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Abstract. This paper analyses the fuel consumption and emissions of and 

from various kinds of automobiles. The aim is to identify the set of 

automobiles models that produce the least pollution and provide the higher 

mileage. To complete the analysis, a multi-objective optimization problem 

(MOP) has been proposed with a visual representation methodology of the 

Pareto front (Level Diagram); in this way, it has been determined that the 

highest compromise values corresponding to the utopian point determine a 

mileage performance of 16.30 [𝑘𝑚/𝑙]. Finally, it is important to highlight 

that the MOP has facilitated the analysis process, which helps the Decision 

Maker (DM) in the adequate selection of the final solution, based on the 

available knowledge of the set of optimal solutions. 

1 Introduction 

The transportation industry is constantly evolving, which has a strong impact on the global 

economy, on trade and on people's mobility, as well as being a significant environmental and 

public health issue. An example has been described in [1], where, it details different 

emissions and fuel consumption of gasoline and hybrid light-duty vehicles in Toronto, 

Canada. 

In specific, the transport sector contributes significantly to global pollution, being 

responsible for almost 37% of the carbon dioxide emitted worldwide during the year 2021 

(even when pandemic restrictions [2], [3]). On the other hand, atmospheric pollution caused 

by nitrogen oxide (NOx) from automobiles in the atmosphere contributes to the formation of 

photochemical ozone (smog) and leads to health altering consequences, as well as 

contributing to global warming and can cause acid rain. (see Fig. 1). Thus, several strict 

regulations have been generated around the world to reduce polluting emissions from 

vehicles, and for this reason automobile manufacturers make constant efforts to optimize the 

performance of their internal combustion engines in order to comply with these regulations 

[4,5]. 

A brief survey of the current literature describes several works that attempt to optimize 

NOx emissions, a problem that remains a challenge today [6, 7]. In that sense, works focused 
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on the design of a machine learning algorithms have been presented [8, 9] and predict the 

NOx levels at the engine output. On the other hand, as different photocatalytic systems have 

different catalysts, independent of scale and geometry, an experimental correlation of data 

has been widely used as a reference for the description of the photocatalytic reduction of 

𝐶𝑂2, developing heterogeneous photocatalytic kinetic models [10] for catalysts with different 

energetic sites [11-13]. 

 

Fig. 1. Example of vehicular pollution in the city. 

A wide variety of real problems, such as pollution, require the search for solutions that 

simultaneously satisfy multiple performance criteria. Thereby, the aim of this work focuses 

on collecting a set of different air pollution data from vehicle pollution between 2015 and 

2018 (electric and/or hybrid vehicles have been left aside), analysing through a Multi-

Objective Optimization (MOP) methodology and determining which vehicles, its models and 

characteristics have contributed the least amount of pollution and also provide the best gas 

performance in km/l. A set of solutions that represent the best compromises among the 

different criteria has been determined by means of the Pareto-optimal set and the 

visualization of the objective space through the Pareto Front [14], a process summarized in 

Fig. 2. 

 

Fig. 2. Block diagram of the MOP. 

The organization of this paper is described below. In section 2 a brief mathematical and 

procedural description of the stages completed. In section 3, the results achieved from the 

resolution of the problem, are shown. Finally, section 4 presents the final conclusions. 

2 Methodology 

This section is split into two parts, where the first part describes the data exploited throughout 

the study, which have been modelled through a brief identification of mathematical models, 

while the second part describes the MOP. 

In Mexico City, there has been a constant record of information about fuel efficiency, in 

car models from 2011 to 2018 year [15]. However, the set of cars and their characteristics 

taken for this study covers the 2011-2014 models. Specifically, the vehicle emission data 

collected and related to this work, which have also been defined as the target functions are: 
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the engine characteristic (Number of Cylinders), city performance [𝑘𝑚/𝑙] and rating of their 

𝐶𝑂2 gas emissions [𝑔/𝑘𝑚] and Nox[𝑔/1000𝑘𝑚]. It is important to note that the units of 

measurement for each objective are different, therefore, data standardization is necessary 

[16]. 

