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Analysis of Caspian Sea fluctuation data
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Abstract. An efficient algorithm for separating motion into fluctuating
and trending components is developed. The system of almost-periods
corresponding to the analyzed data is revealed using the shift function
introduced by M. Johnson. Structural features of long cycles are
determined, which allow building short-term, medium-term and long-term
forecasts for analyzing the Caspian Sea level. It is shown that the level of
the Caspian Sea in the period from the early 1950s to the early 1980s was
near the minimum, and from that time began its growth. Presumably, by
the early 2050s the Caspian Sea level will be able to approach the levels of
the beginning of the last century and update its local maximum.

1 Introduction

The Caspian Sea is the largest enclosed body of water on Earth, which can be classified as
either the largest landlocked lake or as a sea - because of its size, origin, depth, salinity, and
the fact that its bed is formed by oceanic-type crust.

The Caspian Sea is subject to multi-year fluctuations in water level that can occur over
several decades. These changes are usually related to natural factors such as climatic
conditions, water temperature, atmospheric pressure and the influence of inter-annual
climatic phenomena such as El Nifio and La Nifia.

There are seasonal variations in sea level at different times of the year. These
fluctuations can be related to changes in wind intensity, water and air temperature, and
seasonal precipitation. The history of the Caspian Sea also shows cyclical periods of rising
and falling water levels. These cycles can be long-term and are related to various factors,
including climate change.

North and east winds can have a significant impact on water levels in the northern part
of the Caspian Sea. Strong winds can cause runup and runoff events, resulting in sea level
rise or fall.

It is also worth noting that in recent decades, the impact of human activity and climate
change have also become factors affecting the Caspian Sea level. Changes in the water
balance, reduced water inflow from rivers and basins, and increased evaporation processes
have an impact on the sea level.

Thus, Caspian Sea level fluctuations represent a complex set of factors, including
natural and anthropogenic influences, which can lead to long-term changes in its hydrology.

: Corresponding author: 9015111295@mail.ru

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative
Commons Attribution License 4.0 (https://creativecommons.org/licenses/by/4.0/).


file:///C:/Users/Айрат/Desktop/Артур%202021/С%20шаблон/01%20МАЯ%202024/1000/9015111295@mail.ru

E3S Web of Conferences 539, 01006 (2024) https://doi.org/10.1051/e3sconf/202453901006
RSE-111-2024

2 Materials and methods
2.1 Data processing models and algorithms

2.1.1 Trend exclusion using the three-point method

Suppose that trend exclusion can be done by selecting the trend from the nodal points.
Then, to exclude the trend, we will find their locations.

In the simplest case we can consider a situation in which three nodes y;_a¢, Ye, Yeaat
located at equal distances relative to the central node will be used to find a solution.

In this formulation, the problem is solved by using the basic methods of the theory of
proportions, according to which we divide the segment into two (Figure 1).
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Fig. 1. Dividing a line segment.

Let us consider two kinds of proportions, arithmetic and geometric. For arithmetic
proportion:

_ YVe-ae T Vesar
A

In this case, the system can be characterized as:

_ Ye-ar T Yerar _

S 1
2y
Logarithmize:
_at T
In(S) = Yeae T Yevar _ 0
2: Yy
Consider the geometric proportion:
Ve =\ Ve-at® Yerae
In this case, the system can be characterized as:
p= Ye-at " YVetar _ 1
2y
Logarithmize:
In(P) = Ye-at '2yt+At -0
Ve
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These dimensionless criteria, which represent the characteristics of the empirical series,
can serve as important indicators of the properties of the system to exclude the influence of
trend. The trend parameters are accounted for through the value of the shift in the argument
At with respect to the state y,. Thus, it is possible to transform empirical data in coordinates
using these criteria.

Transformation of empirical data in coordinates:

Yz T YVetr
(st o) 1
2, (1)
In (yt—r ' Zyt+‘r) ~t (2)
Ve

The transformation leads to the exclusion of trend areas from the data. Thus, to exclude
the trend it is possible to use metrics defined by the ratio of the theory of proportions.
As the basic ones we can take a number of proportions of the Pythagorean school (Table

1.

Table 1. Types of proportions used for trend exclusion.

