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Adaptive threshold scheme for fault detection for positive
switched systems with parametric uncertainty
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Abstract. This paper addresses the challenge of designing a fault detection
observer for actuators and sensors in a particular class of positive switched sys-
tems, using the average dwell time method. The proposed approach involves
the concurrent generation of residuals and a dynamic threshold, enhancing the
precision and efficiency of fault detection. Additionally, our work introduces an
innovative method for fault detection with parametric uncertainties, outlining
sufficient conditions for designing the observer using Linear Programs (LP).
The effectiveness of the proposed approach is validated through a numerical
simulation.

1 Introduction

Over the past few decades, fault detection (FD) has gained significant attention, particularly
in the study of positive switched systems [1], [2], [3]. These systems, which operate by
switching between different modes while ensuring that their state variables remain non-
negative, are widely used in many practical applications, such as biological processes and
networked systems. Detecting faults in such systems is a challenging task due to the complex
dynamics introduced by arbitrary switching sequences. Furthermore, when considering
parametric uncertainty in fault detection, it is essential to use a time-varying threshold
in order to build a reliable FD strategy that can dynamically adapt to changing system
conditions, including the impacts of uncertain parameters. This variability of the threshold
allows for the maintenance of robustness and reliability in the fault detection process, even
when system parameters are uncertain or variable. However, if the diagnostic threshold is
designed without considering the effects of these variabilities, it may not accurately reflect
the system’s behavior and could lead to false alarms.

It should be noted that the average dwell time (ADT) technique has become a popular
method for solving several control problems including positive switched systems [4, S].
The average dwell-time technique means that the number of switches in the finite interval
is bounded and the average time between successive switching is greater than or equal to a
positive constant, then, the switched system is exponentially stable [6, 7]. Actually, there
are few results reported on deploying average dwell-time techniques to fault detection of
positive switched systems [8], but in the literature, various works have been treated the
problem of FD detection for general switched systems while satisfying the ADT and DT
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constraints. For example, [9] has been established delay-dependent sufficient condition
for the solvability of fault detection for a class of discrete time switched systems using
Lyapunov functional method. More recently, fault detection problem for switched systems
under dwell time constraints has been proposed in [3] using the parity space-based ap-
proach. Further, [10] has been investigated the issues of stability analysis and state feedback
control for a class of discrete time switched systems via the smooth approximation technique.

Motivated by the previous discussion, we direct our attention to time-varying threshold-
based fault detection for uncertain positive switched systems considering the average dwell
time approach. The fault detection strategy is based on time-varying thresholds, which can
enhance the robustness of fault detection methods by allowing systems to adapt to various
uncertainties. Thus, our work proposes a mixed L — /L; fault detection strategy to address
faults, parametric uncertainties, and unknown inputs for positive switched systems with state
delay. By employing a multiple Lyapunov function, we derive sufficient conditions for the
existence of such observer through linear programming techniques.

2 PROBLEM FORMULATION

The following positive switched system with state delay is given as

N

Xerl = ER) [ Aixy + Arxp—r + Eidy + Fifi] (D
i=1
N

Yk = ER[Cixk + Nidy + M fi] ()
i=1

x = ¢ 20, 3)

k

where x; € R” denotes the state, y; € R” represents the output, d; € RY, f, € R" and 7
correspond to the disturbance input and fault vector, respectively. The initial conditions are
represented by (Z) > 0. oy denotes the switching rule. &k) = [£1(k),...,En(0)]T is the
indicator functlon Wlth &;(k) = 1 if the switching system is in mode i and 0 elsewhere
Assumption 2.1 In this work, the following assumptions are required:

e The switching rule is not known a priori but oy, is available at each time k, (k € Z,.).

e Each time only one subsystem is active

o The pair (A;, C;) is observable.

Definition 2.1 If for any switching sequences oy, for any non-negative initial conditions

¢ > 0, non-negative unknown inputs dy > 0, any fault f; > 0, the corresponding trajectories
xk > 0 and y;. remain non-negative for all k > 0.

[6] For any k, > k; > 0 and any switching signal o, let N, (t, k) represent the number of
switching of o within the interval (k;, k»). If

— ki

a

k
Ny (1, k) < Ny + — )

holds for a given Ny > 0 and 7,, where, 7, is noted the average dwell time and N, represent
the chattering bound.
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Lemma 2.1 Ifand only if A;; >0, A; >20,C; 20, E >0, N; 20, M; >20and 7; > 0,
Vi € I, then, system (1) is positive.

