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Abstract. This article integrates the concepts of general analytical solutions (Model 2) based on the
Duhamel integral principle in a semi-infinite body model with digital modelling in the Simulink
environment (Model 1) for a thermoelectric battery. The influence of various non-stationary heat loads on
the surface temperature of a TEG is analysed. The Duhamel principle allows expressing inhomogeneous
boundary conditions of the heat-conduction equation as a superposition of elementary impulses. In Simulink,
this integral was implemented numerically through convolution, and the results were compared with
analytical solutions. Three classical heat-flux shapes were analysed—polynomially increasing, linearly
decreasing, and bell-shaped impulse. A square-pulse heat load was also analysed. The results revealed how
the surface temperature’s rise—fall behaviour, peak-time delay, and the relationship between heat diffusion
and thermoelectric response depend on the heat-flux shape. The numerical and analytical solutions of the
Duhamel integral showed good agreement. The differences were mainly attributed to singularity and discrete
step selection. This approach is useful for analysing transient thermal processes in thermoelectric batteries
and for systems operating with impulsive or pulsating heat sources. The novelty of this study lies in the
combined analytical-numerical implementation of the Duhamel integral in the Simulink environment and
its application to transient thermoelectric systems under various non-stationary heat-flux profiles.

Keywords: Duhamel principle, thermal diffusion, semi-infinite body, thermoelectric battery,
Simulink, transient heat, convolution, heat flux.

1 Introduction integral (1) can be evaluated analytically, yielding a

) ) square-root-type expression for the surface temperature:
Thermoelectric generators are devices that convert heat

flux into electrical energy. Their operation is based on the AT o Jt —ty —Jt —t4 @
Seebeck effect, whereby the temperature gradient created
by a heat flux causes charge-carrier diffusion inside the
material [1, 2]. In thermoelectric modules, the heat flux
may not be constant but may vary with time (for example,
impulsive or pulsating). Under such conditions, both the
temperature difference and the associated Seebeck
voltage exhibit transient behaviour [3].

For solving problems of the linear heat equation with

When modelling heat flux in a thermoelectric battery,
the thickness of the battery element can be considered
infinite within the time interval during which heat is
applied [8, 9]. This simplification implies that heat
transfer occurs only in one direction (perpendicular to the
surface). According to Fourier’s law, the heat flux is
related to the temperature gradient inside the material

inhomogeneous boundary conditions, the Duhamel [10-12]:
principle is employed [4]. According to this principle, a oT
time-dependent heat flux can be represented as a sum of 9= "X5% @

independent small impulses. The general solution is
obtained by summing the delayed responses of these
impulses over time [5, 6]. If q(t) is the time-dependent
heat flux (W/m?) applied to the surface of a semi-infinite
body, the surface excess temperature is expressed by the
following integral:

The Duhamel principle is based on the superposition
property of linear systems. The general solution is
obtained by summing the delayed responses of these
impulses over time. [13]. In integral (1), the kernel
1/v't — 7 reflects the attenuation of an impulse’s effect
during the thermal diffusion process: as t— increases, the
Ve (tq(@) drt>0 o contribution of the impulse to the surface temperature
Vvl NE—1 diminishes. In cases where the heat flux is continuous, the
. . Duhamel integral determines the temperature evolution

In this context, ¥ denotes the thermal conductivity . : S . .

RS while accounting for the inertial properties of the solid
(W/(m-K)), and c represents the thermal diffusivity (m?%s). . S . o
) . medium (i.e., its heat capacity and thermal diffusivity) [14,
The kernel 1/+/t — 7 in the integral expresses the decay 15]
of the influence of a given impulse over time due to
thermal diffusion; here, t is the moment at which the

AT(0,t) =

However, existing studies mainly focus on either
analytical or numerical approaches separately. The
combined implementation of the Duhamel integral within
the Simulink environment for thermoelectric applications

*Corresponding author: mamarasulovqudratillo7@gmail.com
impulse is applied, and t is the observation time [7]. If q(t)
is a constant heat flux qo (for example, fort, <t <t ),
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under transient heat flux conditions remains insufficiently
explored. This study aims to fill this gap.

