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Abstract. Deep Soil Mixing has been widely applied in Nordic countries, Japan and other countries to 

improve the strength and stiffness of in-situ soil. However, the mechanical variability of stabilised soil 

remains a major issue and quantifying the effects of operational parameters such as blade size, filling level, 

and rotational speed is difficult because the internal soil flow during mixing cannot be directly observed. 

This study clarifies depth-dependent deformation mechanisms during mixing through three-dimensional 

numerical simulations in Uintah using the Generalized Interpolation Material Point method. Calculations 

reproduce the behaviour of high-water-content kaolin clay with an enhanced, strain-rate dependent, Mohr-

Coulomb model. The simulations indicate that soil kinematics are strongly depth-dependent, with peak 

velocities concentrated near the blade region and rapidly decaying upward and downward, resulting in a 

limited axial influence zone and persistent mixing heterogeneity. At each depth, the velocity distribution is 

approximately normally distributed, enabling statistical characterisation of the mixing state and providing a 

quantitative basis for evaluating operational effects.

1 Introduction 

Deep soil mixing is a ground improvement technique 

that mechanically blends binders such as cement or lime 

with in-situ soil to form stabilised columns. Since the 

1970s, deep soil mixing has been widely used in Japan 

and Nordic countries, due to its high effectiveness and 

versatility [1]. It is now applied to a broad range of 

projects, including improving building foundations [2], 

embankment support [3], ground reinforcement for 

shield tunnel construction [4], and artificial island 

construction [5]. The variety of applications has led to 

the widespread acceptance and use of the deep soil 

mixing method in civil engineering, where consistent 

column quality is essential for design reliability and 

construction control. 

In practice, field-mixed columns usually exhibit 

lower mean strength and higher variability than 

laboratory-mixed specimens, mainly because field 

execution rarely achieves the same degree of 

homogenisation. Mixing quality is strongly governed by 

the balance between rotational speed and penetration or 

withdrawal rates. When the tool penetrates or is 

withdrawn too quickly relative to its rotational speed, 

the mixing work delivered per unit length decreases, 

increasing the likelihood of poorly mixed zones and 

high binder concentration gradients. Guidance from the 

Federal Highway Administration (FHWA) links 

rotation and vertical rates to mixing intensity and 

recommends monitoring these parameters to improve 

uniformity [6]. This sensitivity has been reported in field 

studies, for example, Larsson and coauthors found that 

installation parameters, especially retrieval rate and the 
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number of mixing blades, significantly affected column 

uniformity and strength scatter in lime-cement columns 

[7]. Recent quality control (QC) and quality assurance 

(QA) reviews similarly identify rotational speed and 

vertical rates as primary controllable factors for 

reducing variability [8]. These findings motivate the use 

of three-dimensional simulations to quantify depth-wise 

mixing metrics and to optimise operational speeds so 

that field strength approaches laboratory expectations. 

The Material Point Method (MPM) is well suited to 

large deformation problems [9], and the soil mixing 

process typically involves such deformations. A 

developed version of the original MPM, the Generalized 

Interpolation Material Point Method (GIMP), offers 

improved precision and numerical stability by 

modifying the shape functions to account for the finite 

domain of material points [10]. As a result, cell-crossing 

errors can be significantly reduced, and the continuity of 

stress and force fields is improved. These features 

support the use of GIMP for modelling large 

deformation behaviour in soft, high-water-content clays 

during soil mixing. 

In addition to large deformations, soil mixing is 

characterised by intense shearing and rapid remoulding 

induced by the rotating mixing tool, leading to locally 

high strain rates. During soil mixing, the rotational and 

vertical speeds of the blade lead to a high magnitude of 

strain rates within the soil. This affects the soil 

behaviour significantly, as the shear strength of clays is 

strain-rate dependent. Typically, there is an increase of 

5–20% for each order of magnitude increase in shear 

strain rate [11, 12]. Therefore, for soft clays, strain-rate 

dependency can strongly influence the undrained 
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response under these loading conditions, affecting stress 

transfer, deformation patterns, and ultimately mixing 

efficiency. Hence, incorporating strain-rate effects into 

the constitutive model is essential for representing the 

mechanical response of soft clays during soil mixing and 

for improving the predictive capability of numerical 

simulations.  