Our focus is now on developing a Luenberger observer for fault detection. The switched
positive observers being analyzed are described by:

N
Z Ei(R[ AR + Arifi—r + LiCiex]
i=1
N
e = Y &(OCi )

i=1

Riex1

The residual for the observer is given as:
e = Yk~ Yi (6)
Defining the observer error by

e, = Xp— X

N
e+l = Z ER(A; — LiCey + Ariex—r) + (E; — LiNpdy + (Fi — LiM,) fi] @)

i=1

X . .
Let X = [ ek ] represent the augmented state vector. The corresponding dynamical system
k

can be expressed as

N

Bt = ) ERIAS + Aifier + Eidic + Fifil, @®)
i=1
N ~ ~

o= L EUOICE + Nidi + Mifid,
i=1
where

~ A, 0 ~ A 0 = &

A 0 ﬂ,—zic,]“"‘“ [ 0 A ’8"[8,-—1:,»/\@]’

= 7 s _ RN 7

ﬁ |:7:I—_£IMI ,Cl—[o Cl]aNl_Nl’Ml_ Ml

3 PRELIMINARY RESULTS

For fault detection purposes, estimating the fault f; is not required. Instead, the following
residual criterion can be utilized:

ko+k 172
Ji = (Z rfrs] , ©)

S=k0
where ko and k represents the initial evaluation time instant and the evaluation time steps,
respectively. After selecting the evaluation function, the threshold can be determined. Faults
can be detected based on:
Jv > Jyp(k) = faults = alarm
Jv < Ju(k) = no faults
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time varying threshold is given as:

Tty = sup J} (10)
dieLy, =0,

where J,? represents a criterion obtained with a residual ry calculated without faults.
Definition 3.1 [8] System (8) is said to achieve a performance index vy, if Xy = 0, k = [-7,0]
and for given positive scalars Y and 0 < 7 < 1, then

Z (1 =% N re I

sup = <y (11D

AAELI0) S g ||

Definition 3.2 system (8) is said to have a performance index B, if Xy = 0, k = [-7,0] and
for given positive scalars 8 and 0 < 7 < 1, such that [8]:

[oe]
2 el
=k,

inf > 12
fi#0,fieLi[0,00) B (12)

S (1= 0% fi Il

—Ro

Lemma 3.1 [/1] If and only if L;C; > 0, (A; — L;C;) = 0, and (A; — L,C;) is a schur matrix.
Then, the observer in equation (5) is a convergent positive observer for system (1).

4 Main results
First of all, we present the stability condition of the augmented system (8).

Lemma 4.1 For given positive constants 0 < £ < 1 and T > 1, system (8) is asymptotically
stable, if there exist positive vectors ¢ and ¢ such that
=i =i

(A =D+ Do, + (1 =i <0 (13)
Ao, ~(1 =™ <0 4
9, < Lgi, . < Zfi (15)
while the ADT satisfying
Int
Ta Ta ln(l _ é,) ( )
Proof 1 Choosing the following multiple co-positive Lyapunov-Krasovskii function, one can
obtain
k=1
V&) = o+ Y (1-0"Fe a7
s=k—1
k k=1
AV(B)+V(R) = Fa0-Feo+ Y, (1-D""dp - ) (1-DFe
s=k+1-1 s=k—-1
+ Ixo+ Z (1-)"% ¢ < Zf,(k) H AT -1+ e,
s=k—1
+ (=Dg )+ 5 [Ane, - (1= 4“)”1)90 ) (18)
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This results from (13)-(15) and (18) that
AV(5%) + LV () < 0= V() < (1 = DV (5x) (19)
Hence, along the trajectory of System (8), we hold

V(i) < (1= Vi(x), k>K (20)

where k', represents the initial of the i activated subsystem.
Let k, < ki < ky < ... < ky < kyy1... < k represent the switching instants of oy, when

k € [ky,kyi1), one can get

V(Rlkgi1)) < V,(Ekg))(1 = %170 @1
Then, over the interval [k,, k), and based on (15) and (21), we derive

Vi < (1=-0%9V (k)

< W1-9Mhy, (3ky) (22)
ST (1= DR (3(k))

N

the switching instant just before k, is denoted as k.
According to Ny (k,, k) < N, + k;—k Then, (22) becomes:

Vix) < Vil -y (x(k,))
~ k—k, .
[0 -] ™ v, Gk 23)
Thus, V(%) — 0 when k — oo and if ADT guaranteeing (16).

