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Abstract. This study investigates the bending behavior of functionally graded
rectangular plates using the spectral collocation method to offer precise model-
ing. We apply the First-order Shear Deformation Theory (FSDT) to accurately
capture the effects of shear deformation in our plate behavior models. The
effectiveness of the proposed method is demonstrated by a comparison of the
results obtained with those of literature.
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1 Introduction

Functionally Graded Material (FGM) is a composite material characterized by a controlled
variation in composition and properties throughout its volume [1]. The thickness direction of
FGM is systematically graded using a power-law distribution based on volume fractions of
constituents.

Extensive research has been conducted on analyzing the behavior of functionally graded
plates and shells Reddy [2], Cheng and Batra [3] and other researchers [1, 4–8].

In structural engineering, the FSDT for plates is a refined plate theory that extends the
Classical Theory [9]. In contrast to the Classical Theory, which assumes plates to be thin
and neglects the effects of transverse shear deformation, the FSDT takes into account the
influence of shear deformation in a first-order approximation.

Meshless methods, including the spectral method that employs Chebyshev polynomials,
simplify the modeling process, enhance accuracy, and accelerate convergence, presenting a
viable alternative to traditional approaches. [7, 8, 10–12]. The spectral collocation method
expands the solution to a differential equation using a global interpolant, distinguishing it
from local interpolant-based methods like finite element or finite difference.
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The Asymptotic Numerical Method (ANM) solves complex nonlinear problems by devel-
oping solutions in the form of asymptotic series. Unlike local iterative methods like Newton-
Raphson, ANM makes it possible to analyze nonlinear behavior over large parameter do-
mains, which is particularly useful for the study of bifurcations. This method effectively
solves nonlinear problems with hyperelastic materials, reducing tangent matrix decomposi-
tions and requiring no special treatment for instabilities or limit points [13]. The proposed
approach, which combines the spectral collocation method with the numerical asymptotic
method, offers several advantages, including high accuracy and effective management of
complex boundary conditions, thus providing flexibility for modeling various scenarios in
the analysis of functionally graded material (FGM) plates. Additionally, this approach re-
duces computational costs compared to traditional methods. However, it also has limitations,
such as difficulties in handling non-smooth solutions, complexity in implementation, and po-
tential risks of numerical instability in certain cases. These considerations underscore the
need for careful evaluation of the application conditions for this approach. The Asymptotic
Numerical Method offers high accuracy for nonlinear problems by combining analytical and
numerical techniques, making it efficient in terms of computational resources by leveraging
asymptotic behavior. However, its effectiveness depends on the presence of a small parame-
ter, which may limit its applicability to certain problems, and the complexity of the method
increases as higher-order corrections are considered.

The focus in this study is on investigating the linear bending behavior of rectangular
plates with regular boundaries using the spectral meshless method. A thorough understanding
of plate bending is essential for ensuring the stability and performance of various structural
engineering applications. Driven by these factors, our objective is to develop a pseudospectral
method based on Chebyshev polynomials for bending analyses of FGM plates. We will
employ the FSDT theory that takes into account the influence of shear deformation in a first-
order approximation that are neglected in the Classical theory in order to capture the elastic
and anisotropic behavior of the plates.

Motivated by these factors, we aim to develop a Chebyshev polynomial-based spec-
tral collocation method for the nonlinear bending analysis of Functionally Graded Material
(FGM) plates. We will employ the First-order Shear Deformation Theory (FSDT) to capture
the elastic and anisotropic behavior of the plates.

The paper is structured as follows: first, Section 2 provides a concise overview of the
functionally graded materials, integrates the FSDT through the strong formulation, and ex-
poses the equilibrium equations. Moving on to Section 3, we introduce the spectral method
based on Chebyshev polynomials and the asymptotic numerical method (MAN) in the 4th

section. Following this, Section 5 is dedicated to presenting the numerical results obtained
from the examples utilized. Finally, in Section 6, we present the key concluding remarks.

2 Theoretical formulation

2.1 Functionally graded material properties

Consider a thin rectangular plate made of FG Material with in-plane dimensions L and l, and
thickness h. The plate has a rectangular cross-section with a Cartesian coordinate system
(O, x, y, z) established in the middle plane, where the origin O is positioned at one corner, as
illustrated in Fig. 1. The material on the top surface at z = h/2 is ceramic-rich, gradually
transitioning to a metal-rich composition at the bottom surface of the plate at z = −h/2.
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Figure 1: FGM plate [1].

An assumption is made about the ceramic volume fraction Vc with respect to the coordi-
nate z. This assumption is expressed as :

Vc(z) = ( 1
2 +

z
h )k (1)

Here, h is the thickness of the structure, and k ≥ 0 is the power law index defining the
metal variation through the plate thickness.

