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1 Introduction

We will consider here tb

Stekloy,
differential equation of 1% ]

orde

a non-local boundary condition for the Cauchy-Riemann
equation in a li in with two points (ie, if two points move on the boundary
holm of this problem, i.e. for bringing this boundary

sufficient [1-7]. The planar domain considered here and its
e the solution of the Cauchy-Riemann equation is an analytic

e half-plane at infinity, but a special boundary condition on the main
eing a two-point problem, the Carleman condition is satisfied where , and are
generally complex numbers, and is the spectral parameter. It is known that the fundamental
lution of the Cauchy-Riemann equationFor the elliptic type equation of the first form, the
tion of the boundary problem in different regions was investigated. Here, the solution
of a boundary value problem in the half-plane for the Cauchy-Riemann equation is
investigated. The boundary condition is given only on the boundary that is identical to the
second half-plane. Note that this condition has a special form. So, the Karleman condition
is met for two points moving at the same time on this boundary. The examination of the
solution of the considered boundary issue is based on the properties of the necessary
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conditions obtained in the case. The singularities in the necessary conditions are regularized
by means of the given boundary condition [9-29].

2 Setting the issue

Let's look at the issue as follows:
ou(x) iy ou(x)

ox, Oox,

o,u(—t,0)+Aa,u(t,0)=0, t=0,

=0, x eR, x,>0

where, ¢ =V -1 , 1 and %2 are generally complex numbers,
parameter. It is known that the fundamental solution of the Cauc

U(x—§>=%~ . ,

equation (1) in the upper half-plane. In other wo
(2) by the fundamental solution (3) and 1ntegrate

)

ou(x=§) , ou(x=¢) _ S(x—&)=8(x, —&)S(x, =&,
ox, ox,

(6)

where the two-dimensional delta function is Dirac. Thus we get the basic relation as
follows.
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lim [u()U =&y, - j U@ 00U (x, ~ & = &), + lim. j u()U (x — E)d, —

il Iu(x)U(x &)dx, Idxf ()[6U(x 6U(a§ é{lﬁ
X 0 1

- u(@), & R, &, >0,
—[a S(x — Edx, =
.1[ xlz‘].u(x) (x = &)dx %u(é), EeR &E=0E€eR, & =0 & 20,8 =—0; & 20,8 =m0 o

The first part of the main relation we get gives the arbitrary solution determ
domain of (2.1), and the second expression gives the necessary conditions.

the main relation.

u(x,,®)

u(eﬂao)—— o ax

2wy o+i(x, =&))

i ¢ u(o,x i
—J(.—”dxz—— & R,
27y x, +i(0=¢&) 2r
(6)
1 u(x,, )
Eu(eﬁ,w) M —— dx, +

dx,, & €R,

0 X, —0+i(-0-&))

B L‘[ u(x,,0)

R Xy
_52 +l(x1 +°O)

—dx
_f z) (8)

dx, +

1 j u(x,,0)
_4:2 +i(x1 —oo)

220 dx,, &, 20,

29

) ©)

Thus, we get the following verdict.
Theorem 1. Boundary values of an arbitrary function analytic in the upper half-plane

satisfy relations (6,7)-(8,9).



E3S Web of Conferences 538, 02023 (2024)
IPFA 2024

https://doi.org/10.1051/e3sconf/202453802023

Note 1. If the function, which is analytic in the upper half-plane, is bounded in the
entire closed half-plane, then the necessary conditions (10)-(11) we gave above fall into the
following form.

] dx
u(£,0) == [u(x,0)——L,
T % X~ 6 (10

] d
u(élaoo) :_LJ-u(xlaoo)i
TR X176 (11)

] dx
u(—o0, &) = = [u(o0,x,) ——2

TR Xy~

(12)
u(on, &)= Julonx) —

(13)
Returning again to the basic relation (12), we

r the bounded solution in
the closed upper half-plane:

u(x;,0)
“)= __'[ & +ilx, —

Thus, it can be

that 1 order to find a bounded solution in the upper half-

ow , but it can be seen from (11) that , cannot be given

iTu(an) _ J’”( xloo) L+
Timre) T T e
_ o0 _ 0 . 00 O
xlz_l del+iju(x“ )a’xl £ 20,
T x1+§1 T 5% x1_§1 ”0x1+§1
(14)
0 =L [ g LD g D gy
1 S 1_51 Ty X, =&, i T —x =<, 1
+i]2u(x1a0) _ _J‘u( xl,o) i 00u(xl,o) é >0
Ty x =&, Ty X S, Ty x =&, 1
(15)
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Here, taking into account the boundary condition (8), we construct the following linear
combination:

au(=£,,0) - Aa,u(§,,0) = iT au(x,,0) + Aou(—x,,0)

dx, —
7% x +&,

i _[ o u(—x, ,0) + Aa,u(x,,0) dx, _[ o,u(x,,0) + Aa,u(—x,,0) ds,
s 0 gl 7a 0 xl +§1

So we get.

Theorem 2. The regular relation (15) is satisfied for the bounde
boundary problem (16)-(17).

4. Fredholm. If we connect the obtained regular expressiond16) to t
condition (15):

(ou(~t,0) + Aa,u(t,0) = 0,

ou(—t,0) - Aa u(tO)—iT
%

(17)
If so, then from (18) we get:

i o0
u(-t,0)=— .
( ) 27[;[ T+

en the bounded solution of the boundary problem in the closed
(12), and the value of (18) is determined from the system of

todr —au(-7,0) /1052 J-u( rO)d

Aa, 27[051 y T+t
e, ] u(=r.0) ;.
a, T+t
19)
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o0

u(t.0) = a, ju(r’o)dr+ 1 J-dr _—ﬂ,a2u(r,0):

Ao, 27y T+t 2my T+t a,
_ U o Aa M(T’O)dr,
2\ Aa, o ) T+t
(20)

Since the kernels of the integral equations (19) and (20) we obtained are the S
enough to look at the following equation.

V0= p[ Xz, 150,
T+t

1 a Aa,
P=7 - )
2\ la,  q

Where,

2

let's apply the
1
» Y(k+ 5)
y0) = py ——=,
=0k +—+1¢
2
1
n+—)=py —=—, n=0.
2 o k+n+l (23)

Finally

1
y(n+5):zn n=0,
(24)
if we adopt the notation:
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z , n=>0.
o +n+1
(25)

Let's write this system explicitly:

l++++0,
(p- kopz PP,

+(p——1)zl+p +p s 2 +..=0,

20 Zl 23
Ny ply __l + _+_”—0’
1% 3 % (p )22 1%

@n

lue is written in (21), and the -s determined from there are approximate values
for specific numbers of the given problem. The approximate expression for the specific
unctions of the considered boundary problem (22)-(23) is obtained from (24). For this, we
jte in (25) and get an approximate expression for it. Instead of this expression, (26) is
also written. Thus, a scheme for the approximate calculation of eigenvalues and functions

was shown.
Note 2. If the eigenvalues and functions from (27) are found exactly, then the

eigenvalues.
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