 exp (–a3 ε),      (10) 

 

where a1, a2 and a3 – options. 
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It has been experimentally established that for standard steel lugs with A/D = 0.5 and 

d/D = 0.4...0.7, with ε > 0  a1 = 4,25, a2 = 1,35 and a3 = 310. 

 

It is known from mathematical statistics [7] that if in the function у = f(x1, x2, …, xn) 

random variables x1, x2, …, xn are uncorrelated. 

To assess the impact of dimensional deviations dot, D and db from their nominal values 

for the dispersion of the value ασ, we use formulas (9) and (10), establishing the 

dependences of ασ on d/D and ασ on ε, respectively 

From expressions (7), (9) and (11) we obtain a formula for estimating the value 
a

V
s

, 

taking into account the dispersion of the eye stiffness parameter dot/D 

2 2

'

1 0, 9 /

ot
d D

a

ot

V V
V

d Ds

+
=

+
      (11) 

where 
2

ot
d

V , 
D

V , otd , D  – respectively, coefficients of variation and average 

values of dot and D. 

For the most common lugs of aircraft structures (with parameters dot/D = 0.3...0.8 and ε 
= 0.002...0.006), formula (12) can be represented in the form 

( )' 2 20, 6...0, 8
ot

a d D
V V V

s

= +      (12) 

 

From expressions (7), (10) and (11) we obtain a formula for estimating the value 
''

a
V

s

, 

taking into account the dispersion of the gap between the bolt and the eye hole: 

'' 1 2

3 1 2

( 1)

exp( )
a

a a
V V

a a a
s

e

e

e

+
=

-
      (13) 

 

where a1, a2, a3 – constant values that depend for one class of materials on the 

geometric parameters of the eyelet;
0

0

bd d

d
e

-
=   – average gap size; Vε – 

coefficient of variation of the gap size. 

Typically, these measurements are made on separate groups (lots) of bolts and lugs 

without determining specific clearance values ε. Therefore, to determine 
''

a
V

s

 Instead of 

formula (14), it is more convenient to use the expression 

'' 2 21 2

3 1 2

/

exp[ ( / 1)]
ot b

ot b

a d d

ot b

a a d d
V V V

a a d d a
s

= +
- -

    (14) 

 

From the results of calculations using formulas (13) and (15), some of which for the 

hinge joint eyes of the aircraft landing gear are given in Table. 2, it was found that the 

coefficient of variation 
'

a
V

s

, taking into account the dispersion of the eyelet parameter d/D, 

an order of magnitude less than the coefficient of variation 
''

a
V

s

, taking into account the 

dispersion of the gap ε in the connection. Therefore, in engineering calculations of lugs for 

fatigue, in the statistical aspect, the dispersion of the d/D parameter can be ignored and only 

the formula (14) should be used). 
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For steel lugs with parameters A/D = 0.5; d/D = 0.4...0.7 and a gap ε = 0...0.02, from 

experimental studies the values of the constants included in equation (14) were established: 

a1 = 310; a2 = 1.35; a3 = 4.25. Substituting the values of these constants into equation (14), 

we obtain 

'' 2 2310 /

3,14 exp[310( / 1)] 1
ot b

ot b

a d d

ot b

d d
V V V

d ds

= +
- -

    (15) 

To estimate the size 
''

a
V

s

of the lugs, determined by formulas (13) or (15), a study was 

carried out on the variation of geometric parameters of a large group of hinged joints of the 

aircraft landing gear. As an example in table. 2 and 3 show part of the results of statistical 

processing of measurements of the main dimensions of the lugs, bolts and bronze bushings 

of the splined joint link of the main landing gear. Analysis of the results showed that the 

coefficients of variation of the geometric parameters of the lugs are within the following 

limits: VA = 0.0010...0.0250 (A is the distance from the center of the hole to the top point of 

the jumper); 
2

ot
d

V = 0.0001...0.0015; 
2

b
d

V = 0.0001...0.0025; VH = 0.0010...0.0150 (H is the 

width of the upper jumper); Vt = 0.0050...0.0300 (t – eye thickness). The magnitude of the 

coefficient of variation 
'

a
V

s

 is an order of magnitude smaller than the coefficient 
''

a
V

s

. 

Therefore, in calculating the fatigue resistance and durability characteristics of lugs when 

determining the coefficient of variation 
Rd

V
s

 only the dispersion of the actual gap sizes can 

be taken into account, and deviations of other geometric dimensions of the lugs can be 

neglected, i.e. to calculate 
a

V
s

 use only formula (14) or (15). 

Table 2 Results of statistical processing of measurements of the elements of the hinge joint of the 
aircraft landing gear 

Name 

Geometric 

parameter, 

mm 

Nominal size, 

mm (quality) 

Average 

parameter 

value, mm 

Standard 

deviation, mm 

Coeff. 

variations 

Spline joint 

link, large eye 

Dot 

D 

T 

56H8 

79 

37 

56,028 

78,870 

37,170 

0,0358 

0,3376 

0,7710 

0,0006 

0,0043 

0,0207 

Spline joint 

link, small 

eye 

Dot 

D 

T 

24H8 

42 

17 

24,036 

42,540 

17,060 

0,0109 

0,3210 

0,3620 

0,0005 

0,0075 

0,0213 

Bolt Db 50f8 49,924 0,0510 0,0010 

Sleeve Db 56f8 55,943 0,0130 0,0002 

 

Table 3 Coefficients of variation of the theoretical stress concentration coefficient of the spline joint 
eyelets 

Spline link 

eye 

Swivel Size 

and Fit 

Eyelet parameters Coefficients of variation 

A/D d/D t/d 
'

a
V

s

f-la (4.48) 
''

a
V

s

f-la (4.51) 

Big 56 H8/f8 0,5 0,72 0,66 0,0034 0,037 

Small 24 H8/f8 0,5 0,56 0,71 0,0060 0,042 
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4 Conclusion 

As a result of the analysis, the following conclusions were made: 

 Dependencies were obtained to estimate the standard deviation of the logarithm of 

the number of cycles before failure of lugs made of high-strength steels on the value of the 

maximum stress amplitudes of cyclic loading. 

 Technological processing of the contact surfaces of the bolt and the hole of the 

lugs has virtually no effect on the dissipation of the durability of the power lugs until 

resolution. 

 Dispersion of the geometric parameters of power lugs in the stress concentration 

zone does not significantly affect the dispersion of their endurance limit. 

 Dispersion of the geometric parameters of power lugs in the stress concentration 
zone does not significantly affect the dispersion of their endurance limit. 
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