The effective material characteristics, encompassing the isotropic FGM’s Poisson ratio ν,
mass density ρ, and elasticity modulus E, are described by combining the material constants
of ceramic and metallic components through the following expression :

P(z) = VmPm + VcPc (2)

The volume fractions Vc and Vm satisfy the relationship Vc + Vm = 1

2.2 Fundamental Equations

In FSDT, the displacements uM , vM , and wM at a point M(x, y, z) within the plate are expressed
as functions of the mid-plane displacements u, v, w, and the first-order partial derivatives of
the transverse deflection with respect to the spatial coordinates x and y. The relationships are
given by the following equations:



uM = u + zβx,

vM = v + zβy,

wM = w.

(3)

Here, u, v, and w represent the mid-plane displacements, while βx and βy are the first-
order partial derivatives of the transverse deflection w with respect to the spatial coordinates
x and y, respectively.

The entire problem-solving system can be summarized as follows:
3
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

N = C0


[Dm][H]gu + 1

2 [Dm][A(gw)]gw

+C1[Dm][H]gβ

M = C1


[Dm][H]gu + 1

2 [Dm][A(gw)]gw

+C2[Dm][H]gβ

Q = C0Dsgw +C0Dsβ
divN = 0
divQ + [N, w] = −λ f3
divM − Q = 0
nN = λT d

nQ + ⟨B(w)⟩N = −λQd

nM = −λMd

(4)

with,
Tg = < gu gβ gw > (5)

where M, N and Q are the generalized stresses, g is the gradient vector, f is the external
force vector, Dm and Ds are a symmetrical dimensionless behavior matrix and strain coeffi-
cient respectively, u is the displacement vector and g is the gradient vector. The coefficients
Ci are equal to :

Ci =


z
ziE(z) dz, i = 0, 1, 2 (6)

3 Asymptotic numerical method

To apply the procedure approach, we apply the following steps:
We use a Taylor series expansion to express the unknowns as functions of a dimensionless

scalar parameter a:

u = u j +

N
k=0

akuk, λ = λ j +

N
k=0

akλk

The unknowns are connected to the parameter a by the following relationship :

⟨u − u0, u1⟩ + λ1(λ − λ0) = a

The expansions are substituting into the nonlinear equations to create a sequence of linear
systems based on powers of a. So, using Asymptotic Numerical Method (ANM) for solving
the non-linear resulting equations, we find:

Order k = 1 :



N1 = C0


[Dm][H]gu

1 + [Dm][A(gw0 )]gw1

+C1[Dm][H]gβ1

M1 = C1


[Dm][H]gu

1 + [Dm][A(gw0 )]gw1

+C2[Dm][H]gβ1

Q1 = C0Dsgw1 + hDsβ1
divN1 = 0
⟨div⟩Q1 + [N0, w1] + [N1, w0] = −λ1 f3
divM1 − Q1 = 0
nN1 = λ1T d

divQ1 + ⟨B(w0)⟩N1 + ⟨B(w1)⟩N0 = −λ1Qd

nM1 = −λ1Md

(7)

Order k ≥ 2 :
4



Nk = C0


[Dm][H]gu

k + [Dm][A(gw0 )]gwk

+C1[Dm][H]gβk +C0[Dm]

k−1
r=1[A(gwr )]gwk−r

Mk = C1


[Dm][H]gu

k + [Dm][A(gw0 )]gwk

+C2[Dm][H]gβk +C1[Dm]

k−1
r=1[A(gwr )]gwk−r

Qk = C0Dsgwk + hDsβk

divNk = 0
⟨div⟩Qk + [N0, wk] + [Nk, w0] = −λk f3 −

k−1
r=1[Nk, w(k−r)] − [Nnl

k , w0]
divMk − Qk = 0
nNk = λkT d

divQk + ⟨B(w0)⟩Nk + ⟨B(wk)⟩N0 = −λkQd −k−1
r=1⟨B(wk)⟩N(k−r) − ⟨B(w0)⟩Nnl

k
nMk = −λk Md

(8)

The unknowns are then discretized using Chebyshev polynomials to solve the system
precisely as presented in section 4. Then, we calculate the upper limit amax for the parameter
a:

amax = (
ϵd∥u1∥
∥u j∥

)
1

j−1

The solutions are defigning at amax as the new starting point for the next computation. The
validity range for this point determined after recalculating the expansions. The process is
repeated by using the current results to set new starting points for subsequent computations,
recalculating expansions for each branch. Iterating is continued until the desired solution
range is achieved or the system indicates no further valid solutions are possible.

4 Spectral collocation Method

This section introduces the spectral method for constructing shape functions to solve differ-
ential equations. The interpolant is given by:

u(x j) ≈ PN−1(x) =
N

j=1

α(x)
α(x j)

ϕ j(x)u j (9)

Here, {x} represents distinct interpolation nodes, α(x) is a weight function, and f j = f (x j).
The interpolating functions ϕ(x) satisfy ϕ j(x) = δ jk, and pN−1(x) is an interpolant of the
function u(x).

Numerical differentiation is expressed as:

u(l) = D(l)u (10)

The Chebyshev interpolating function, constrained to Chebyshev nodes and constant
weights, is defined as:

PN−1(x) =
N

j=1

ϕ j(x)u j (11)

Where:

ϕ j(x) =
(−1) j

c j

(1 − x2)
(N − 1)2

T′N−1(x)
x − x j

(12)

Here, TN−1(x) is the Chebyshev polynomial of degree N − 1, with c1 = cN = 2 and c2 = ... =
cN−1 = 1. D is the Chebyshev differentiation matrix, where D(l) = (D(1))l.

