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Abstract. In this study, we introduce a meshless computational framework for
simulating shallow water flows with shock phenomena using multiquadric radi-
al basis functions (MQ-RBFs). The method approximates spatial derivatives
through global collocation without relying on traditional mesh generation. To
enhance stability and accurately resolve discontinuities such as hydraulic jumps
and oblique shock waves, an artificial viscosity term is incorporated into the
momentum equations. Time integration is performed using a second-order
Runge-Kutta scheme, offering a balance between accuracy and computational
efficiency. The model is validated through several benchmark test cases com-
monly encountered in hydraulic modeling. Results demonstrate strong agree-
ment with analytical, experimental, and numerical reference solutions, high-
lighting the method’s robustness and precision in capturing complex flow be-
havior.
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1 Introduction

Classical numerical schemes such as the finite difference method (FDM), the finite
element method (FEM), and the finite volume method (FVM) have long been em-
ployed to solve shallow water equations (SWEs) in hydraulics and environmental
flow modeling. While these mesh-based techniques are widely used, they encounter
limitations when applied to flows characterized by discontinuities or complex geome-
tries. In particular, the need for grid generation and connectivity makes them less
flexible for problems involving irregular domains or shock phenomena. To address
such challenges, shock-capturing strategies were incorporated into finite volume for-
mulations, enabling reliable predictions of hydraulic jumps, dam-break flows, and
open-channel transitions [1], [2], [3], [4], [5], [6], [7], [8], [9]. Despite these advances,
the dependence on structured or unstructured meshes continues to restrict their adapt-
ability and computational efficiency in certain scenarios.
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In recent years, meshless approaches have emerged as robust alternatives to classi-
cal discretization schemes [10], [11], [12], [13]. These methods eliminate the re-
quirement for predefined connectivity between nodes, offering greater flexibility for
modeling free-surface flows over irregular terrains. Among meshless techniques, the
radial basis function (RBF) collocation method introduced by Kansa [14] has attracted
significant attention. Variants of the method have been applied to diverse problems in
fluid dynamics, pollutant transport, and hydraulic simulations [12], [13], [15], [16].
Nevertheless, one of the main issues associated with RBF formulations is the occur-
rence of spurious oscillations in high-gradient regions, especially near shocks or dis-
continuities [17], [18].

The present work introduces a meshless framework based on multiquadric radial
basis functions (MQ-RBFs) coupled with an artificial viscosity stabilization tech-
nique. This combination is designed to suppress non-physical oscillations while re-
taining the high accuracy of the RBF collocation method, extending earlier efforts by
Chaabelasri [9], [16] and others [12], [15]. Unlike previous RBF-based studies, which
either focused on smooth flows or employed limited stabilization, our contribution
explicitly targets shock-resolved SWE simulations with complex flow regimes. The
method is validated through benchmark cases involving oblique hydraulic jumps,
supercritical flows in converging channels, and transcritical flows over irregular beds.
In each case, the proposed scheme demonstrates strong agreement with reference data
while preserving the robustness of meshless formulations.

The novelty of this study lies in (i) applying MQ-RBF with artificial viscosity for
two-dimensional SWE problems involving hydraulic shocks, (ii) improving stability
without sacrificing accuracy, and (iii) showing that the method performs competitive-
ly with traditional FVM solvers [3], [4], [5], [6], [7], [8] while avoiding mesh-related
complexities. These contributions position the MQ-RBF scheme as a promising alter-
native for complex hydraulic simulations where mesh generation is impractical or
costly.

2 Governing Equations and Boundary Conditions

2.1  Shallow water equations

The behavior of shallow water flow finds representation through the utilization of
shallow water equations (SWEs). These equations are obtained by depth-averaging
the incompressible Navier—Stokes equations under the hydrostatic pressure assump-
tion [7], [19]. They are widely applied in river hydraulics, coastal flows, flood rout-
ing, and dam-break problems. In conservative form, the two-dimensional SWE sys-
tem can be written as:

ow N OF (W) N oG(W)
ot ox oy
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Here, h denotes the water depth, while g, =hu and g, =hv represent the dis-

charges in the x- and y-directions. The depth-averaged velocities are u and v. The
source term S(W) accounts for bottom topographyS, (W) and frictional effects

S,W):
SW)=S,W)+S,W) 3)
With
0 0
S,W)=| -ghd z |, S,(W)=| —ghr, “4)
—gho z -ghr,

where z(x,y) is the bed elevation and 7_and T, are the bottom friction stresses. In

hydraulic modeling, these stresses are often expressed using Manning’s law:

o _manelte) _mael+e) 5)
x 10 >ty T 10

h3 h3

with Manning’s roughness coefficient denoted by 1.
This formulation is consistent with widely used SWE representations in open-channel
hydraulics [20], [21].