# Types of proportions Type of coordinates
Ve-1 " Vt+z
1 Vva-c In (—) ~t
2y
a+c (.Vt—r + yt+r>
In(—F————|~t
2 2y,
2-a-c 1 ( 2 Yo o Verr )
nf—— | ~t
a+c Ve Qe-z+ Verr)
a? + c? ln( Ve-z® + Verr? )~t
a+c Ve ' ez + YVerr)
2-a-c—a? 1 <z'yt—r'yt+r_yt—rz>
- n ~t
c 2-y;

2.1.2 Search for almost periods

To identify periods, we can use a method that relies on the fundamental property of the
period of a function, which consists in the repetition of the values of the function (3)
through an interval of change of the independent variable equal to the period

fE+At) - f(t) =0 3)

Let us introduce the definition of the almost-periodic function: the number At is called
g-almost period of the function f{f), (—oo < ¢ < ) if V¢ the inequality is met:

Flt+A) — F(t) <e

For the discrete case if n is the total number of samples of the function f(t) given the
experimental values, we introduce the following metric to determine the almost periods:

1 n—-t
a(®) = —— > Ift+7) = f(©)



E3S Web of Conferences 539, 01006 (2024) https://doi.org/10.1051/e3sconf/202453901006
RSE-111-2024

This function is called the shift function or the Alter-Johnson function.
The system of almost-periods t of the function f{r) can be defined as the set of local
minima of the shift function:

T = argmin a(7), Tmin < T < Tax

Where T, and 1, are the natural limits of the period search. The limits are chosen so
that the value of the function a(#) can be reliably determined.

The shift function is constructed as follows:

o In the first step, we take T = 1, and count the modulus of the difference of the values of

the original series |f(t + 7) — f(t)|, forall # from 1 to L =N —1.

e Sum the obtained values and divide by L. As a result, the first value of the function a(¢)
has been calculated.

e Repeat steps 1 and 2 for all T = from 2 to N — 2.

e The enumeration of all shifts t allows to build the shift function.

In fact, in this case, the almost-periods presented in the initial data, independent of the
fluctuation shape, are revealed.

The Alter-Johnson function reflects the structure of fluctuations of the process under
study. Changes in the fluctuations of the shift function, which reflect the degree of
influence of the prehistory on the formation of the current state of the process, can serve as
a generalized model of fluctuations in the initial series. This property of the shift function
makes it possible to use it to analyze complex fluctuation processes, including fluctuations
of different durations that are not necessarily in superposition with each other.

The study of the shift function of a time series allows to solve two interrelated
problems:

e To find the almost-periods of fluctuations, for the process under study.
e Determine the nature of interaction between fluctuations of different almost-periods.

The position of local minima of the shift function indicates the presence of almost-
periods of corresponding durations in the initial series. If there is an almost-period t; in the
initial series, the shift function a(t) will give a local minimum at the point t; and, in
addition, will tend to fluctuate with the same almost-period t;, thus forming an arithmetic
progression of local minima. The fluctuations of all almost-periods present in the shift
function will start from the global minimum a(0) = 0 at the point t= 0.

The local minima of the shift function should be analyzed sequentially, starting from the
point 7=0 in the direction of increasing t. The local minimum closest to the origin makes it
possible to identify in the initial time series the almost-period t; corresponding to the
location of this minimum.

All further occurring local minima should be checked for multiplicity t,. Thus, a set of
local minima will be selected, which are separated from each other by an interval equal to
the first selected almost-period ;.

At the end of the shift function analysis, we obtain a set of independent almost-periods -
Ty, T1, ..., T, and information about the nature of interaction of fluctuations of these almost-
periods with each other.

2.1.3 Model of intensive growth

In the evolution of various dynamical systems, there are not only trends or any long-lasting
tendencies, but also processes that proceed rather quickly. Usually, in such processes, the
reproduction rate k in equation (4) is increasing rather than decreasing. Such processes can
be useful for revealing some useful characteristics of the system.
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dy
r k-y 4)

Several models can be identified to describe such intensive growth processes:
1. The growth rate is proportional to the size of the system

k=a-y
Substituting into equation (4), we obtain:

Y _ 02
dt y

The general equation of the process is:

_ 1
Y= T atre
The anamorphosis for this type of model is:
1
—=a-t+c
y

This model is a hyperbola and determines the position of the vertical asymptote at
which the function value reaches infinite value, which is impossible for real systems.
Therefore, by the position of the vertical asymptote we can make an estimate from above to
determine the time of completion of the intensive growth process.