2 Materials and Methods

In the Model 1 simulation, numerical evaluation of
integral (1) was performed wusing the Simulink
environment (MATLAB). The time-dependent heat flux
q(t) was generated in a Signal Builder block (e.g., a square
pulse applied from 2 s to 4 s). Two computational
approaches were employed to evaluate the Duhamel
integral for a semi-infinite body:

1.  Duhamel stream — a streaming algorithm
implemented inside a MATLAB Function block. For each
input sample q(n), the algorithm computes the
temperature rise by convolving it with the kernel w[k] =

Ts/+/ (k —1/2)T, , where Ts is the sampling time. To
smooth the singularity, the first kernel element was set to
zero. The accuracy of the result depends on the number of
samples (window size) and the time step. The output dT
was sent to a Scope block and stored in the object
out.T_stream.

2. Duhamel theor — a theoretical solution
computed in a MATLAB Function block in accordance
with the analytical expression (1). This block takes the
time variable t as input and evaluates the surface
temperature using the formula for a constant heat flux qo
applied over the interval 2—4 s:

ZQO\/E
wn

where H(-) denotes the Heaviside function.
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Fig. 1. Duhamel-integral computation model for a semi-infinite
body (Model 1)

The overall block diagram of the simulation model is
presented in Fig. 1. Here, the output q from the Signal
Builder block is fed into the Duhamel stream block; the
resulting dT signal is monitored using a Scope block and
saved to the MATLAB workspace via To Workspace
blocks under the names out. T stream and out.T theor.

In Model 2, three classical time-dependent heat-flux
profiles—polynomial growth, linear decay, and a bell-
shaped impulse—were simulated by implementing the
Duhamel integral within the Simulink platform. The
general structure is shown in Fig. 2. Three subsystem
blocks generate alternative surface heat-flux profiles: the
polynomial generator outputs qyt"; the linearly decaying
generator outputs qo(1 —t/t,) within the interval
qo(1 — t/ty); the bell-shaped generator produces 4q,[t/
to — (t/ty)?*] over the same interval. Manually controlled
switches ensure that only one signal at a time is routed to
the Duhamel block. The Clock block provides the current

simulation time, while Constant blocks define the values
of y, ¢, and the heat-flux amplitude qo . The signals are
then passed to a dedicated MATLAB Function block,
duhamel q2T, where discrete convolution is performed.
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Fig. 2. Model of three classical time-dependent heat-flux
profiles (Model 2)
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In the MATLAB Function block, memory arrays are
preallocated to their maximum length and indexed using
a continuous counter. At each time step, the current
sample is appended, after which the accumulated
waveform is processed using the analytical expression for
the kernel integral

ti
f dt/\Jtx —7=2(Jtx — tics =t — t;) ®)
t

i-1

to compute the summation. The resulting value is
multiplied by the global factor vc/(¥vr) . The discrete
time step was set to T, = 1073, and the simulation time
was chosen as to or 2to, depending on the heat-flux profile.

Three classical dynamic heat-flux shapes were
considered:

1. Polynomial growth: q(t) = qo t™. withn = 0.5,
i.e., g x /t Such a signal models a gradually increasing
energy source (e.g., a laser ramping up to full power).

2. Linear decay: q(t) = qo(1 —t/ty) , 0<t<
t, and zero afterward. This represents a simplified model
of a uniformly weakening heat source.

3. Bell-shaped impulse: q(t) = 4qy[t/t, — (t/
to)?], 0 < t < t, and zero afterward. The signal starts at
zero, reaches its maximum at t,/2, and returns to zero at
t, , representing a symmetric impulse with finite rise and
fall times.

All signals were windowed using a saturation block
T= max(O, min(t/t,, 1)) , ensuring that they remain
active only within 0 <t < t, and vanish outside this
interval. This prevents physically meaningless negative
heat-flux values.

3 Results

In the numerical modelling (Model 1), the accuracy of the
results depends on the time-step size (e.g., T, = 5 X 10™%)
and window length (e.g., 4000 samples). The Scope
output for a square heat pulse applied from 2 s to 4 s is
shown in Fig. 3. The yellow curve represents the
Duhamel stream result, while the blue curve corresponds
to the Duhamel theor (analytical) solution. The surface
temperature begins at zero at t = 2 s and increases
according to the square-root law, which confirms the
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theoretical prediction of the Duhamel integral solution.