Next, the L; index for disturbance attenuation is provided.

Lemma 4.2 System (8) is asymptotically stable and satisfying (16), if there exist vectors o
=i
and @, and for given positive scalars T > 1 Y and 0 < < 1, such that

(AT =D+ Do +(1-)¢ +Cle <0 24)
ﬂﬂQ 1- Z)H—lfi <0 (25)

SiTé_)i —ye+ Nle<0 (26)

A -LC)=0 27)

(& —-LiN)=0 (28)

LCi>0 (29)

Proof 2 According to Lemma 4.1, the asymptotic stability of System (8) with dy = 0 is guar-
anteed if conditions (24) and (25) hold. To demonstrate the performance (11), we choose
(17). From (15), we derive the following results:

Vot <Wou ) g=1,2,... (30)

For any k € [ky, kgi1), we have

Vop® < A=V - Z(l O} MCs) 31
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where TI(s) =|| ry || -y || ds |l;. Combining (30) and (31) leads to

k—1
Vop® < 10=0% Vg - > (1= D)
5=k,
7 P\ (k—ky-1
< =0V ko)
- Z (1= iGs) - Z(l O Gs)
s=ky1 s=ky
<o STVERA = HERY g (ko)
ki—1
_ (r(ko k) Z(l )(k 5— l)H(s) Z(l )(k S— I)H(S)
s=k, s=kg
k-1
= 7 Lr(ka,k)(l _ {)(k"_k)vg(k(,)(ka) _ Z Z’Nrr(s,k)(l _ {)(k_‘v_l)l_[(s)
s=k,
then, (32) indicates
k-1 k—1
2 =% <y Y e = 5% L d
s=k, s=k,
Multiplying both sides of (33) by T""o®» we get
k-1 k-1
D= D s sy ) g (1= D 1 d Iy
s=k, s=k,

Notice that
No‘(km S) < (S - ko)/Tu
and
an
>T,=
Cin(1-7) 0

we have

T o (Kos$) <(1- Z)(S_k”)

Hence, (34) implies

k=1
D= =y ||1<yZ<1 D 1 dy
s=k,

Summing (35) from k = k, to oo leads to Inequality (11).

In what follows, the L_ index for disturbance attenuation is provided.

(32)

(33)

(34)

(35)



E3S Web of Conferences 601, 00076 (2025) https://doi.org/10.1051/e3sconf/202560100076
ICEGC’2024

Lemma 4.3 System (8) is positive and guarantees (12), (39)-(40) and (16), if there exist
vectors o; and @; and for given positive scalarsT> 1, Band 0 < Z < 1, such that

(Al =D+ Do + (1 - @i - Cle < 0 (36)
ALoi-1-D™@i <0 37

F'0i— Mle+pe <0 (38)

(A -LC)=>0 39)

LCi>0 (40)

(Fi-LiM) =0 (41)

0i <W0j, @i <Ipj (42)

Proof 3 Consider (17) and denoting k, < ki < ky < ... < ky < kgi1... < k the switching
instants on the interval [k,, k). Similar to the proof line of Lemma 4.1 , one get:

N
AV, a0 + Y, + Bl = lirelly < ) &G0 {5 (Al i — & + Lo + (1 - @i — Cle)
i=1
+ % (ALe = (A =D @) + £ (F i — M e + pe))
It follows from (36)-(38) that

AV a=0 + LV, = Il + Bl fill <0 (43)
yields to
k-1
V) < (1= D%V (k) = > (1= D DTi(s) (44)
s=k,

where [(s) = Bl filli = |l 7« |l1. By referencing the proof outline of Lemma 4.2, we derive

DA =D BN filh< D Ml 5)
k=k, k=k,
Then, the performance (12) is satisfied. O

Now, we design a positive observer for fault detection based on L_/L; norms.

Lemma 4.4 For a given positive scalar B.if there exist vectors 0; = 9 € R2" and @; = ® €

Ri” such that (13)-(14) and (38) hold, thus there exists a stable L_ fault detection observer in
the form of (5) with the ADT (16), where T > 1 is satisfying (15).

Proof 4 Obvious. o
Lemma 4.5 There exists a stable L_]/L, fault detection positive observer satisfying (16),

where T > 1 satisfies (15), if if there exist vectors 9; = Q € R2" and @; = P € R2" and for
given positive scalars B, y and 0 < Z < 1 such that (24)-(26) and (38) hold.

