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Abstract. Food dr ying i s a s torage pr ocess dur ing w hich t he a vailable 
water i s r emoved. The p resent an alysis conducted for three dr ying 
temperatures 45,  5 5 a nd 6 5 oC an d t he ef fective water d iffusivity was 
estimated as  1 .69×10-10, 2. 91×10-10 and 6. 67×10-10 m2/s. C omsol 
Multiphysics 4. 3b w as us ed t o m odel t he pr oblem a nd s imulate t he 
process. The a pricot he mispheres s hrinkage was modelled a s function of  
moisture content reduction. The results showed that water di ffusivity, the 
mass t ransfer coefficient between the fruit surface and drying air and the 
activation en ergy o f t he p rocess i ncrease w ith d rying t emperature. T he 
mass t ransfer co efficient, k m, was es timated as  1 .0×10-5, 9. 98×10-5 and 
0.85×10-2 m/s a t 45,  55 a nd 65 oC. T he es timated a ctivation en ergy was 
59.6, 59.9 and 60.8 kJ/mol at 45, 55 and 65 oC. The average relative error 
between experimental and computational moisture content was 0.47, 0.88 
and 1. 32% at 45,  55 and 65  oC. T he L evenberg-Marquardt ( L-M) a nd 
Sparse N on-Linear O ptimizer ( SNOPT) o ptimization a lgorithms were 
implemented. 

1 Introduction

In a direct problem, the diffusion coefficient is incorporated into water diffusion equation 
in t he c omputer model, which t hen p redicts d omain s hrinkage a nd moisture c ontent 
reduction. H owever, it is e stablished t hat t he water diffusion co efficient is dependent on 
both t he p rocessing t emperature an d t he moisture co ntent. T herefore, i t can not b e 
considered co nstant. I n o rder t o resolve t he inverse diffusion p roblem, i t i s necessary t o 
determine the diffusion coefficient from supplementary data. The most well-known method 
for calculating the water d iffusivity in  inverse problems is  by t he F inite E lement Method 
(FEM). In particular, the problem to be presented introduces the experimental data o f the 
moisture content versus drying t ime, as well as the volume reduction rate (shrinkage) and 
determines t he water d iffusion co efficient, t he mass t ransfer co efficient an d t he external 
surface resistance of apricot employing an optimisation procedure. 
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2 Theory

During t he i sothermal d rying p hase, where f ruit o f v olume V  ( m3) and s urface A ( m2) 
reaches the air drying temperature, Fickian diffusion is expressed as 
 

( )∂ ∂ =∇⋅ ∇effc t D c , 0≤r<R, t>0 and c=co, t=0, in 0≤r≤Ro   (1) 

 
where c is t he b ulk ( locally average o ver al l p hases) water co ncentration i n the f ruit in 
mol/m3 and Deff is its effective water diffusivity (m2/s). To deal with the complexity of the 
various drying mass transfer mechanisms (liquid, vapour diffusion, capillary) internal mass 
transfer mechanisms ar e i ncorporated i n t he D eff. I n fruits d rying, d ue to hi gh i nitial 
moisture content, it is important to consider shrinkage in the mass transfer analysis. Ro and 
R are the initial and mean geometric equivalent radius (m) at time t o f the drying samples 
considering t he ap ricot as  a  h ollow sphere. D eff was d escribed b y a n Arrhenius-type 
equation, 
 

( )expeff o a uD D E R T= −     (2) 

 
where Ea is the activation energy (J/mol), Ru is the universal gas constant (J/mol K), Do is 
the p re-exponential p arameter ( m2/s) an d T  i s t he t emperature ( K). The w ater co ntent 
dependence of Deff is satisfied by a modified Arrhenius-type Equation 3. 
 

