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Abstract. Within the framework of Saint-Venant's compatibility conditions, plane problems of the theory 
of plasticity with respect to strains and displacements are formulated in this paper. Grid equations for 
displacements and strains for a rectangular plate are compiled using the finite-difference method. Difference 
equations for displacements and strains were solved, respectively, by the iterative method and the method of 
alternating directions. By comparing the numerical results for a rectangular plate, the validity of the 
formulated plastic problem with respect to deformations is shown. 

 
 

1. Introduction 
Mathematical and numerical modeling of the process of nonlinear deformation of structures and their elements is an 
important task in the theory of plasticity from the point of view of assessing the safety factor of solids. Mathematical 
and numerical modeling of plastic deformations based on modern information technologies is due to the widespread 
use of new structural materials in construction, mechanical engineering, aircraft manufacturing, medicine, the textile 
industry, and other areas. Numerical modeling and problems of developing effective algorithms for calculating plastic 
deformations of modern structures are relevant in such industrialized countries as the USA, Canada, Great Britain, EU 
countries, the Russian Federation, Japan, India, China, South Korea, Indonesia and Malaysia, etc. 
The construction of mathematical models that describe the process of elastoplastic deformation of isotropic and 
anisotropic bodies is a fundamental problem in mathematical modeling and plasticity theory. These questions were 
studied in the classical works of famous scientists such as Saint-Venant, Genki, Drucker, Ilyushin, Nahdi, Kachanov 
and others. 
Typically, plastic problems are formulated with respect to displacements within the framework of the deformation 
theory of plasticity [1] and the theory of plastic flows [2]. The formulation of plastic boundary value problems regarding 
stresses [3-5] and deformations [6-8] is a poorly studied area of mathematical modeling and mechanics of a deformable 
solid. 
The main numerical methods for solving elastoplastic problems are the method of elastic solutions [9], which is usually 
considered in combination with well-known methods such as the finite element method, variational-difference method 
and finite-difference method, as well as the boundary element method. 
This work is devoted to the formulation of boundary value problems of the theory of plasticity with respect to 
deformations. This study is a fairly new direction in the theory of plasticity and is based on the well-known Saint-
Venant compatibility condition. The plastic problem of stretching a rectangular plate is solved numerically, formulated 
with respect to deformations and displacements. Discrete equations are compiled using the finite-difference method. 
Grid equations for deformations and displacements are solved by the method of sweeping along the corresponding 
directions and the iterative method, respectively. A comparison of numerical results shows the validity of the new 
formulation of plastic problems with respect to deformations. 
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2. Formulation of plastic problems regarding strains and displacements 
Typically, plastic problems according to deformation theories are formulated in relation to displacements and consist 
of equilibrium equations [3]:  
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and, the defining relation of the theory of plasticity, representing a nonlinear function between the stress and strain 
tensor [10] i.e. 
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where ij
 −  stress tensor, ij

 − strain tensor, i
u −  displacement components, i

X −  volumetric forces, ,   − −  

elastic Lame constants, ij
 − Kronecker symbol, j

n −  outer normal to surface 2
 ,  

i
S −  surface load. 

In the boundary value problem (1-4), instead of relation (2), we can consider the following nonlinear relationship 
between the stress and strain tensor, the so-called deformation theory of Ilyushin’s plasticity [1] 
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where ,  
u u

  −  intensity of the stress and strain tensor [4], respectively, 
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e S − deviator of the strain and stress tensor in the following form [9] 
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It is known that relation (7) can be represented in piecewise linear form [9] 
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Thus, in the boundary value problem (1-4), instead of (6) considering (11), we obtain a nonlinear model equation that 
describes the process of nonlinear deformation of solids [4]: 
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The boundary value problem (12-15), in the two-dimensional case, can be written in the form of Lame equations for 
displacements ,u v  i.e. 
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where ij
  defined by relation (11) and (3), if − nonlinear part of differential equations: 
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To formulate an elastoplastic boundary value problem, we need to have conditions for compatibility of deformations 
for plastic theories. Why consider the conditions for compatibility of deformations [3] 
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Substituting the last relation in (18) after some transformations, the compatibility condition for the deformation theory 
of plasticity can be found [13] i.e. 
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which, in combination with the equilibrium equation (12) and the corresponding boundary conditions, constitute the 
boundary value problem of the deformation theory of plasticity in deformations. 
Substituting (13) into (1), we can find the equilibrium equations expressed with respect to deformations 
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which, in combination with the deformation compatibility condition (20) for plane deformation, i.e. 
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and, additional boundary conditions [6] 
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constitute a plane boundary value problem of the deformation theory of plasticity in deformations. In boundary 
conditions (23-24), voltage ij  is determined by relation (11). 
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Thus, equations (25-27) represent a plane problem of the theory of plasticity in deformations.

3. Solution methods 
To numerically solve plastic problems in displacements (16-17) and deformations (21-24), we use the finite-difference 
method. At the same time, we consider these boundary value problems in a rectangular region and replacing the 
derivatives with finite relations, we can find the following finite-difference equations in the case of a problem involving 
displacements: 
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To solve difference equations (28), firstly, we resolve them with respect to ,  j j

i i
u v  and apply the iterative Seidel method. 

