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Abstract. In this research, we propose an algorithm to study the buckling 
of thin Functionally Graded Material (FGM) shells, utilizing a novel 
implementation of the asymptotic numerical method (ANM). Our approach 
integrates a three-step process: representation of variables and loading 
conditions through a truncated Taylor series, discretization using the finite 
element method (FEM), and advancement via a continuation method. This 
method is particularly effective for tracking the solution curve through 
systematic matrix inversion and tolerance adjustments. By applying this 
robust algorithm within the framework of Kirchhoff-Love theory, we 
analyze how the properties of FGM shells vary smoothly from metal at the 
base to ceramic at the surface, crucial for applications in aeronautics and 
civil engineering where stability under load is paramount. The results are 
validated against the Abaqus industrial code, demonstrating the accuracy 
of our model. Furthermore, we detail the impact of the volume fraction 
index on the load-displacement behavior and structural deformations, 
providing valuable insights for enhancing the design and safety of these 
critical structures. 

1 Introduction 
The advent of modern technologies necessitates the utilization of composite materials 
characterized by high mechanical properties tailored to specific applications yet 
maintaining low density. Due to their low density, combined with high strength and 
rigidity, composite structures have become indispensable in aerospace and aeronautics. 
Among these, Functionally Graded Materials (FGMs) stand out for their unique capacity to 
vary properties as per specific requirements. This study focuses on the behavior of FGM 
shells, as illustrated in figure 1. 
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Fig. 1. Geometry of an FGM Shell. 

 
   Recent literature has extensively explored the behavior of FGM structures. For 

instance, the authors in [1] provided analytical solutions for the bending, vibration, and 
buckling of FGM plates, while the research in [2] investigated the vibration and stability of 
conical shells made from functional gradient materials. A static analysis of an aircraft wing 
composed of FGMs using a multi-layer finite element model was detailed in [3]. The study 
in [4] explored the effects of notches and coatings on peak stresses in cylindrical contacts 
within FGMs, and Mobtasem et al. [5] applied FGM techniques to reduce the impact of 
holes in fiber-reinforced polymers. 
 

In our work, we conduct a numerical analysis of the buckling behavior of FGM shells, 
which vary in property distribution along their thickness, employing a shell model based on 
Kirchhoff-Love theory. Understanding the buckling of thin shells is crucial for preventing 
sudden failures, enhancing design efficiency, and improving structural safety. This enables 
the development of lighter and stronger shells, facilitating a deeper understanding of their 
response under various load conditions and identifying methods to fortify them. 
 

Our analysis utilizes the numerical asymptotic method (ANM), which represents the 
problem's unknowns and loading parameters as a truncated Taylor series, with each term 
addressing a linear problem. This approach is essential for employing the continuation 
method, crucial when navigating near bifurcation points. The continuation method 
systematically advances along the solution curve, adjusting the step size based on the 
convergence radius of the series, thus ensuring the path follows accurately even near 
critical transitions. The finite element method discretizes these problems using planar 
elements, which are adapted to the shell’s curved surfaces through a passage matrix. 
Subsequently, the accuracy and reliability of our results are validated by benchmarking 
against those obtained from the industrial standard Abaqus code. 

2 Modeling of FGM Shells 
 
In this work, the theory of thin shells assumes that the shell thickness is considerably less 
than its radius of curvature, minimizing shear effects. Consequently, the results from this 
theory align closely with those from broader theories like Mindlin’s, except when dealing 

with thicker shells where Mindlin’s theory provides more accurate outcomes due to its 
consideration of higher-order deformations. Thin-shell theory fundamentally relies on 
mathematical equations that articulate the material behavior. Boundary conditions play a 
crucial role in this context, defining the interactions between the model and its environment 
by specifying stresses or displacements at the shell edges. This setup allows the system's 
behavior to be described uniquely. The components of the displacement vector for a point 
at a distance z from the mid-surface of the shell are defined in a way that captures the 
essential mechanical characteristics and can be expressed as follows  [6,7]: 

 

    �
U(x, y, z)     =    u(x, y) + zβx(x, y)
V(x, y, z)     =    𝑣𝑣𝑣𝑣(x, y) + zβy(x, y)

   W(x, y, z)    =    w(x, y)                        
                                                   (1) 

 
where u(x, y), 𝑣𝑣𝑣𝑣(x, y) and w(x, y) correspond to the displacements of the point located on 

the mid-surface of the shell, and where βx(x, y) and βx(x, y)are respectively the rotations 
about the axes 𝑜𝑜𝑜𝑜𝑥𝑥𝑥𝑥 and 𝑜𝑜𝑜𝑜𝑦𝑦𝑦𝑦. 