2.2 Boundary conditions

Different boundary conditions are required depending on the physical configura-
tion. In this study, two types are applied:
e Transmissive boundaries: used to represent open inflow and outflow. Flow
variables at the boundary are extrapolated from interior points normal to the
boundary, ensuring minimal wave reflection.
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o Reflective boundaries: used for solid walls. Here, normal velocity compo-
nents are set to zero at the boundary, while tangential components are pre-
served, effectively imposing a slip condition.

These treatments follow standard hydraulic modeling practices [22], [23], [24].

In the context of a meshless RBF collocation scheme, implementing such boundary
conditions requires special attention, as boundary nodes must be incorporated directly
into the interpolation system to ensure physical consistency.

3 Numerical Methods

3.1  Formulation of the RBF Differentiation Operators

To address the numerical solution of the governing equations, we use the RBF
method, an innovative mesh free approach proposed by Kansa [14]. Herein, we pro-
ceed to delineate the key attributes of this method [15].

The essence of the RBF interpolation lies in approximating the solution function
using an expansion. Following the Kansa method, this involves approximating the
solution at a set of Sy = {(xi, yi)}i=1,N collocation nodes. This approximation is
achieved by combining radial basis functions in a linear manner, as expressed below
[25]:

S0 =3 A 9 (=,

Jesy

€) ©6)

The approach involves determining the unknown coefficients AF,j with ®(x) represent-
ing a radial basis function and [|x — xjll denoting the distance between nodes x and xj.
The literature presents various radial basis functions, among which the smoothly infi-
nite multiquadric radial basis function is employed in this study. This function is de-

fined as ¢(H x— x‘_H) =\l-¢|x- x}_HZ, In this context, € # 0 shape parameter, plays a criti-

cal role in improving accuracy. The optimal range of shape values is determined
through numerical tests, including the procedure proposed by Sarra in [25], which
aids in identifying an appropriate shape parameter. Throughout the simulations, we
maintain g0 within the range of 10 < g0 <2x10!, with €0 chosen as the smallest value

Jn

for which ¢ =g ——, where dmin signifies the minimum node distance. For tackling
min

equations involving partial derivatives in their numerical solution, we resort to a line-

ar approximation strategy. This entails the estimation of partial derivatives at the x

nodes by utilizing RBF, and the procedure is depicted as follows:

Lf(x0)= Y. /IF,_,.L¢(||x —x j||,e) )
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This can be restated more succinctly as:

Lf =¢A, ®)
In this context, A  represents a vector of coefficients with dimensions N x 1 to be

determined, and ¢, is an N x N matrix that encompasses the linear differentiation of

the radial basis function 74(|x —x|.g). By employing Equ. (6), we can formulate
¢ i Jl?

the coefficients A » with respect to the function F as follows:
-1
A, =(¢) 1 ©)

Here, (¢)_] stands for the matrix @ s inverse. Simplifying the equation by eliminat-

ing the reliance on the expansion coefficients, Equ. (8) transforms into:

-1
Lf =¢,(8) f (10
By adopting this approach, we can articulate the initial and secondary spatial deriva-
tives of a function f (x, t) as follows:

o (x.1) ) ey, 11
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In this regard, M , My M

second derivatives concerning x and y.

and M , represent matrices encompassing the first and

xx 2

3.2  Computational Technique

In this section, we move forward to describe the execution of the LRBF (Local Radial
Basis Function) method for simultaneously handling the shallow water equations and
the convection-diffusion equation involving a non-active pollutant. To start, we
choose a set of N distinct points within the study area. Equ. (1) will then be approxi-
mated by the following equivalent system:

oW =—F'\W)=G'W)+S',(W)+S, (W) (13)
In this context, /"' and G represent the convective flux and S, accounts for vari-

ations at the bottom. By performing numerical evaluation using the LRBF mesh free
method, the outcome is as follows:
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Therefore, the numerical solution entails the iterative computation of all the relevant
derivatives, a process that occurs multiple times within a single time step. To ensure
computational efficiency, we employ a sequence in which we initially compute the
derivative matrices M ., M ,, M .and M . » and subsequently, we evaluate the nu-

merical fluxes.
For time advancement, we utilize the second-order Runge-Kutta method is used for
approximating the temporal derivative in the hydraulic jump problem, this decision is
justified by its ability to provide a middle ground between computational efficiency
and accuracy. This choice offers improved accuracy over first-order schemes while
being less computationally demanding than higher-order alternatives. In the context of
the hydraulic jump's complex dynamics, the scheme's accuracy in tracking time-
dependent variables is advantageous. Its straightforward implementation makes it
suitable for practical application, and its temporal stability is noteworthy, especially
for capturing rapid variations in hydraulic jump dynamics without introducing numer-
ical instability. In summary, the second-order Runge-Kutta scheme is a balanced and
well-suited approach for effectively representing temporal changes in the hydraulic
jump problem's differential equations. The equation employed for computing the solu-
tion W™ at the (n + 1) time level is as follows:
nﬂ_l n *_ﬂ W * W*)y— S *) _ *