( )eff o a uD =D exp -E R T +a MR    (3) 

 
where MR  i s t he moisture r atio an d D o=1.0 m 2/s. Saravacos and M aroulis [1 ] re ported 
values of 10-11-10-9 m2/s for food and fresh products. The Deff values in the literature should 
be t reated w ith cau tion, as  many ar e g reater t han t he values r eported f or w ater s elf-
diffusion. T he water self-diffusion c oefficient measured by N uclear Magnetic Resonance 
(NMR) has been found as 3.601×10−9 m2/s (45 oC), 4.368×10−9 m2/s (55 oC) and 
5.089×10−9 m2/s (65 oC). The mass transport across the air/fruit interface is 
 

eff c b iD c k c c( ) ( )− ⋅ ∇ = −n , r=R, t>0  (4) 

 
where n is the unit vector normal to the domain boundary (apricot surface), kc is the mass 
transfer coefficient ( m/s), c b is the water concentration in the ai r ad jacent to fruit surface 
(mol/m3), ci is the water concentration at the fruit surface (mol/m3). The inverse of the mass 
transfer coefficient (r) is the surface resistance to mass transfer and, according to Van der 
Sman [2] is composed from the resistance of the peel (rpeel) and that of the diffusive air film 
adjacent to the fruit surface (rdbl). For still air, the mass transfer resistance of the air around 
a sphere is equal to R/Dv [3], where Dv is the diffusivity of water in air and is in the range 
6.0-7.0×102 s/m (45-65 oC). This range is three orders of magnitude smaller than the rpeel, 
and thus has b een assumed t hat t he kc is due t o the peel r esistance (rpeel), neglecting t he 
resistance due to the diffusive boundary layer (rdbl). 
 

total peel dbl peel cr r r r k−= + = ≈ 1    (5) 

 
where rpeel is the external surface resistance of apricot (s/m), rdbl is the diffusive boundary 
layer resistance ( s/m) and k c is the mass t ransfer coefficient (m/s). The surface resistance 
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can be analysed by the mass transfer Biot number, Bim=(K R/Deff)/(1/kc) for a sphere, where 
K is the surface equilibrium condition (or distribution coefficient) (mol/m3 in air)/(mol/m3 
in fruit), cb=K ci. The equilibrium water content (kgw/kgdm) was estimated as 0.47 at 45 oC, 
0.33 at 55 oC and 0.32 at 65 oC. Since kc is defined in relation to the ambient air, K allows 
Bim to be related to the resistance between the surface and the air. In a direct problem with 
the boundary condition (BC) (Equation 4) and the initial condition (Equation 1), the mass 
transfer p roperties Deff=f(T, MR) and kc are all specified and then the p roblem g iven by 
Equations (1,3,4) is  concerned with t he determination o f t he water content d istribution in  
the fruit as a function of time and position.  
 In the inverse problem, Deff=f(T,MR) (Equation 3) and the mass transfer coefficient kc 
(Equation 4) are unknown and are estimated by solving Fick’s law of diffusion (Equation 1) 
employing the experimental drying curves, Mwb=f(t) over the drying period. For this reason, 
the L-M optimisation algorithm and the FEM were combined to estimate Deff=f(T, MR) and 
kc in an inverse mass transfer problem taking place during convective drying of apricots 
with shrinkage. The shrinkage was measured experimentally and taken into account in the 
overall s olution. T he o ptimisation was b ased o n minimising th e d istance b etween t he 
simulation and the experimental d rying curves, Mwb=f(t). The L–M algorithm was chosen 
due to its superior convergence rate associated with the Least-Squares-type problems such 
as the one at hand. The L-M algorithm combines two minimisation algorithms, the Gradient 
Descent or Steepest D escent and t he Gauss-Newton. T he f ormer i s s uitable f or l arge 
numbers of optimisation parameters, while the latter, is suitable for medium-sized problems 
and converges faster. The transition between the two algorithms is controlled by a damping 
factor [4]. 

3 Computational model

The physical problem under consideration gives rise to a computational model for deriving 
theoretical predictions of the spatio-temporal distribution of water content in drying halved 
apricots as a function of Deff, peel resistance and shrinkage. The governing equations along 
with t he b oundary an d i nitial co nditions were n umerically d iscretised b y t he F EM using 
Comsol Multiphysics 4.3b [5]. The mesh was structured and consisted of ≈2,765 elements 
and ≈228 boundary elements (Figure 1). 
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Flux boundary 