2.1 Strain vector and stress vector 

In Kirchhoff–Love's theory, the deformation vector is given by: 
 

                                                  {𝛾𝛾𝛾𝛾} = {𝑒𝑒𝑒𝑒} + 𝑧𝑧𝑧𝑧{𝑘𝑘𝑘𝑘}                                                                (2) 
 
The membrane deformations {𝑒𝑒𝑒𝑒} and the curvature {𝑘𝑘𝑘𝑘} of the mean plane of the 𝜔𝜔𝜔𝜔0 

structure are given by: 
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The stress vector in the case of plane stresses for the FGM shell model, whose material 

properties vary continuously through the thickness of the shell, is expressed by the 
following constitutive law [8]: 
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where 𝜈𝜈𝜈𝜈 denotes the Poisson coefficient. The variation of Young's modulus as a function 

of thickness is given by the following mixing law: 
 

               𝐸𝐸𝐸𝐸(𝑧𝑧𝑧𝑧) =  (𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐 – Em)𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐(𝑧𝑧𝑧𝑧) +  𝐸𝐸𝐸𝐸𝑚𝑚𝑚𝑚                                                             (5) 
 
where 𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐 and Em are, respectively, the Young's moduli of the upper and lower surfaces 

of the FGM shell, and 𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐 is the volume fraction expressed according to a power law : 
 

        𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐(𝑧𝑧𝑧𝑧) = (1 2⁄ + 𝑧𝑧𝑧𝑧 ℎ⁄ )𝑘𝑘𝑘𝑘                                                              (6) 
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The parameter 𝑘𝑘𝑘𝑘 represents the volume fraction index determining the percentage of 
ceramic and metal in the mixture. 

The principle of virtual work and the constitutive law can be written in the following 
form: 

�∫ < 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿 > {𝑆𝑆𝑆𝑆}𝑑𝑑𝑑𝑑𝜔𝜔𝜔𝜔𝜔𝜔𝜔𝜔 =  𝜆𝜆𝜆𝜆 ∫ < 𝛿𝛿𝛿𝛿𝑼𝑼𝑼𝑼 > {𝐹𝐹𝐹𝐹} 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑           𝜕𝜕𝜕𝜕𝜔𝜔𝜔𝜔
{𝑆𝑆𝑆𝑆} = [𝐷𝐷𝐷𝐷]{𝛿𝛿𝛿𝛿}

                                    (7) 

 
 
where 𝜆𝜆𝜆𝜆𝐹𝐹𝐹𝐹 are the applied external forces proportional to a load parameter 𝜆𝜆𝜆𝜆, < 𝑼𝑼𝑼𝑼 > = <

u, v, w >  is the generalized displacement and {𝑆𝑆𝑆𝑆} and {𝛿𝛿𝛿𝛿} are the generalized stress vector 
and strain vector [9]. 

We denote by  [𝐷𝐷𝐷𝐷] the generalized behavior matrix: 
 
 

[𝐷𝐷𝐷𝐷] =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝐶𝐶𝐶𝐶1 𝐶𝐶𝐶𝐶1𝜈𝜈𝜈𝜈 0 𝐶𝐶𝐶𝐶2 𝐶𝐶𝐶𝐶2𝜈𝜈𝜈𝜈 0
𝐶𝐶𝐶𝐶1𝜈𝜈𝜈𝜈 𝐶𝐶𝐶𝐶1 0 𝐶𝐶𝐶𝐶2𝜈𝜈𝜈𝜈 𝐶𝐶𝐶𝐶2 0
0 0 𝐶𝐶𝐶𝐶1(1−𝜈𝜈𝜈𝜈)

2
0 0 𝐶𝐶𝐶𝐶2(1−𝜈𝜈𝜈𝜈)