U 2[F(W)+G(W) S, (%)=, (%] as

WE=W" = At F'OV")+G'(W")=S",(W") =S, (") |
Within the aforementioned equation, At denotes the time step, the selection of which
requires careful consideration to ensure scheme stability. Throughout all our simula-
tions, we determine At employing the subsequent formula:

At=CFL—mn
( a.|la, ] (16)
max

h|'|h
In this formula, dmin signifies the smallest distance between nodes, and the CFL num-
ber (Courant-Friedrichs-Lewy ) is set at 0.5. At the outset of each step within the
Runge-Kutta (RK) scheme, the assessment of the friction effect takes place and is
employed implicitly through the splitting scheme introduced in [16]. By considering
only the local acceleration and bed friction terms, we approximate the momentum
equation as follows:

>

s a7
t
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As the friction term solely impacts the momentum equation, it is necessary to evaluate
only the flow rates. Consequently, the subsequent implicit scheme is employed [9]:

N ALS,

i I
1-2A:S,(q!')

This modified flux is employed as an initial condition for the operators in the Equ.

(15).

(18)

3.3  Artificial Viscosity Based RBF Stabilization

It is widely recognized that discretizing the SWEs, particularly in scenarios dominat-
ed by the convection term, can result in non-physical oscillations. As illustrated in
various studies [17], a viable solution to counter this issue involves introducing an
artificial viscosity, referred to as hyperviscosity, into the system's second component.
This hyperviscosity serves as a filter, functioning subsequently:

OW = RHS(W)+ yA'W (19)

Here, k represents the order of the Laplacian operator. By utilizing the RBF approxi-
mation method outlined earlier, the artificial viscosity operator is represented by the
ensuing expression:

My
PNW =y M W (20)

In the given equation, y signifies the viscosity to be introduced, which is also referred
to as the damping coefficient. As discussed in [17], various approaches exist to de-
termine the optimal value for gamma. To maintain both stability and accuracy, the
values of gamma are directly associated with the grid's resolution and the order k [18].
Nevertheless, the most straightforward technique involves trial and error through
short tests.

4 Numerical Results and Discussions

To validate the proposed MQ-RBF meshless solver with artificial viscosity, three
benchmark problems were studied: (i) the oblique hydraulic jump in a contracting
channel, (ii) supercritical flow in a converging channel, and (iii) a transcritical flow
over an irregular bottom topography. These problems are well established in the hy-
draulic literature [21-27] and provide rigorous tests of both shock resolution and nu-
merical stability.

4.1  Oblique Hydraulic Jump over Flat Bottom

An oblique hydraulic jump occurs when a supercritical flow encounters a contraction,
producing an inclined shock front. The computational domain, node distribution
(Fig.1), and inflow conditions (h=1 m, u=9 m/s, v=0) follow [7]. Fig.2 shows the two-
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and three-dimensional distributions of the computed water depth. The oblique shock
front is clearly visible, aligning with physical expectations of momentum conserva-
tion under channel contraction.

Fig.3 compares the longitudinal water depth profile along y=2 with the reference
solution from Li et al. [7]. The present MQ-RBF scheme reproduces both the location
and magnitude of the jump with high fidelity. This agreement demonstrates that the
artificial viscosity successfully damps oscillations at the discontinuity without blur-
ring the shock front. Physically, the method captures the sudden conversion of kinetic
energy into turbulence and localized depth increase, which characterizes hydraulic
jumps.

20m

4 Slip wall

10m;

Fig.1. Geometry of study area and computational nodes.

s = .
095 11 1.2 13 14

--------
-------

Fig.2. Visualizing the numerical solutions of water level h in both 2D and 3D plots.
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Fig. 1. Numerical solution of water level (%) using the present method compared with a refer-
ence solution along y = 2.

4.2  Supercritical Flow over a Converging Channel

The second case examines supercritical flow through a narrowing cross-section, an-
other classic configuration leading to shock interactions [7], [21]. The results in Fig.5
and Fig.6 show that two shock waves form symmetrically as the contraction intensi-
fies, leading to depth variations consistent with experimental observations.