This study investigates the heterogeneity of deep soil 

mixing using three-dimensional simulations based on 

the GIMP method. To quantify mixing, the soil is 

represented by two coloured constituents, and both 

mixing index and velocity are evaluated for layers at 

different depths over time. The results provide insight 

into depth-dependent mixing efficiency and help 

identify operating conditions that improve mixing 

performance and construction efficiency in engineering 

practice. 

2 Numerical setup  

2.1 Generalized Interpolation Material Point 
Method  

The simulations were performed using the Generalized 

Interpolation Material Point Method (GIMP) as 

introduced by Bardenhagen & Kober [9]. GIMP builds 

on the Material Point Method (MPM), a particle in cell 

approach introduced by Sulsky et al. [10] for continuum 

mechanics problems involving history-dependent 

materials. However, standard MPM suffers from a cell-

crossing instability when dealing with problems 

involving large displacements [9]. This instability 

occurs whenever particles cross the boundaries of any 

cell in the computational background grid and is due to 

the discontinuity of the grid basis functions used as the 

interpolation and mapping functions in MPM. These 

algorithmic errors are reduced in the formulations of 

GIMP. The GIMP method introduces weighting 

functions (also known as shape functions or 

interpolation functions) and gradient weighting 

functions with a higher degree of smoothness. These 

functions, which can be interpreted as averages of the 

basis function and its gradient over the particle domain, 

are used to map and interpolate data between particles 

and grid nodes, as well as to calculate internal and 

external forces. This paper uses GIMP as encoded in the 

Uintah software (http://uintah.utah.edu) for numerical 

simulation of the soil mixing process. 

2.2 The material constitutive model 

In this paper, the undrained behaviour of the fully 

saturated kaolin clay is represented by an elasto-plastic 

Tresca model with a non-associated flow rule [13], 

which has also been used in numerical simulations of 

fall cone tests for soft clays [14, 15]. The soil mixing 

process is simulated with a tool rotation rate of 30 rpm. 

Given the rapid rotational speed and the high-water 

content ( 𝑤 ) considered as 190%, the response is 

assumed undrained with negligible volumetric change 

during shearing. Accordingly, the friction angle (𝜙) and 

dilation angle (𝜓) are set to zero. 

Table 1. Material and constitutive parameters used in the 

numerical model. 

 Soil  Blade  

Type Kaolin clay Steel 

Density, 𝜌 (𝑘𝑔/𝑚3) 1552  7800 

Shear modulus (𝑘𝑃𝑎) - 867000 

Bulk modulus (𝑘𝑃𝑎) - 700000 

𝑎1 205 - 

𝑏1 3.86 - 

Water content, 𝑤 (%) 190 - 

𝛽 0.091 - 

Reference shear strain rate, 

𝛾̇𝑟𝑒𝑓 (𝑠−1) 
0.5 - 

Young’s modulus ratio 

(Eu/su) 
500 - 

Sensitivity, 𝑆𝑡 1 - 

Remoulding strain 

parameter, 𝜉95 
1 - 

Friction angle, 𝜙 0 - 

Dilation angle, 𝜓 0 - 

Poisson’s ratio, 𝑣 0.4999 - 

 

To capture the soil response during mixing, the 

undrained shear strength ( 𝑠𝑢 ) is described using a 

combined formulation that accounts for shear strength 

variation with water content, the effect of shear strain 

rate (𝛾̇) and the effect of strength degradation due to 

remoulding governed by cumulative plastic shear strain 

(𝜉) [16]. First, the reference undrained shear strength 

( 𝑠𝑢,𝑟𝑒𝑓 ) various with water content following an 

exponential relationship with parameters 𝑎1  and 𝑏1 

calibrated for kaolin clay [17].  