2
𝐶𝐶𝐶𝐶2 𝐶𝐶𝐶𝐶2𝜈𝜈𝜈𝜈 0 𝐶𝐶𝐶𝐶3 𝐶𝐶𝐶𝐶3𝜈𝜈𝜈𝜈 0
𝐶𝐶𝐶𝐶2𝜈𝜈𝜈𝜈 𝐶𝐶𝐶𝐶2 0 𝐶𝐶𝐶𝐶3𝜈𝜈𝜈𝜈 𝐶𝐶𝐶𝐶3 0
0 0 𝐶𝐶𝐶𝐶2(1−𝜈𝜈𝜈𝜈)

2
0 0 𝐶𝐶𝐶𝐶3(1−𝜈𝜈𝜈𝜈)

2 ⎦
⎥
⎥
⎥
⎥
⎥
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                                        (8) 

 

where 𝐶𝐶𝐶𝐶1 = ∫ 𝐸𝐸𝐸𝐸(𝑧𝑧𝑧𝑧)𝑑𝑑𝑑𝑑𝑧𝑧𝑧𝑧
ℎ
2
−ℎ
2

,  𝐶𝐶𝐶𝐶2 = ∫ 𝑧𝑧𝑧𝑧𝐸𝐸𝐸𝐸(𝑧𝑧𝑧𝑧)𝑑𝑑𝑑𝑑𝑧𝑧𝑧𝑧
ℎ
2
−ℎ
2

 and 𝐶𝐶𝐶𝐶3 = ∫ 𝑧𝑧𝑧𝑧2𝐸𝐸𝐸𝐸(𝑧𝑧𝑧𝑧)𝑑𝑑𝑑𝑑𝑧𝑧𝑧𝑧
ℎ
2
−ℎ
2

. 

We numerically solve the nonlinear equations (7) using the ANM algorithm [8]. The 
principle of ANM is to search the unknowns of the initial non-linear problem and the 
loading parameter in the form of a Taylor series representation truncated at an order N. The 
terms of these Taylor series are then solutions of linear problems. By discretizing these 
linear problems using the Finite Element Method, a large part of the solution branch is 
obtained by inverting a single stiffness matrix. Iteration of this procedure then yields the 
entire solution curve by continuation and specification of a tolerance parameter. 

3 Results and Discussions 
Consider an elastic FGM cylindrical shell with a length of 𝐿𝐿𝐿𝐿 = 254mm, a radius of 𝑅𝑅𝑅𝑅 =
2540mm, a half-opening angle of 𝜃𝜃𝜃𝜃 = 0.1rad, and a thickness of ℎ = 6.35mm or ℎ =
12.7mm, with Young's moduli 𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐 = 380GPa, 𝐸𝐸𝐸𝐸𝑚𝑚𝑚𝑚 = 70GPa, and a Poisson’s ratio 𝜈𝜈𝜈𝜈 = 0.3. 
The shell is subjected to a point load  𝜆𝜆𝜆𝜆𝐹𝐹𝐹𝐹 with 𝐹𝐹𝐹𝐹 = 1000N. The openings are free, and the 
other two edges are simply supported with 𝑢𝑢𝑢𝑢 = 0, 𝑤𝑤𝑤𝑤 = 0, and 𝜃𝜃𝜃𝜃𝑥𝑥𝑥𝑥 = 0 (see figure 2). The 
results of this test will be compared to those obtained using Abaqus with the Riks method 
and the 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑅𝑅𝑅𝑅𝑆𝑆𝑆𝑆3 element. 

For symmetry reasons, a quarter of the cylindrical shell is discretized with 11 nodes 
along the length and 11 nodes following the shell opening. The parameters for the ANM 
are: 𝑁𝑁𝑁𝑁 =  20 for the truncation order and 𝜀𝜀𝜀𝜀 = 10−6 for the tolerance parameter. 

 

 
Fig. 2. Geometric characteristics of an elastic cylindrical shell made of functionally graded material 
(FGM). 

 
In our model, where the thickness is considered small compared to the radius of 

curvature and shear effects are negligible, the results of this work remain similar to those 
obtained with other theories dealing with thin shells, as we use small thicknesses. 

Figures 3 and 4 show the load-displacement curve at the shell's central node and its 
deformation. For the FGM shell of thickness ℎ = 6.35mm  and ℎ = 12.7mm. 