Proof 5 Noting that (36)-(37) can be directly obtained from (24)-(25) for o; = Q0 € Ri” and
gi=¢ € R2". Then, the above lemma holds. o



E3S Web of Conferences 601, 00076 (2025) https://doi.org/10.1051/e3sconf/202560100076
ICEGC’2024

Theorem 4.1 For given 8 >0,y >0,0 <7 < 1 andi > 1, if there exist vectors Zi1’ e g€
R, 9, >0,v,>0,k >0andn >0, such that the following Linear Programming is feasible:
—i

(A =Dy, + v, - CT Z g+(1-dn+Cle < 0 (46)
=1

FiT(Ei+Z[)—MiTiz§—MiTe+ée < 0 (47)
=1

EiT(Ei+Zi)—NiTzn:zf—NiTe+2e <0 (48)
=1

A] =Dk +l+(1=09, < 0 (49)

Al = (=™, < 0 (50)

Apy,=(1=D™'p < 0 (51

aillzq—cﬁTzil > 0 (52)

ey, —nlz, = 0 (53)

fgy,—mizy = 0 (54)

'z, = 0 (55)

n, < I, (56)

K <K (57)

v, < Uy (58)

z > 0 (59)

such as

for Lg=1,....n
for s=1,...,g

i
Js
ni, and m’s are thg column vectors of matrices N; = [n’l,...,n’g], Ci = Ic},...,c,] and
M; = [my,...,m,), respectively. Then, a mixed L_/L, fault detection positive observer is
formulated while satisfying (16). where

where a;'j, é'. and f]’fk represent respectively, the elements of matrices &;, A; and F;. cf,

A Z
Ll’ = [V_Il’ _25 DRI _']T' (60)

i i
nwn Y

Proof 6 Denote
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Substituting into (24)-(26) and (38), we get

(Al =Dy, +Zv,~Cl Yz +Cle+ (1= <0 (61)
=1
Fl(g+v) =M ) zj—Me+pe<0 (62)
=1
Elw+v) - N Y d+ye-Ne<0 63)
=1
(A} =Dk, + Ik + (1= D9, <0 (64)
A, = (1 =D™'9, <0 (65)
Ay, =1 =)™y <0 (66)

Equation (60) can be expressed as:
Llv,=>4 67)
=1

Consequently, (46)-(51) can be reformulated as (61)-(66). Now let us prove that (39) and
(52) are equivalent. Note that (A; — L,C;) > 0 if and only if (A — C! L]) > 0. Therefore, it
follows that (39) is equivalent to the existence of gain matrices L; that satisfy the condition
(ﬂiT —Cl.TLiT) > 0. Given that v, > 0, it follows that, (ﬂiT —CiTLiT)Zi > 0. From (52), we have

i -l 0T i _ 4T TyT
avy v, zg=(A; —C/ L)y =0

aXe¥y ~C1 Yy
for Lg=1,....n (68)

Hence, (39) = (52). A similar development is used to obtain (28) = (76) and (41) = (54).
This completes the proof. o

Consider the system (1) with interval uncertainties expressed as
0<A <A <A, 0<A, <A,;<Ay (69)

where A,, A;, A ., A; are known matrices.
Recall that the problem addressed here is for given matrices éi,fii, éﬁ,fiﬁ find the gain ma-
trices £; that ensure the asymptotic stability and positivity of System (8) for any switching
sequence o satisfying ADT (16).

The following theorem proposes the conditions solving the problem addressed above in form
of Linear Programming.

Theorem 4.2 The solution of a mixed L_/L, fault detection positive observer design is ob-

tained for any switching sequence with ADT (16) satisfying (57-59), if there exist vectors

v,>0,8 >0k >0 n >0andz,- .z, € R and for given scalars B > 0, y > 0,
4 e z
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0<?Z < landi > 1 such that

AT ~Dy,+ 2y, - C] Y g+ Cle+(1-2m < 0 (70)
=1

Flg,+v)-M Y d-Mle+pe < 0 (71)
=1

E[(,+v) - N Y d+Ne+ye < 0 (72)
=1

Al =Dk, + Ik, +(1 =09, < 0 (73)

Alg,—(1=D™'8, < 0 (74)

Ay, == < 0 (75)

ay,—c'z, = 0 (76)

N A (77)

fug=mizg = 0 (78)

'z, = 0 (79)

4> 0 (80)