2.1 System identification 

To provide a quick definition of the equation systems for the described data, a simple 

polynomial regression has been performed on the set of the different data described. Thus, 

starting from the analysis of a single variable 𝒀 in terms of the independent variable vector 

𝑿, the simple linear regression is defined as: 

 𝒀 = β0 + β1𝑿 +  𝜀 (1) 

where, ε denotes an unknown random error with mean zero and conditional on a scalar 

variable 𝑿. In this model, for each unit increase in the 𝑿 value, the conditional expectation 

of 𝒀 increases by β1 units. 

Whereas the polynomial regression model is defined as: 

𝑦𝑖 = β0 + β1𝑥𝑖 + β2𝑥𝑖
2 + ⋯+ β𝑚𝑥𝑖

𝑚 + ε𝑖 

(i = 1,  2, … , n) 
(2) 

Therefore, it is possible to express the Regression in matrix terms, from the terms of the 

design matrix 𝑿, a response vector 𝒀, and a vector of random errors ε. Hence, the polynomial 

regression model is defined as a system of linear equations, such that: 
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 (3) 

being its matrix notation represented by: 

 𝒀 = 𝑋 𝛽 +  𝜀 (4) 

Therefore, the vector of estimated polynomial regression coefficients is describe as: 

 𝛽̂ = (𝑋𝑡𝑋)−1𝑋𝑡𝒀 (5) 

assuming 𝑚 < 𝑛 for the matrix be invertible, whether all 𝑥𝑖 values are distinct. 

Thus, considering a change of variable 𝜃 = 𝑥, the 4 objective functions used for this study 

have been defined, where, 𝑓1(𝜃) represents 𝐶𝑂2, 𝑓2(𝜃) represents 𝑁𝑜𝑥, 𝑓3(𝜃) represents fuel 

efficiency and 𝑓4(𝜃) represents the number of cylinders of the vehicles. Table 1 shows the 

coefficients defined for each function. 

Table 1. Polynomial coefficients. 

 𝜽𝒊
𝟓 𝜽𝒊

𝟒 𝜽𝒊
𝟑 𝜽𝒊

𝟐 𝜽𝒊
𝟏 𝜽𝒊

𝟎 

𝒇𝟏(𝜽𝟏) 7.685 -19.429 19.221 -9.060 2.579 -0.034 

𝒇𝟐(𝜽𝟐) 0.662 -3.200 6.534 -7.329 4.911 -2.000 

𝒇𝟑(𝜽𝟑) 17.000 -40.184 33.702 -11.296 1.504 0.052 

𝒇𝟒(𝜽𝟒) 11.234 -25.394 20.827 -7.344 1.372 0.029 
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It is important to note that each data set has a total of 4,422 samples, which have been 

normalized to the interval [0, 1]. In the same way, the maximum values of each function 

depend on their characteristics, thus, have been normalized between [0, 1], to generate the 

polynomial models. 

The results of the systems can be seen in Fig. 3, which describes the data collection of the 

vehicle models and its characteristics (blue continuous lines), while the red lines describe the 

curves of each system, obtained through the polynomial regression model. 

2.2 Description of the Multi-objective Optimization Problem. 

In contrast to single-objective optimization, where an 𝑛-dimensional decision vector that 

optimizes a scalar function is sought, in multi-objective optimization it is attempted to 

optimize a vector function which elements represent the different objective functions. 

It is important to highlight that any value of 𝜃𝑖 (as described in Table 1), defines a spatial 

point among the interval [0,1]. Therefore, within the boundaries of 𝜃𝑖, there exists an infinite 

number of spatial points with an infinite number of combinations with their corresponding 

infinite number of functions, with which its corresponding objective functions can be 

generated. 