eff c b i(D c) k (c c )− ⋅ ∇ = −n  R
Flux boundary 

eff c b i(D c) k (c c− ⋅ ∇ = −n
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Fig. 1. Geometry, discretisation of the shrinking domain and flux boundary conditions (1-4). The 
embedded photo corresponds to whole and half apricot sample. 
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This time-dependent problem was solved by an implicit time-stepping method known as the 
Backward D ifferentiation F ormula. T he r esulting system of nonlinear PDEs in the time-
space domain was solved numerically by coupling the FEM with the Arbitrary Lagrange–
Eulerian (ALE) method t o a ccount f or the d omain shrinkage. I n t he A LE method, t he 
boundary conditions control the displacement of the moving mesh with respect to the initial 
geometry. The displacement of the moving boundary is propagated throughout the domain 
to obtain a mesh deformation using the Laplace smoothing technique. The volume change 
due t o s hrinkage was a ssumed t o be  e qual t o t he a mount of  water r emoved (ideal 
shrinkage). The r esulting non-linear system o f e quations was s olved using Newton’s 
method. At each iteration step, the linearized system was solved using the Parallel Sparse 
Direct S olver. T he t ime s tep was s et to o ne h our although C omsol Multiphysics 4 .3b 
implements an  i nternal v ariable t ime s tep t o meet t he r elative ( 0.0001) an d ab solute 
tolerance ( 0.00001) [ 4]. The opt imisation pr oblem was run o n a  P C with qu ad-core 
processors (64-bit 3.60GHz per core) and 12 GB of RAM. The reliability of the solutions 
was verified by grid independence tests. 

4 Materials and methods

4.1 Drying experiments arrangement

The experiments were carried out with apricot hemispheres (var. Tom Cot). The drying took 
place in a Binder FD115 oven (BINDER Gmbh, Germany). The initial water content was 
8.01±1.3 kgw/kgdm (45 oC), 7.99±1.2 kgw/kgdm (55 oC) and 7.20±0.8 kgw/kgdm (65 oC). The 
air temperature and humidity were monitored by Hobo 8H sensors (Onset Computer Corp., 
Southern MA, 146 USA) and measurements were logged in a  HOBO Micro Station Data 
Logger H21-002 (Onset Computer Corp., Southern MA, USA). The samples were weighed 
using a n FY-300 with a n a ccuracy o f ± 0.02g a nd a  r esolution of  0. 01g. T he samples 
dimensions w ere m easured by a thickness gauge o f ±0.02 mm p recision an d t he volume 
was estimated by the immersion method. Three drying temperatures were tested 65 ℃, 55 
℃ and 45 ℃. Fourteen apricot hemispheres with no stone were used per drying 
temperature. Ten samples were used for weight measurement per hour and four for volume 
estimation every two h ours. Drying w as ended w hen the di mensionless moisture content 
was MRf=0.1. T he dr ying lasted 13h at 65 ℃, 22h at 55 ℃ and 40h at 45 ℃. Upon 
completion of drying, the dry matter per sample was determined at 105 ℃ for 24h. 

4.2 Evaluation of volume and shrinkage velocity

The mean volume of the drying samples was estimated based on the geometric mean , 
Vi, the experimental volume. The initial volume ranged between 10.79 cm3 and 15.99 cm3 
while apricot stone thickness ranged 10.54-13.08 mm. In all the drying cases, the shrinkage 
ranged between 82-85% of the initial volume. To integrate the ALE into the mathematical 
model, t he s hrinkage velocity was e stimated for t he M R range 1 .0 - 0.1. B ased on  t he 
statistical analysis (Statgraphics Centurion XVI, Statpoint Technologies Inc, VA, USA) the 
shrinkage velocity was expressed as the ratio of apricot radius reduction per drying time as 
a function of the MR, R/t=f(MR) (Figure 1). From this analysis, Equations (6a-c) derived 
and adopted in the computational model.  
 