 𝑠𝑢,𝑟𝑒𝑓 = 𝑎1𝑤
−𝑏1 (1) 

Secondly, strain rate dependency is introduced 

relative to a reference shear strain rate (𝛾̇𝑟𝑒𝑓) through a 

power-law scaling with exponent 𝛽 [18, 19].  

 𝑠𝑢 = 𝑠𝑢,𝑟𝑒𝑓 (
𝛾̇

𝛾̇𝑟𝑒𝑓
)

𝛽

 (1) 

Third, strength degradation during continued 

shearing is captured using an exponential remoulding 

function governed by sensitivity (𝑆𝑡) and the remoulding 

strain parameter 𝜉95 , where  𝜉95  denotes cumulative 

plastic shear strain required to reach 95% remoulding 

[16]. Combining these effects, the undrained shear 

strength is expressed as 

𝑠𝑢(𝛾̇, 𝜉, 𝑆𝑡) 

= 𝑎1𝑤
−𝑏1 (

𝛾̇

𝛾̇𝑟𝑒𝑓
)

𝛽

[
1

𝑆𝑡
+ (1 −

1

𝑆𝑡
) 𝑒

−3𝜉
𝜉95 ] 

(3) 

In addition, the undrained elastic shear modulus (𝐺𝑢) 

is treated as strain rate dependent in the small strain 

range [20]. To remain consistent with the adopted strain-

rate scaling of the undrained shear strength, the 

undrained elastic shear modulus is expressed using the 
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same strain-rate exponent (𝛽) and the same reference 

shear strain rate (𝛾̇𝑟𝑒𝑓)  

 𝐺𝑢(𝛾̇) = 𝐺𝑢,𝑟𝑒𝑓 (
𝛾̇

𝛾̇𝑟𝑒𝑓
)

𝛽

 (4) 

The final parameters used are summarised in Table 

1. 

2.3 Numerical geometry of the model 

 

 

Fig. 1. (a) Cross-section view of 3D numerical model 

geometry; (b) Soil layers divided along the z-direction. 

Fig. 1 (a) illustrates the mixer geometries used in the soil 

mixing simulation, the framework including a ring-

shaped baffle, blade, rotational points, soil domain and 

mixer wall. To better reproduce the actual mixing 

process and reduce the potential boundary effects, 

several additional components were introduced. 

Specifically, a ring-shaped baffle was incorporated 

around the top part of the blade to minimise off-axis 

deviation of the blade during rotation. Two rotational 

points with prescribed velocity were defined to drive the 

blade to rotate, representing the mechanical input of the 

motor. Furthermore, a wall mixer with rigid-like 

behaviour was implemented to confine the soil domain 

and simulate the physical boundaries of the mixer to 

restrict lateral soil movement. The parameters of the 

numerical model, such as blade size, soil depth and 

rotational speed, are also shown in Fig. 1. Soil domain 

is a cylinder with a diameter of 7 m and a height of 11 

m. The blade is positioned along the central axis of soil 

specimen, with the lower edge located 5 m above the 

bottom of soil domain. The height and diameter of the 

blade is 1m and 5 m, respectively. The blade rotates at 

30 rpm. Fig. 1 (b) shows the soil profile discretised into 

layers along the Z-axis. A total of 11 layers is defined, 

with the blade layer located at the mid-depth. This layer 

division is used to evaluate the non-uniformity of the 

mixing process. 

3 Mixing index  

To evaluate the mixing performance quantitatively, the 

Lacey mixing index 𝑀  [21] was introduced as an 

indicator. The approach is based on the statistical theory, 

where 𝑀 = 0 represents complete segregation and 𝑀 =
1 represents perfect mixing. In this simulation, material 

particles are labelled as two colours, red (R) and blue 

(B), to represent two constituents for mixing evaluation. 