Hence, to obtain an optimal solution, a multi-objective problem (MOP) is solved using 

evolutionary algorithms based on the concept of 𝑒-dominance [17]. Thus, it is necessary to 

define the decision variables, the initial conditions of the process, the MOP constraints and 

the index vector to be optimized to represent the Pareto front. Assuming each function 𝑓𝑖(𝜃), 

then 𝐽𝑖𝑑𝑒𝑎𝑙(𝜃) = [𝐽1(𝜃), 𝐽2(𝜃), … , 𝐽𝑠(𝜃)] is the vector of objectives, where 𝐽𝑖 denotes the 𝑖-th 

objective. 

 

Fig. 3. Polynomial regression models from the collected data. 
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Consequently, 𝐽𝑖 = min(𝑓𝑖(𝜃)), ∈ 𝐺𝑖: [𝑖 = 1,… ,𝑚], where 𝐽𝑖 depend on the vector of 

decision variables 𝜃. Assuming that: 𝐷 represents the decision space within a subset 𝐷, where 

𝜃 is the vector of decision variables composed of a set of 𝜃𝑖,  with 𝜃𝑖 within [0,1]𝐷. Hence, 

the MOP problem has been described as: 

 𝑚𝑖𝑛 𝑱(𝜃) = 𝑚𝑖𝑛
𝜃∈𝐷

[𝐽1(𝜃), 𝐽2(𝜃), … , 𝐽𝑚(𝜃)] (6) 

subject to: 

𝑔𝑞(𝜃) ≤ 0 

ℎ𝑞(𝜃) = 0 

𝜃𝑙𝑖  ≤ 𝜃𝑖  ≤ 𝜃𝑢𝑖 , 𝑖 = [0, … , 𝑛] 

(7) 

where, 𝜃 ∈ ℝ𝑛 is the decision vector, 𝐷 is the decision space, 𝑱(𝜃) ∈ ℝ𝑚 is the objective 

vector, 𝑔(𝜃) and ℎ(𝜃) are the constraint vectors, and the upper and lower boundaries of the 

decision space, represented by 𝜃𝑙𝑖 and 𝜃𝑢𝑖 respectively. Consequently, there is no single 

optimal solution for the model; in fact, there is a set of optimal solutions with different trade-

offs among the objectives, where none is better than the others. Hence, using the definition 

of dominance, the Pareto set Θ𝑝 is the set of each non-dominated solution. 

As such, the definition of Pareto dominance is expressed in each case in which one 

solution 𝜃1 dominates another solution 𝜃2, such that, (𝜃1 ≺ 𝜃2), if 

 ∀𝑖 ∈ 𝐵, 𝐽𝑖(𝜃
1) ≤ 𝐽𝑖(𝜃

2) ∧ ∃𝑘 ∈ 𝐵: 𝐽𝑘(𝜃
1) < 𝐽𝑘(𝜃

2) (8) 

where, 𝐽𝑖(𝜃), 𝑖 = 𝐵:= [1 ⋯𝑚] are the objectives to be optimized. Therefore, the Pareto 

optimum is defined as. 

Θ𝑃 = 𝜃 ∈ 𝐷\∄𝜃̃ ∈ 𝐷: 𝜃̃ ≺ 𝜃 

𝐽(Θ𝑃) = {𝐽(𝜃)|𝜃 ∈ Θ𝑃} 
(9) 

where, Θ𝑝 and 𝐽(Θ𝑃) are solutions to the MOP. 

3 Results 

To provide a graphical and numerical representation of the set of equations described in Table 

1, it is necessary to address the Decision Maker (DM) stage that selects one of the solutions. 

This solution implies a trade-off of minimizing pollution and maximizing the mileage 

performance. In this way, for this work the selection criterion has been based on the shortest 

distance to the ideal point. Fig. 4 and Fig. 5, depicts the results achieved in the definitions of 

Pareto front and Pareto set, expressed through the selected points (red color) from 𝐽(Θ𝑝
∗ ) and 

(Θ𝑝
∗ ), which has been selected from a standard norm-∞ and Level Diagram[18]. 