45 oC,  R/t=exp(-16.97+4.75×MR),   R2
adj=99.25 (6a) 

55 oC,  R/t=exp(-16.30+4.28×MR),  R2
adj=99.58 (6b) 
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65 oC,  R/t=exp(-15.86+4.08×MR),  R2
adj=99.14 (6c) 

 
 The ap ricot ex ternal r adii, R were es timated f rom t he mean e xperimental ap ricot 
volume per drying case, based on Equation 7, 

 

stoneR V R
π

= + 33
3

2     (7) 

4.3 Computational implementation

For th e d evelopment o f t he c omputational model, t he Fickian water d iffusion model 
(Equation 1)  was a pplied i n a  moving mesh c ombined with a n opt imisation model to 
estimate the kc, Ea and a. The Deff was taken by a modified Arrhenius-type Equation 3. The 
problem was posed and solved in a h emispherical domain employing the BCs (labelled as 
1-4 i n F igure 1 ), o f t he mass f lux t ype ( Equation 4 ). T he c oncentration o f water i n the 
samples is given by 
 

i wb prod wc =M ×ρ M     (8) 

 
where Μwb is t he water content on wet b asis ( kgw/kgprod), ρprod is t he density o f the fruit 
(kgprod/m3

prod) and Μw is t he water molecular weight ( 0.018 k gw/mol). T he f ollowing 
assumptions w ere adopted: -initial w ater concentration w as u niformly d istributed a nd 
experimentally e stimated; -drying samples w ere h omogeneous h emispheres w ith v olume 
equal to  th e true volume; -Deff was as sumed t o b e i sotropic an d t emperature an d water 
dependent, varying in time and space; -mass transfer through the apricot mesocarp was by 
diffusion only; -deformation was equal to water volume loss; -water evaporation took place 
at th e air/fruit interface. I n our s tudy, th e L-M with 2 nd order n umerical gradient 
approximation was c hosen a s t he opt imisation a lgorithm in  o rder to  a chieve i mproved 
computational accuracy.  

Inverse problems do not have a unique solution, making their solution prone to error if 
only the minimisation of the objective function is considered. Therefore more criteria were 
implemented for the choice of the final optimisation parameters such as (i) Deff=10-11-10-9 
m2/s where most of  t he f ood D eff have b een r eported [ 1]; ( ii) difference b etween t he 
estimated and experimental final volume less than 5%; ( iii) predicted D eff less than water 
self-diffusion; ( iv) estimated and experimental water content d ifference per case less than 
3%. 

5 Results and discussion

The computational model was simplified c onsidering a homogeneous isotropic mesocarp 
under apricots’ peel. The initial considered values for the kc was 0.001 m/s, for Ea; 55,000, 
59,000 and 65,000 J/mol for 45, 55 and 65 oC and for a, 0.10. In all the cases, the predicted 
and experimental moisture contents differed less than 1.5% (Table 1).  
 In F igure 2 , t he p redicted r adius R r educed b y 5 0% at  4 5 oC a nd 55 oC, ba sed on 
Equation 7, indicated that the computational model predicted an 80% reduction of samples 
volume, r esult th at i s in  a greement with th e e xperimentally e stimated s hrinkage which 
ranged between 82-85%. While at 45 and 55 °C the radius decreased from 0.022 to 0.011m 
(50% radius reduction, i.e. 80% volume reduction), at 65 oC the final radius was 0.013 m, 2 
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mm higher than the other two cases. This is due to the fact that as the drying temperature 
increases, shrinkage becomes more intense and drying deviates from ideal drying. 

 

Table 1. Estimated kc, Ea, a, for the apricot hemispheres, with the MRE (%), mean Deff and surface 
resistance rpeel values. 

Temperature 
(οC) 

RH 
(%) 

kc
 

(m/s) 
rpeel 

(s/m) 
Ea 

(kJ/mol) a MRE 
(%) 

-10
effD ×10  
(m2/s) 

45 15 1.00×10-5 1.00×105 59.6 0.104 0.47 1.69 
55 10 9.99×10-5 1.00×104 60.0 0.009 0.88 2.91 
65 6 0.85×10-2 1.18×102 60.8 0.052 1.32 6.56 

 
45 oC 55 oC 65 oC 

   
Fig. 2. Shrinkage in terms of R reduction, as function of MR for the three drying temperatures. 

 
 In Figure 3  is p resented the experimental a nd s imulated m oisture c ontent o f a pricot 
hemispheres at three drying temperatures in which can be seen that is in good agreement. 
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Fig. 3. Experimental (points) vs predicted (lines) moisture content from the proposed program 
regarding the three drying temperatures.  