To solve the difference equations of the plastic problem in deformations (21-24), you can use the method of sweeping 
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From the boundary conditions it can be found[11] that 
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For the remaining components of the deformation tensor, the following systems of equations with tridiagonal matrices 
can be found similarly: 
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From equations (30) and (33) it follows that the equations can be solved by four consecutive applications of 
the alternative method. This solution method, according to [11], is called the method of alternating directions. 

4. Comparison of numerical results 
This section is devoted to the numerical solution of plastic problems formulated regarding deformations and 
displacements, and comparison of the results obtained using the alternating direction method and the sweep method, 
respectively. 
Let a rectangular plate of size (2a,2b) be under the action of a uniaxial load of a parabolic shape applied on opposite 
sides perpendicular to the OX axis [8]. The remaining grains are free from loads, i.e. 
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For the problem under consideration, in the work of Timoschenko-Goodyear [12], based on the condition for 
minimizing the strain energy using the Airy stress function, the following expressions were found for the components 
of the stress tensor 
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constitute a plane boundary value problem of the deformation theory of plasticity in deformations. In boundary 
conditions (23-24), voltage ij  is determined by relation (11). 

In the boundary value problem (21-24), equilibrium equations (21) can be used in a differentiated form. Then the plane 
problem of plasticity theory takes the form 
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and also, with two additional conditions obtained by considering the equilibrium equations on the boundary of a given 
area, i.e. 
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Thus, equations (25-27) represent a plane problem of the theory of plasticity in deformations.

3. Solution methods 
To numerically solve plastic problems in displacements (16-17) and deformations (21-24), we use the finite-difference 
method. At the same time, we consider these boundary value problems in a rectangular region and replacing the 
derivatives with finite relations, we can find the following finite-difference equations in the case of a problem involving 
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To solve difference equations (28), firstly, we resolve them with respect to ,  j j

i i
u v  and apply the iterative Seidel method. 

To solve the difference equations of the plastic problem in deformations (21-24), you can use the method of sweeping 
sequentially along the corresponding axes [11]. For this purpose, we write the finite-difference equations in the form 
of a system of equations for the components of the strain tensor with a three-diagonal matrix, i.e. 
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From the boundary conditions it can be found[11] that 
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For the remaining components of the deformation tensor, the following systems of equations with tridiagonal matrices 
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From equations (30) and (33) it follows that the equations can be solved by four consecutive applications of 
the alternative method. This solution method, according to [11], is called the method of alternating directions. 

4. Comparison of numerical results 
This section is devoted to the numerical solution of plastic problems formulated regarding deformations and 
displacements, and comparison of the results obtained using the alternating direction method and the sweep method, 
respectively. 
Let a rectangular plate of size (2a,2b) be under the action of a uniaxial load of a parabolic shape applied on opposite 
sides perpendicular to the OX axis [8]. The remaining grains are free from loads, i.e. 
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For the problem under consideration, in the work of Timoschenko-Goodyear [12], based on the condition for 
minimizing the strain energy using the Airy stress function, the following expressions were found for the components 
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Table 1 compares the values of stress 11,  in the middle of the plate, obtained by solving plastic problems formulated 

regarding displacements and deformations, as well as with the results of Timoshenko-Goodyear [12] at *

u u
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Comparisons of stresses 
11

  show that the numerical results obtained by the iterative method with respect to 

displacements and the sweep method with respect to deformations are very close, which ensures the validity of the 
formulated plastic problem in deformations, as well as the reliability of the obtained numerical results. According to 
Fig. 1 you can compare the graphs of stress distribution 

11
  in the middle x=0 of a flat plate according to the results of 

Timoschenko-Goodyear (II) and the problem in displacements (III) and also the problem in deformations (I). In Fig. 1 
yellow curve shows part of the parabolic load applied along the opposite faces of the plate along the OX axis. 

 
Fig.1. Stress distribution 

11
  based on the results of the problem of stretching a plate under a parabolic load 

Table 2. Comparison of stress tensor 
11

  at y=0 

Plastic tasks x=-1 x=-0.8 x=-0.6 x=-0.4 x=-0.2 x=0 
In displacements 0.9919 0.8339 0.7827 0.7417 0.7145 0.7051 

In Strains 1.0000 0.9457 0.9275 0.9229 0.9220 0.9221 
 
Table 2 shows the stress values obtained from the results of a numerical solution of plastic problems about stretching 
a rectangular plate formulated with respect to deformations and displacements under the condition *.

u u
   Note that 

the stress values calculated from the results of the boundary value problem in displacements are underestimated, which 
apparently occurs as a result of an error in the approximation of the boundary conditions. In the case of boundary value 
problems in deformations, the boundary conditions are satisfied exactly. 

5. Conclusion 
A plane problem of the theory of plasticity with respect to deformations is formulated within the framework of Saint-
Venant compatibility conditions. To compare the numerical results, the plastic problem of stretching a rectangular plate 
under displacement is also considered. Grid equations for deformations and displacements for a rectangular plate are 
compiled using the finite-difference method. Difference equations for displacements and deformations were solved, 
respectively, by the iterative method and the method of alternating directions. A comparison of numerical results shows 
the validity of the formulated plastic problem with respect to deformations. Numerical algorithms and corresponding 
software have been developed for solving elastoplastic boundary value problems regarding displacements and 
deformations.
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