The Lacey mixing index is defined as 

 
𝑀 =

𝑠0
2 − 𝑠2

𝑠0
2 − 𝑠𝑟

2
 (5) 

where, 𝑠0
2 is the variance of the initial distribution, 

𝑠2 is the distribution variance at the current state, and 𝑠𝑟
2 

is the variance of the completely mixed distribution. For 

two colours system: 

 𝑠0
2 = 𝑝(1 − 𝑝) (6) 

 
𝑠2 =

1

𝑛
∑(𝑝𝑖 − 𝑝)2
𝑛

𝐼=1

. (7) 

 
𝑠𝑟
2 =

𝑝(1 − 𝑝)

𝑁′𝑅̅̅ ̅̅ ̅
 (8) 

where, 𝑁′𝑅̅̅ ̅̅ ̅  is the average number of red material 

particles in all samples. 𝑝 and 𝑝𝑖  denote the proportions 

of red material particles in the whole domain and in each 

sample 𝑖, respectively: 

 
𝑝 =

𝑁𝑅

𝑁𝑅 + 𝑁𝐵

 (9) 

 
𝑝𝑖 =

𝑁′𝑅
𝑁′𝑅 + 𝑁′𝐵

 (10) 

where 𝑁𝑅  and 𝑁𝐵  are the total numbers of red and 

blue material particles in the domain, 𝑁′𝑅  and 𝑁′𝐵  are 

the corresponding numbers in sample 𝑖 . The mixing 

domain is discretised into cubic sampling cells with a 

side length of 0.5 m. The proportion of red and blue 

material particles in each cubic sampling cell is 

evaluated, and the mixing index is calculated every 0.1 

s to track the evolution of mixing over time. 

(a) 

(b) 
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3.1 Mixing performance 

Previous work investigated the relationship between the 

mixing index and the radial distance from the blade [22]. 

In this study, the focus is placed on the vertical influence 

of blade rotation on the soil with the divided layer shown 

in Fig. 1 (b). Fig. 2 presents snapshots of horizontal-

plane distributions of material-point coordinates at 

multiple layers along the Z-axis (as indicated in Fig. 1) 

at 𝑡 = 9 s. After a period of mixing, the overall mixing 

state within the cylindrical domain remains highly non-

uniform. Soil layers in the vicinity of the blade exhibit 

relatively homogeneous mixing, whereas the topmost 

and bottommost layers still contain large contiguous 

regions of a single colour, indicating insufficient mixing. 

Overall, the mixing effectiveness decreases with 

increasing distance from the blade, highlighting the 

limited axial extent of the blade-induced mixing zone 

under the present configuration. 

In practical deep mixing applications, however, the 

blade typically undergoes vertical motion involving 

penetration and withdrawal during operation, which is 

expected to mitigate such spatial non-uniformity by 

extending the mixing action to soil layers farther from 

the blade. The appropriate vertical translation rate 

requires systematic investigation by examining the 

temporal evolution of mixing performance. A more 

detailed time-dependent assessment is provided in the 

next subsection using the mixing index. 

 

Fig. 2. Mixing performance of different layers at 9s. 

To further understand the spatial non-uniformity, the 

stress response generated by blade–soil interaction was 

examined. Fig. 3 presents the variation of mean effective 

stress with depth at different sampling locations at t = 

0.1 s. The results indicate that stress concentration 

around the blade due to the additional local loading on 

the surrounding soil. It is also observed that sampling 

points symmetrically with respect to the blade centre 

exhibit nearly identical stress-depth profiles, indicating 

an approximately axisymmetric distribution of the stress 

field in the horizontal plane. Moreover, the simulation 

was performed without numerical damping, and energy 

was dissipated exclusively through plastic deformation. 

This approach improves thermodynamic consistency 

and enhances the physical realism of the simulation. 

Numerical stability was maintained by the advanced 

formulation of the GIMP, which mitigates numerical 

errors. However, as the adopted Mohr-Coulomb model 

used is elastic-perfectly plastic, elastic wave 

propagation is included in the dynamic simulation, 

leading to fluctuations in the stress field. Furthermore, 

the soil exhibits behaviour similar to that of a viscous 

fluid, characterised by non-laminar flow. In general, 

significant stresses are generated by blade motion, and 

the material points in the simulation follow complex 

paths. As the simulation progresses, the overall stress 

level continues to increase, indicating that blade–soil 

interaction exerts a sustained influence on the evolution 

of the stress field. 