Fig. 3. Duhamel-equation plot for a square heat pulse (Model
1

After the simulation results were saved using the To
Workspace block, both signals were plotted together in
MATLAB, and the difference between them was analysed
(Fig. 4). In Fig. 4(a), the numerical (Duhamel_stream) and
analytical (Duhamel theor) solutions are compared,
together with their difference. Fig. 4(b) shows the
corresponding error signal separately. Throughout the
main duration of the pulse (2—4 s), no significant deviation
is observed between the two curves. The discrepancies
appear mainly at the pulse boundaries (t=2 s and t =4 s),
which is attributed to the singular nature of the kernel and
limitations of discrete time-step approximation. This
behaviour arises because the singular kernel 1/v/t — 7 in
the Duhamel integral cannot be fully captured with a
discrete time step, and the abrupt transitions of the applied
flux introduce slight fluctuations (spikes) in the numerical
integration. In the intermediate region, however, both
curves match perfectly.

Time (s) Time (s)

Fig. 4. (a) Comparison of numerical (Duhamel stream) and
analytical (Duhamel theor) solutions; (b) corresponding error
signal between the two methods.

From the numerical comparison, the accuracy
indicators were determined as follows: the RMS error is
0.423488 °C, and the maximum error is 1.978757 °C. This
discrepancy arises at points where the heat flux undergoes
abrupt changes; however, such ideal step transitions do
not occur in real thermoelectric batteries due to thermal
inertia. Increasing the window length and reducing the
time step in the discrete integral further decreases the
numerical error.

To validate the numerical model (Model 2), analytical
solutions were derived for each type of heat-flux profile.
For example, in the polynomial case withn = 1/2,

Vi
AT(0,t) = 77 qo't, (©)

meaning that the temperature increases linearly with time.
For the linearly decaying and bell-shaped impulses, the
integral is evaluated piecewise, and the resulting
temperature responses exhibit characteristic peaks.
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Fig. 5. Comparative surface-temperature responses under
different transient heat-flux profiles obtained using the
Duhamel-integral model.

For comparative analysis, the temperature responses
corresponding to the polynomial, linearly decreasing, and
bell-shaped heat-flux profiles were plotted on the same
axis, as shown in Fig. 5.

3.1 Polynomial Heat Flux ( n=0.5)

Fig. 6 illustrates the Simulink implementation of the
polynomial heat-flux model. The subsystem generates a
gradually increasing heat-flux signal according to the
power-law dependence q <t and evaluates the
corresponding surface-temperature response using the
Duhamel-integral ~ block.  According to theory,
convolution with the kernel 1/vt —t increases the
exponent by one, implying that the surface temperature
should grow linearly. The comparative temperature
response corresponding to the polynomial heat-flux
profile is presented in Fig. 5. Fig. 5 shows the computed
temperature response for t, = 300 s. After the initial
filling of the memory buffer, the curve becomes almost
perfectly linear, confirming the analytical expression
AT = (\/E/ 2)(\/5/ )()qo t. The slight curvature near t=0
results from discrete time-step errors. Overall, the
simulation confirms that AT « t.

Fig. 6. Simulink implementation of the polynomial heat-flux
model.

3.2 Linearly Decreasing Heat Flux
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Fig. 7 presents the Simulink implementation of the
linearly decreasing heat-flux model. In this subsystem, the
heat flux decreases linearly with time and is supplied to
the duhamel g2T block for numerical convolution and
transient temperature evaluation. The signal q(t) =
qo(1 —t/t,) starts at qo within the interval [0, t,] and
decreases linearly to zero by t=to. When this triangular
profile is convolved with the kernel, the surface
temperature first increases, then reaches a maximum as a
result of the balance between the declining heat-source
strength and the continuing effect of thermal diffusion.
The corresponding comparative temperature response for
the linearly decreasing heat-flux profile is shown in Fig.
5. Theoretical analysis predicts that the maximum occurs
near to/2. Fig. 5 presents the result for ty=300 s: the
temperature rises to approximately 32 K, and the peak
occurs at around 150 s, which is fully consistent with the
theoretical prediction. Although the heat flux becomes
zero after , the surface temperature decreases only
gradually, because the energy accumulated within the
medium continues to diffuse outward. The tail decays
approximately as t~%/2 (for t, = 300). The peak indeed
appears near t,/2 = 150.

Fig. 7. Simulink implementation of the linearly decreasing
heat-flux model.