For 2D grids, the storage layout and computation of partial derivatives are discussed.
The field values are stored in a 1D array of size N2D = n1n2, with differentiation matrices

5
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D(l)
1 = D(l)

n1×n1 and D(l)
2 = D(2)

n2×n2. Using the Kronecker product, the 2D differentiation matrices
are constructed as:

D̄(l)1 = D(l)
1 ⊗ I2,

D̄(l)2 = I1 ⊗ D(l)
2

(13)

Here, Iα is the identity matrix of size nα × nα, and D(l) is the 2D differentiation matrix of
size N2D × N2D. The spectral derivative computation for a 2D field is given by the matrix
multiplication:

∂αv = D̄α
(l)
.v. (14)

The use of 2D differentiation matrices facilitates the derivation of the tangent operator, to
discretize the system presented in Eq.(4).

In the present study the following sets of boundary conditions are used:
Simply supported (SSSS):

u0 = w0 = βy = 0 at x = 0 and x = L
v0 = w0 = βx = 0 at y = 0 and y = l (15)

Clamped (CCCC):

u0 = v0 = w0 = βx = βy = 0 at x = 0 , x = L , y = 0 and y = l (16)

5 Numerical results and discussion

In this study, two test examples of simply supported and clamped FG plates were examined
to ensure the accuracy and effectiveness of the proposed method. The proposed algorithm
was validated and compared to results available in the literature.

5.1 Example 1 : simply supported FG plate

In this example, the analysis concerns a square plate of side L = l = 0.2m and thickness
h = 0.1m, with different volume fraction indices. The plate is assumed to be simply sup-
ported on all its edges. The results are presented in terms of non-dimensional parameters,
namely: central deflection (w/h), load parameter q = q0L4

Emh4 , and thickness coordinate z̄ = z
h .

Here, q denotes the intensity of the applied mechanical load. The FGM plate is made of a
mixture of aluminum (metal) and zirconia (ceramic): Em = 70GPa and Ec = 151GPa. The
Poisson’s ratio ν = 0.3 for simplicity. The dimensionless central deflection as a function
of load parameters and arrangement of figures are presented according to those of Reddy
to allow direct comparison. Good agreement between the two sets of results is observed,
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5.2 Example 2 : clamped FG plate

In this example, we analyze the nonlinear bending of a square FGM plate composed of silicon
nitride and stainless steel (SUS304), as studied by Yang and Shen [14]. The upper surface
of the plate is enriched with ceramic, while the lower surface is enriched with metal. The
material properties are as follows: Em = 207.78GPa for SUS304 and Ec = 322.27GPa for
Si. Poisson’s ratio ν is assumed to be constant and equal to 0.28. The non-dimensional pa-
rameters used are: the central deflection w/h, the load parameter q = q0L4

Emh4 , and the coordinate
thickness (z̄ = z

h ). The plate is completely clamped on all its edges with a width-thickness
ratio (b/h = 10), for k = 0 (ceramic), k = 2, and k = ∞ (metal). The non-dimensional
deflection as a function of the load parameter is chosen similar to that used by Yang and Shen
[14].
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D(l)
1 = D(l)

n1×n1 and D(l)
2 = D(2)

n2×n2. Using the Kronecker product, the 2D differentiation matrices
are constructed as:

D̄(l)1 = D(l)
1 ⊗ I2,

D̄(l)2 = I1 ⊗ D(l)
2

(13)

Here, Iα is the identity matrix of size nα × nα, and D(l) is the 2D differentiation matrix of
size N2D × N2D. The spectral derivative computation for a 2D field is given by the matrix
multiplication:

∂αv = D̄α
(l)
.v. (14)

The use of 2D differentiation matrices facilitates the derivation of the tangent operator, to
discretize the system presented in Eq.(4).

In the present study the following sets of boundary conditions are used:
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Poisson’s ratio ν = 0.3 for simplicity. The dimensionless central deflection as a function
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sults obtained by Reddy [2], who uses third-order shear deformation plate theory with von
Karman-type geometric nonlinearity.
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Figures 2 and 3 illustrate the variations of w̄ at the center of the plate with respect to the
normalized parameter load (q)in the presence of uniform loading for several power-law index
k varying from ceramic (k = 0) to metal ( k = ∞).

6 Concluding remarks

The nonlinear bending of functionally graded plates is analyzed by applying the FSDT theory.
For spatial discretization, the Chebyshev spectral collocation method is employed. Dimen-
sionless deflections are evaluated under uniform loading conditions for two types of bound-
ary conditions of ceramic-metal plates. The results highlight the effectiveness of the spectral
method based on Chebyshev polynomials in the study of nonlinear bending of rectangular
plates. In future work, we plan to extend the spectral collocation method to analyze the
buckling behavior of functionally graded plates and other geometries, such as circular ones.
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