Proof 7 One has A, < A; < A;, A, < A < Ay Asy, > 0and k; > 0, one can write

¢ < (Af—l[)zi+5zi—cf§Z§+(1 —On +Cle <oy < (AT +Z-Dk,-(1-08, < ¥, Q; <
—I l:l -l —l

== =

ATk, = (=™, < Q.8 < Aly, — (1= 0™y, < &,

Ti—1 E

with
_ T _ >, _ T i _ 7 T
6 = A -Dy+y, Ci;zﬁ(l O, +Cie
f— . [
6 = @A =Dy, +Zv,—CI Y d+(1-n +Cle
=1
U, = @A +I-Dx-01-09,
v, = A+Z-Dk,-(1-09,
Q = Alk-(1-D™'9,
Q = A -(1-D™,

|[x]
I

— AT<V _ (1 _ Z)T+1Qi

—Ti—i

[11]
I

Ay, - (1=,

Therefore, ¢; < 0, Q; <0, and E; < 0 are sufficient conditions for asymptotic stability of

- i i =i ; iy, _ AT
the augmented system (8). Similarly, a, < ay < dag. Since v, > 0. So, AV, =€/ 24 <
i, T o mi oy, T iy _ T ; ; I
ayv,=Cj 2, s auv, = C Consequently, ayv, =€ 7y 2 0 is sufficient condition to ensure
always that a;lzq - c;Tz; > 0. This completes the proof O

5 Simulations

Consider the following uncertain interval switched system:

10
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Subsystem 1:

i = [0.4 0‘1],§1=[0'26 0.01]’AT1:[0.2 0],éﬂ=[0'08 0]’

03 04 02 02 02 0 0.08 0
03 03
E = [ 03 },Fl =[ 032 ],Nl =0.1,C,=[ 012 0.3 |.M, =0.12.
Subsystem 2:
] 03 04 016 025] ; _[01 o 001 0
4 = [ 03 05 ]’52‘[ 0.18 03 ]’ATZ‘[ 0.1 0.1 ]’éﬂ‘[ 0.01 0 ]

0.32 0.28

E, = [ 08 ],Fzz[ 03 ],szo.l,czz[ 0.12 0.15 ],M2=O.12,T=3.

Set y = 0.9, 8 = 0.009. From Theorem 4.2 and for any switching signal o with ADT

parameters chosen as 7 = 1.3 and Z = 0.2, which implies 7, > 7 = 1.1758. The gains

0.2916 ] L [ 1.0543
o 2 =

1.5058 0.9746
the maximal positivity conditions are given by:

matrices £; are designed as follows: L; = [ ] . The minimal and

A —L,C, = [ 0.3650 0.0621 0.1735 0.2419 ]

0.1193  0.2042 }’AI_LIC‘ z[ 0.1830 0.3538

[0.2250 0.0621 0.0335 0.0919]

Az = LG 0.0193  0.0042 }’52 ~ LG = [ 0.0630 0.1538

The switching sequences is illustrated in Figure 1 while the residual criterian is presented

k

Figure 1: Evolution of the switching signal o.

in Figure 2 showing the exact interval time of the presence of the fault. The response of the
evaluation function J; is given in Figure 3. This function gives information about occurrence
and duration of the fault. In addition, Figure 4 and 5 show the evolution of the uncertain
states. It is important to mention that the values of the uncertainties are taken variable during
the simulation time. The uncertain system trajectory is asymptotically stable and positive
even in the presence of a fault occurring at k = 50.

11
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0.18
— — r (k) in the fault case
— — r(K) in the fault free case 0 . Mo
0.16 \ A ~a 4
[NENAN Vot Ny 7
NEVANAREAYAY /\,,’ \y ’\\/ Ww
0.14 Iy v ERRURR L
I
012} !
|
1
. 0.1f i
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k

Figure 2: Evolution of the residual ry.

—— J(K) in fault case
— — - J(k) in free fault case
Jin (k)

k

Figure 3: Response of the evaluation function J; with free fault and fault case.

6 CONCLUSION

This paper is devoted to investigate the issue of robust FD with time delays and interval
uncertainties. By using the multiple Lyapunov function and the ADT constraints. Hence, the
designed observers gains satisfy the stability and positivity of the augmented system while
the robustness conditions are respected. Finally, a numerical example is presented to prove
the effectiveness of the developed results. As perspectives of this paper, we believe that an
extension to fault detection based on neural network observer can be done using the same
technique developed in [12].
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