 
 The estimated Ea lie within the range reported for dried agricultural products [4]. The 
comparison should be  carried out with great caution, taking into account di fferent drying 
methods (convective, microwave or combined), mathematical analysis (analytical: method 
of s lopes, regular regime method or numerical solution of  water t ransport equations) and 
applied BCs (Dirichlet, Neumann type), as well as varieties with different physiology and 
anatomy ( peel, m esocarp, endocarp). O therwise, t he drawn co nclusions co uld b e 
misleading. The Ea ranged from 59-61 kJ/mol for apricot hemispheres (Table 1). From the 
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tabulated v alues ( Table 1 ), c an b e co ncluded t hat t he cr iteria f or s elf-diffusion o f water 
[Deff: 3.6×10−9 m2/s (at 45 oC), 4.37×10−9 m2/s (at 55 oC) and 5.09×10−9 m2/s (at 65 oC)] are 
satisfied a long with t he va lues o f the D eff which i s r anged b etween 1 0-11-10-9 m2/s. 
Shrinkage i s a  significant c omponent o f d rying modelling a s i t a ffects D eff due t o the 
shortening of  water diffusion paths a s can be seen in the 3-D imaging of Comsol output 
(Figure 4).  

 

 
Fig. 4. 3-D imaging of MCdm (kgw/kgdm) and shrinkage of the apricot hemisphere at 55 οC and time of 
20 h. The line (red arrow) is the initial (t=0 h) circumference of apricot's hemisphere. 

 
 In all the tested cases, the Deff increases in the initial drying phase (Figure 5), but to a 
different degree, due to the product temperature increase and, to a lesser extent, to the water 
content reduction. From this observation, it can be concluded, that the steep increase in Deff 
in the in itial drying stages, is  not only temperature driven, but a lso depends on the water 
transport r ate f rom t he i nner p roduct t o t he s urface o f t he d rying p roduct. The l atter is 
affected by the physical structure of the peel, which varies among fruits and to the best of 
our kno wledge, has no t b een t aken i nto a ccount i n a ny water t ransport model. S uch 
information i s v ery c rucial for d rying o ptimisation s ince highlights t he s ignificance t hat 
flesh and skin have into drying process and in overall in the energy needed to conduct the 
drying process. 

 

 
Fig. 5. The predicted Deff as a function of MR reduction (red arrow) at 45 oC (left) and 65 oC (right). 
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 The optimised E a and a a nd the resulting mean geometric Deff are shown in Table 1 . 
The effect of the drying temperature in Deff is depicted in Figure 6 as well in Table 1. The 
estimated k c and t hat o f t he peel r esistance r peel=1/kc are t abulated i n T able 1 . The r peel 
(Table 1) exhibits a d ecreasing order as the drying temperature increases but further study 
is n eeded s ince t he p redicted r peel includes t he ar ea o f p eel ( exocarp) as  well t he f lesh 
(endocarp) in dried apricot hemispheres. As has been discussed, information regarding the 
water transport i n the f lesh a nd peel o f t he a pricot is i mportant for d rying o ptimisation. 
Since this process is energy-consuming, is crucial to identify the way these two anatomical 
features c hange, i n which e xtent, a nd under which c onditions. T his information c an 
improve no t only t he energy e fficiency o f t he d rying but a lso t he q uality o f t he final 
product. 

 

 
Fig. 6. The mean Deff of apricot hemispheres for the three drying temperatures. 

 
Values o f r peel for dr ying a pricot h emispheres c annot be  found i n t he l iterature, s o t he 
comparison of results was based on Pham [6] experiments. Although these results are not 
directly comparable since they involve different products, whole apples [6] and in our study 
apricot hemispheres, the order of magnitude of kc is in the range of 5×10-7 - 20×10-7 m/s [6], 
while in this study it is in the range of 10-7 - 10-2 m/s.  

6 Conclusions

In this study the macroscopic sources of modelling limitations derived from fruit's complex 
and i nhomogeneous a natomy ha ve b een i dentified. T he D eff of ap ricot h emispheres was 
estimated and f ound to r ange be tween 1. 69×10-10 - 6.56×10-10 m2/s. T he r peel of apricot 
hemispheres was found t o be  1. 18×102 - 1.0×105 s/m. F urther s tudy i s needed 
experimentally and computational to evaluate the values of Deff and rpeel for the area of peel 
as well for the flesh in the dried apricot hemispheres. 
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