3.3 Bell-Shaped Heat Flux

Fig. 8 shows the Simulink implementation of the bell-
shaped heat-flux model. The subsystem generates a
symmetric transient heat-flux pulse, while the Duhamel-
integral computation block determines the delayed
surface-temperature response caused by thermal diffusion
inertia. The bell-shaped signal q(t) = 4q,[t/t, — (t/
to)?] takes the value zero at t=0, reaches its maximum at
ty/2, and returns to zero at t = t,. Even after the flux
begins to decrease, heat continues to arrive at the
boundary for a certain period, causing the surface
temperature to continue increasing for some time. Both
theoretical analysis and numerical simulations show that
the maximum surface temperature occurs at
approximately 3t,/4. Fig. 5 presents the result for t, =
300: the temperature reaches about 47 K, and the peak
appears at roughly 225 s (i.e., 0.75t,). Beyond this point,
diffusion becomes dominant and the temperature
decreases gradually. Although the heat-flux peak occurs
at ty/2, the delayed peak of the surface temperature is
explained by thermal diffusion inertia (for t, = 300 ).
Thus, the maximum is observed near 3t,/4.

tau1

Fig. 8. Simulink implementation of the bell-shaped heat-flux
model.

4 Discussion

The physical interpretation of the Duhamel integral is that
the contribution of each heat impulse applied to the
surface decays over time according to the law 1/t —t
during the diffusion process. For a square heat pulse, the
surface temperature initially rises rapidly from zero, and
as the heat flux continues, the growth rate slows due to
energy absorption into the medium. After the flux is
removed, the temperature begins to decrease gradually
due to diffusion. In the semi-infinite model, since the
depth of the medium is unbounded, the temperature does
not eventually return to zero but continues to grow as t ;
in real thermoelectric batteries, however, the presence of
finite boundaries leads to long-term thermal stabilization.
In thermoelectric modules, when the heat flux varies
in time, the temperature difference also changes inertially,
leading to a delayed formation of the Seebeck voltage.
This delay is determined by the thermal diffusivity ¢ and
thermal conductivity y. Under a square heat pulse:

e theelectromotive force (EMF) rises rapidly at the
beginning,

e  during the pulse, heat continues to propagate
inward and the EMF approaches a saturation-like value,

e  after the flux stops, the EMF decreases slowly.

These results are useful for analysing transient
thermoelectric processes, particularly in systems with
pulsating heat sources (e.g., TEGs integrated with solar
panels). Moreover, the simulations successfully
reproduced the analytical behaviour of the Duhamel
integral for the three dynamic heat-flux profiles. The
following physical insights emerge:

e  Energy accumulation and diffusion: The kernel
1/+/t — T assigns greater weight to more recent heat input.
In the polynomial case, while the flux is increasing, the
most recent values dominate, leading to a monotonic
increase in AT. When the flux begins to decrease,
previously deposited heat continues to diffuse, causing the
peak to occur later.

e  Peak times: For a linearly decreasing flux, the
competition between source decay and diffusive retention
produces a maximum at t,/2; for a bell-shaped flux, the
asymmetric contributions of the rising and falling halves
shift the peak to 3t,/4. Determining such peak times can
be valuable for evaluating thermal inertia in heat-battery
testing.

e Units and scaling: SI units were used throughout
the modelling: q in W/m?, y in W/(m-K), and c in m?/s.
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The prefactor c/(xVm) demonstrates that the
temperature response increases when diffusivity c is
higher or thermal conductivity y is lower. This highlights
the role of material properties: materials with high
conductivity and low diffusivity (e.g., copper) experience
smaller temperature rises for the same heat flux.

The post-peak decay of the curve also provides insight.
Because a semi-infinite medium continues absorbing heat,
the surface temperature decreases slowly, approximately
as t~'/2. In real finite plates or multilayer systems, once
the thermal wave reaches the backside, the decay rate
becomes faster.

5 Conclusion

The combination of analytical solutions based on the
Duhamel principle and numerical modelling in Simulink
enabled a comprehensive analysis of the effects of various
time-dependent heat-flux profiles on the surface
temperature of a semi-infinite body. Under polynomially
increasing flux, the surface temperature grows linearly; in
contrast, linearly decreasing and bell-shaped pulses
exhibit distinct peak times consistent with theoretical
predictions. The simulation results showed good
agreement with theoretical analysis and clearly
demonstrated the sensitivity of the method to kernel
singularity, discrete time-step size, and material
parameters. The findings indicate that in designing TEGs
exposed to unconventional (transient) heat loads, the
processes of heat diffusion and energy accumulation must
be carefully considered. Furthermore, this method
provides a basis for evaluating system responses in TEG
designs that incorporate external cooling conditions and
material-property variations. In future research, this
approach can be applied to the optimization of TEG
generators operating with impulsive heat sources and to
the analysis of multilayer thermal-transfer systems.
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