Fig.7 compares the computed water depth along y=0.3145 with experimental data
from Bhallamudi and Chaudhry [21] and numerical results from other authors[7],
[22]. The MQ-RBF scheme not only matches the reference trends but also reproduces
the sharp transitions in water depth, confirming the robustness of the artificial viscosi-
ty formulation. Physically, the contraction accelerates the flow, generating shocks that
restore momentum balance; the solver successfully tracks these rapid nonlinear ad-
justments.

>

o) Q

X X
(a) (b)

Fig.4. (a) Schematic diagram of the computational domain, and (b) Distribution of nodes used
for the problem in the converging channel.
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Fig.6. Plotting the 3D numerical solutions of water depth h.
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Fig.7. Visualizing the distributions of water depth h at y = 0.3145 using various methods.
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4.3 Hydraulic Jump over Irregular Bottom

The third test evaluates the method’s ability to capture shocks induced by bed topog-
raphy variations. The bottom profile is given by Eq. (21), representing a hump cen-
tered in the channel. Under a prescribed upstream discharge of 0.18 m%.s™! and down-
stream depth of 0.33m, a transcritical flow develops with a stationary jump down-
stream of the hump.

0.2-0.05(x—10)* if 0<x<12
2(x,y) = (o0 0= x=lam @)
0 otherwise
And with the following initial conditions:
q,(x,y,t=0)=¢q,(x,y,t=0)=0

Fig.9 presents a three-dimensional visualization of the free surface and bed elevation.
The formation of a localized hydraulic jump is evident, while Fig.10 compares longi-
tudinal water depth profiles with analytical predictions [23], [24]. The proposed
method reproduces the position and magnitude of the shock with high accuracy. This
confirms that the artificial viscosity effectively handles topography-induced source
terms without destabilizing the solution. Physically, the stationary shock arises from
the inability of the flow to remain supercritical over the bed hump, forcing a transition
to subcritical conditions accompanied by energy dissipation. The solver captures this
balance between gravitational forcing and bed resistance.

Bottom elevation (m) B |
00 0.1 02
2 >
y[m] Inlet Slip wall Outlet | (A
0 .
0 x[m] 25
2000 nodes

(B)

0 x[m] 25

Fig.8. Schematic diagram and computational nodes used for the problem of a hydraulic jump.
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25

Fig.9. Three-dimensional view of water level and bed shape.
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Fig.10. Comparison between a longitudinal section of water level and flow as well as analytical
solutions.

4.4  Discussion

Across all three cases, the MQ-RBF solver demonstrates strong agreement with
analytical, experimental, and numerical reference solutions [21-27]. Importantly, the
method not only provides quantitative accuracy but also captures the physical mech-
anisms underlying shock formation:

e  Momentum redistribution at contractions (oblique jumps).

e Symmetric shock generation under flow acceleration in converging chan-
nels.

e Topography-induced transitions from supercritical to subcritical regimes
(irregular bottom).

The artificial viscosity formulation proves essential, eliminating spurious oscilla-
tions while retaining shock sharpness. Compared with traditional finite volume ap-
proaches [3—8], the meshless framework avoids mesh generation and remains efficient
for complex geometries. These findings highlight the potential of MQ-RBF methods
as practical alternatives for shock-resolved shallow water modeling.

12
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5 Conclusions

This study presented a meshless framework for solving the two-dimensional shal-
low water equations using multiquadric radial basis functions (MQ-RBFs) combined
with an artificial viscosity stabilization strategy. The method addresses two key chal-
lenges: suppressing spurious oscillations near shocks and retaining the high accuracy
characteristic of RBF-based collocation. Time integration with a second-order
Runge—Kutta scheme provided a good compromise between accuracy and efficiency.

The solver was validated against three benchmark cases: the oblique hydraulic
jump, supercritical flow through a converging channel, and transcritical flow over a
variable bed. In each scenario, the MQ-RBF model reproduced the location, magni-
tude, and physical behavior of hydraulic shocks in close agreement with analytical
solutions, experimental data, and established numerical results [21-27]. The physical
interpretation of results confirmed that the method captures essential flow dynamics
such as momentum redistribution at contractions, symmetric shock formation in ac-
celerating channels, and stationary jumps induced by topography.

The novelty of this work lies in extending MQ-RBF methods with artificial vis-
cosity to shock-resolved SWE problems, demonstrating that a meshless approach can
perform competitively with classical finite volume solvers while avoiding mesh gen-
eration and connectivity constraints. This positions the method as a promising alterna-
tive for complex hydraulic applications where irregular domains or moving bounda-
ries make mesh-based schemes less practical.

Future research will focus on extending the approach to unsteady wet—dry transi-
tions, optimizing the viscosity formulation, and exploring applications to large-scale
environmental flow simulations.
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