 

  
Fig. 3. Buckling of a cylindrical shell for ℎ = 6.35mm  and  𝑘𝑘𝑘𝑘 = 2 : (A) Load-displacement curve at 
the center node obtained by the 'shell-DKT18' model and by Abaqus, (B) Deformation of the structure 
studied at (𝜆𝜆𝜆𝜆 = 7). 
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⎥
⎥
⎥
⎥
⎤

                                        (8) 

 

where 𝐶𝐶𝐶𝐶1 = ∫ 𝐸𝐸𝐸𝐸(𝑧𝑧𝑧𝑧)𝑑𝑑𝑑𝑑𝑧𝑧𝑧𝑧
ℎ
2
−ℎ
2

,  𝐶𝐶𝐶𝐶2 = ∫ 𝑧𝑧𝑧𝑧𝐸𝐸𝐸𝐸(𝑧𝑧𝑧𝑧)𝑑𝑑𝑑𝑑𝑧𝑧𝑧𝑧
ℎ
2
−ℎ
2

 and 𝐶𝐶𝐶𝐶3 = ∫ 𝑧𝑧𝑧𝑧2𝐸𝐸𝐸𝐸(𝑧𝑧𝑧𝑧)𝑑𝑑𝑑𝑑𝑧𝑧𝑧𝑧
ℎ
2
−ℎ
2

. 

We numerically solve the nonlinear equations (7) using the ANM algorithm [8]. The 
principle of ANM is to search the unknowns of the initial non-linear problem and the 
loading parameter in the form of a Taylor series representation truncated at an order N. The 
terms of these Taylor series are then solutions of linear problems. By discretizing these 
linear problems using the Finite Element Method, a large part of the solution branch is 
obtained by inverting a single stiffness matrix. Iteration of this procedure then yields the 
entire solution curve by continuation and specification of a tolerance parameter. 

3 Results and Discussions 
Consider an elastic FGM cylindrical shell with a length of 𝐿𝐿𝐿𝐿 = 254mm, a radius of 𝑅𝑅𝑅𝑅 =
2540mm, a half-opening angle of 𝜃𝜃𝜃𝜃 = 0.1rad, and a thickness of ℎ = 6.35mm or ℎ =
12.7mm, with Young's moduli 𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐 = 380GPa, 𝐸𝐸𝐸𝐸𝑚𝑚𝑚𝑚 = 70GPa, and a Poisson’s ratio 𝜈𝜈𝜈𝜈 = 0.3. 
The shell is subjected to a point load  𝜆𝜆𝜆𝜆𝐹𝐹𝐹𝐹 with 𝐹𝐹𝐹𝐹 = 1000N. The openings are free, and the 
other two edges are simply supported with 𝑢𝑢𝑢𝑢 = 0, 𝑤𝑤𝑤𝑤 = 0, and 𝜃𝜃𝜃𝜃𝑥𝑥𝑥𝑥 = 0 (see figure 2). The 
results of this test will be compared to those obtained using Abaqus with the Riks method 
and the 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑅𝑅𝑅𝑅𝑆𝑆𝑆𝑆3 element. 

For symmetry reasons, a quarter of the cylindrical shell is discretized with 11 nodes 
along the length and 11 nodes following the shell opening. The parameters for the ANM 
are: 𝑁𝑁𝑁𝑁 =  20 for the truncation order and 𝜀𝜀𝜀𝜀 = 10−6 for the tolerance parameter. 

 

 
Fig. 2. Geometric characteristics of an elastic cylindrical shell made of functionally graded material 
(FGM). 

 
In our model, where the thickness is considered small compared to the radius of 

curvature and shear effects are negligible, the results of this work remain similar to those 
obtained with other theories dealing with thin shells, as we use small thicknesses. 

Figures 3 and 4 show the load-displacement curve at the shell's central node and its 
deformation. For the FGM shell of thickness ℎ = 6.35mm  and ℎ = 12.7mm. 