2. The growth rate is proportional to the age of the system

k=a-t

In this case it is necessary to know the beginning of the stage. Substituting k into
equation (4), we obtain:

dy ,
L —a-t-
dt y
The process equation:
(t-to)?
y = C . eaTo

The anamorphosis for this type of model is:

(t —to)

In(y) =a- > + In(C)

3. The growth rate grows exponentially with the age of the system:

k=A-e%t
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Then,
dy
— =A- at,
dt ey
A q
y:C-eEe ¢

The anamorphosis for this type of model is:

mfin ()] = () +at

2.1.4 . Logistic model of constrained growth

One such model for the development of systems under resource constraints is the logistic
equation:

dy y?
dt ylim

) (6))

Where the parameter k has the meaning of growth rate, and lim;_., y(t) =y, is the
growth limit.

Let us determine the inflection point, which corresponds to the point of maximum
production per unit time. To do this, we define the second derivative and equate it to zero:

d?y
P=k(}’um—2'}’)=0
Where y- is the accumulated production at the inflection point. Theny™* = yl%, i.e. the
inflection point is located by the amount of extracted resource twice below the growth limit
(Figure 2). Hence, the value of the growth rate corresponding to the maximum extraction
per unit of time is determined by the ratio

iﬂ — k)’lim
y*dt 2

And the maximum production per unit time will be k yl%.

Thus, knowledge of the parameter of the logistic equation k allows to determine the
position of the maximum production point and the accumulated level at the inflection point
by the known growth limit.
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Fig. 2. Integral curve of the logistics model.
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Fig. 3. Logistic model speed curve.

To determine the parameters, anamorphosis method will be used. From the original
logistic model equation (5), the following anamorphosis is obtained:

1d
14y _ k(1 — L)
ydt Yiim

The intersection of the linear relationship in Figure 4 with the abscissa axis results in the
growth limit. The parameter of the logistic model k is determined by the point of
intersection of the linear dependence in Figure 4 with the ordinate axis.

dy
y-dt

kT
3
~

oy
Vi

Fig. 4. Schematic of determining the growth limit of the logistic model.
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2.1.5 Gompertz model of limited growth

The differential equation of the Gompertz model is:

dy

— =A- —kt . 6

pr e y (6)
Its integral gives In(y) = —%-e‘kt + C. When t — oo, the constant of integration is

C = Y;im. Then we note:

A
ln( 4 >= ——eH
YViim

Substituting the obtained ratio into equation (6), we obtain:

LY _ iny) = —kin (-]
yde NYiim — NY) = n Vi
Denoting yL = z we obtain the Gompertz equation in the form:
lim
dz _ izl
yrin zIn(z)

Then the condition of maximum velocity is:

d?z
ﬁ= —k(an-l' 1) =0

And at the point of maximum velocity Inz = -1,

y 1

Yiim e

V4

Hence, the velocity reaches its peak at e times below the limit (Figure 5).

Fig. 5. Integral curve of the Gompertz model.
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Fig. 6. Velocity curve of the Gompertz model.

From the original equation of the Gompertz model, we obtain the following

anamorphosis:
1ldy
Z22) = 1n(4) = k -
ln(ydt) n(A) — k-t
( | d\,-]
Inf —=
v dt
k

In(k)

‘i(

Fig. 7. Determination of the time to reach the inflection point by the value of the slope angle £.

3 Results and Discussion

Analysis of the Caspian Sea Fluctuation Data.

The data on the Caspian Sea level fluctuations are taken as a basis. The level of -30
meters above sea level is taken as the zero level. Let us apply the apparatus named above to
study this process.
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Fig. 8. Caspian Sea level dynamics.
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Fig. 9. Geometric trend exclusion.
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Fig. 11. Gompertz model.
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Fig. 12. Logistic model.
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Fig. 13. Cycles in the raw data in semi-logarithmic scale.
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4 Conclusion

This paper has developed a class of mathematical models and algorithms for analyzing the
structure of large cycles, which allows:

e Separate empirical indicators into trend and fluctuation components in various ways.
Carry out a comparative evaluation of the separation methods to select the optimal one.
Obtain a set of almost-periods.

Create predictive estimates for fast and slow motion.

In the study the methodology for the development of the long-wave theory was
analyzed.

By applying the apparatus of almost periodic functions, almost-cycles of sea level
change were obtained.

The influence of large solar cycles on the economy as a whole and synchronization of
economic crises with changes in the Caspian Sea level, including Kondratiev cycles, were
observed.

Based on the results obtained within the framework of the description of the model of
intensive and limited growth, we can say that the level of the Caspian Sea at the current
time is approximately in the middle of a new growth cycle that began in the late 70s - early
80s of the 20th century. In the coming years, this growth may slow down, creating a short-
term sideways trend. Presumably, by the early 2050s the Caspian Sea level will be able to
approach the levels of the beginning of the last century and renew its local maximum.
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