From the Pareto front, which is shown in Fig. 4, it is possible to establish different zones 

(A, B) in that the DM can select an optimal solution. Thus, in zone B, the points of the first 

model achieve individual improvements, however, the other models move away. Thereby, 

points within zone B (magenta box filled with red dots) in 𝐽1(𝜃) on the left of the diagram 

produce points on the right in 𝐽2(𝜃), while in 𝐽3(𝜃) and 𝐽4(𝜃) are shown scattered and erratic, 

which means that the values of 𝐽1(𝜃) are relevant, however, the differences in 𝐽2(𝜃), 𝐽3(𝜃) 

and 𝐽4(𝜃) are worse. 
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On the other hand, within zone A (dashed green box) through the DM a suitable model 

can be selected, provided that preferences are based on models nearest to the ideal point in 

zone A. Being, the values of 𝐽(𝛩) and 𝛩𝑝 selected using the norm-∞. 

Finally, to complete the paper, an identification and validation of the parameters resulting 

from the MOP process has been carried out, through the values of the optimization criteria, 

shown in Table 2. 

Table 2. Nearest points to the ideal of the objective functions. 

norm 𝑱𝟏 𝑱𝟐 𝑱𝟑 𝑱𝟒 

∞ 0.118 0.642 0.111 0.029 

Therefore, by replacing the highest compromise values corresponding to the utopian 

point, it has been reached the vehicle with gas emission characteristics 𝐶𝑂2 =
170.00[𝑔/𝑘𝑚], 𝑁𝑂𝑥 = 16.00[𝑔/100𝑘𝑚], 4-cylinder engine and a performance in mileage 

of 16.30[𝑘𝑚/𝑙]. 

 

Fig. 4. Representation of the Pareto front using norm-mean, the subindices 𝐽 represent the values of the 

functions within the defined boundaries. Nearby targets 𝐽𝑖𝑑𝑒𝑎𝑙 are represented by the red circles. 

One of the benefits of working with multi-objective analysis methodologies focuses on 

its simplicity and speed of analysis. In this way, a good understanding analysis focuses on 

the definition of the Pareto front and its optimums. Therefore, from these results, the Decision 

Maker can select the best solution according to the design parameters. 

Finally, it is important to highlight that in this work a set of design parameters have been 

defined. However, it is possible to increase the parameters within the optimization process 

by adding various features of study such as 𝐻𝐶, 𝐶𝑂, and 𝑆𝑂. Which implies the definition of 

new equations, consequently, the new results of the MOP process extend the scopes of the 

analysis. 
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Fig. 5. Representation of the Pareto optimal parameters. Nearby targets 𝐽𝑖𝑑𝑒𝑎𝑙 are represented by the 

red circles. 

4 Conclusions 

The work presents an identification and determination of polluting factors 𝐶𝑂2, 𝑁𝑂𝑥 and 

Fuel Efficiency in automobiles with engines having different numbers of cylinders. It has 

been demonstrated that the application of MOP on a system based on real data collection and 

recording has produced a real result. 

One of the advantages of working with multi-objective analysis methodologies focuses 

on its simple and fast analysis, in addition to the improvement in exploration, by modifying 

the probabilities of the local spatial search around the best solutions found. In this way, a 

good understanding analysis is focused on the definition of the Pareto front and its optimums, 

thus the designer is in charge of selecting the best solution according to the design parameters. 

The results can be extended by adding parameters within the optimization process such 

as: 𝐻𝐶, 𝐶𝑂, and 𝑆𝑂2. However, increasing parameters means identifying new systems, 

however, with the definition of new equations, the results of the MOP process extend the 

scope of the analysis. 

Finally, it should be emphasized that a MOP methodology allows for an adequate 

analysis, despite the conflict among function systems of different physical magnitudes, 

assumed as simultaneous objectives. 
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