 

  
Fig. 3. Buckling of a cylindrical shell for ℎ = 6.35mm  and  𝑘𝑘𝑘𝑘 = 2 : (A) Load-displacement curve at 
the center node obtained by the 'shell-DKT18' model and by Abaqus, (B) Deformation of the structure 
studied at (𝜆𝜆𝜆𝜆 = 7). 
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Fig. 4. Buckling of a cylindrical shell for ℎ = 12.7mm and  𝑘𝑘𝑘𝑘 = 2 : (A) Load-displacement curve at 
the center node obtained by the 'shell-DKT18' model and by Abaqus, (B) Deformation of the structure 
studied at (𝜆𝜆𝜆𝜆 = 33.05). 

From figures 3 and 4, we can see that our 'shell-DKT18' model faithfully reproduces the 
curves presented by the Abaqus industrial code. We can also observe that the load-
displacement curve shows buckling at two limit points. 

Figure 5 shows the effect of the volume fraction index 𝑘𝑘𝑘𝑘 on the load-displacement curve 
at the central node of the FGM shell of thicknesses ℎ = 6.35mm and ℎ = 12.7mm. 

 

  
Fig. 5. Impact of 𝑘𝑘𝑘𝑘 on the load-displacement curve at the center of the FGM shell obtained with the 
'shell-DKT18' model: (A) for ℎ = 6.35mm, (B) for ℎ = 12.7mm. 

From figure 5, we can see that the ℎ = 12.7mm shell shows high resistance to buckling 
with a higher critical load of the first limit point compared to the ℎ = 6.35mm shell. 

In Table 1, the coordinates of the maximum point (𝐶𝐶𝐶𝐶𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝐶𝐶𝐶𝐶Max) and the coordinates of the 
minimum point (𝐶𝐶𝐶𝐶𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝐶𝐶𝐶𝐶Min) are presented for different values of the volume fraction index 𝑘𝑘𝑘𝑘, 
for thicknesses ℎ = 6.35mm and ℎ = 12.7mm. 

 
 
 
 
 
 
 
 

Table 1. Impact of 𝑘𝑘𝑘𝑘 on the values of the coordinates of the maximum point (𝐶𝐶𝐶𝐶𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝐶𝐶𝐶𝐶Max) and the 
minimum point (𝐶𝐶𝐶𝐶𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝐶𝐶𝐶𝐶Min): (A) for ( ℎ = 6.35mm), (B) for ( ℎ = 12.7mm). 

k=0.5 k=1 k=2 
(A) (B)   (A) (B) (A) (B) 

x y x y x y x y x y x y 

𝐶𝐶𝐶𝐶𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝐶𝐶𝐶𝐶Max 14 12.7 12 55 13.6 10 12.7 46.6 13.4 8 13 38 

𝐶𝐶𝐶𝐶𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝐶𝐶𝐶𝐶Min 17.7 -9.4 21.2 2.7 18.8 -8 22 -1.3 19.8 -6.1 23 -1.7 

 
Table 1 demonstrates the effect of varying the volume fraction index 𝑘𝑘𝑘𝑘 on the 

coordinates of maximum 𝐶𝐶𝐶𝐶𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝐶𝐶𝐶𝐶Max and minimum 𝐶𝐶𝐶𝐶𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝐶𝐶𝐶𝐶Min points across FGM shells with 
two different thicknesses. As 𝑘𝑘𝑘𝑘 increases, the vertical position (y-coordinate) of 𝐶𝐶𝐶𝐶𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝐶𝐶𝐶𝐶Max 
consistently decreases for both shell thicknesses, indicating a lowering of the peak stress or 
deformation point. Conversely, the response of 𝐶𝐶𝐶𝐶𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝐶𝐶𝐶𝐶Min's vertical position to changes in k 
differs based on shell thickness, highlighting how material gradation affects structural 
behavior under load.  

3 Conclusion  
This study numerically explores the behavior of Functionally Graded Material (FGM) 
shells with two distinct thicknesses: ℎ = 6.35𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 and ℎ = 12.7mm, while adjusting the 
volume fraction index 𝑘𝑘𝑘𝑘. The findings indicate that the shell with a thickness of ℎ =
12.7mm exhibited enhanced buckling strength and was able to withstand higher critical 
loads. Furthermore, the volume fraction index was found to significantly influence the 
critical load. These insights pave the way for further research, particularly in developing 
and applying theories suitable for analyzing thicker materials, such as the Reissner-Mindlin 
theory.  
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