 
Fig. 3. Variation of the mean effective stress with depth. 

3.2 Mixing efficient 

The mixing index defined in Eq. (5) is evaluated 

separately for the regions above and below the blade to 

quantify the axial extent of blade-induced mixing. The 

mixing index is computed for each horizontal layer with 

a thickness of 1 m, and the time history of the mixing 

index is shown in Fig. 4. The black solid line represents 

the layer intersecting the blade. This layer exhibits the 

fastest growth rate of the mixing index over time and 

attains the largest values, indicating the most effective 

mixing as shown in Fig. 4. 

At the early stage of mixing (0 – 5 s), layers within 

2 m above the blade exhibit mixing-index values 

comparable to those of the blade layer, whereas in the 

region below the blade, the trend is similar, but lower. 

However, as stirring proceeds (5 – 9 s), the mixing index 

in the lower region progressively increases and 

eventually reaches relatively large values across 

multiple layers. In contrast, in the upper region, 

particularly near the free surface, the mixing index 

remains comparatively small even at later times. This 

evolving asymmetric axial response may be attributed to 

the open upper boundary. Although the free surface 

initially facilitates material rearrangement, it also allows 

momentum release through surface deformation and 

radial spreading, limiting sustained accumulation of 

mixing intensity near the surface. Layers located outside 

the effective influence range maintain low mixing-index 

values throughout the process, indicating limited blade 

mixing and persistent axial heterogeneity. 
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Although the present simulation considers blade 

rotation at a fixed elevation, the time required to reach a 

quasi-steady state (approximately 6 s) together with the 

estimated effective axial influence range (about 2 m and 

1 m relative to the upper and lower blade edge) provides 

a basis for estimating suitable penetration and 

withdrawal speeds. These estimates offer guidance for 

subsequent simulations that more closely follow the 

engineering process by explicitly accounting for blade 

penetration and withdrawal speed. 

 

 

Fig. 4. Mixing index of different layers, (a) Upper region; (b) 

Lower region. 

3.3 Velocity distribution 

During the MPM simulation of the soil mixing process, 

the point-scale velocity field governs the local shear and 

mass exchange intensity [24]. Therefore, the evolution 

of velocity in time and space can be used to explain the 

heterogeneity of mixing efficiency along with the 

mixing index. Fig. 5 presents the layer-averaged 

velocity profiles along the z-direction for different times 

(0 – 9 s), and the velocity reaches a peak in the blade 

area and then decays upward and downward, indicating 

that the stirring action has a limited axial influence 

range. 

In addition, the layer-averaged velocity in all layers 

increases progressively with time. The layer near the 

blade accelerates earliest and exhibits the largest 

increase, and the velocity increment subsequently 

propagates to the upper and lower layers but rapidly 

diminishes away from the blade. Moreover, the velocity 

increment develops faster in the bottom layers, whereas 

the increment near the surface is relatively slower, 

demonstrating a clear axial heterogeneous response. 

This behaviour can be attributed to the upper region 

being a free-surface boundary. The momentum input by 

the blade is more readily released near the free surface 

through surface deformation, near-surface radial 

spreading, and energy dissipation in the interfacial 

region, so the layer-averaged velocity near the surface 

does not accumulate continuously [24]. In contrast, the 

lower layers, which are less affected by the free-surface 

effects, more clearly exhibit a rapid increase in the mean 

velocity. Consistently, studies on free-surface stirred 

flows have shown that flow structures and interfacial 

effects near the free surface can significantly alter the 

velocity distribution and mixing characteristics. Overall, 

this velocity profile indicates that the blade-driven 

motion is transmitted unevenly along the vertical 

direction, producing a clear axial stratification in the 

flow field and implying that the effective mixing zone 

develops differently above and below the blade as 

stirring proceeds. 

 

Fig. 5. Layer-averaged velocity profiles along the z-direction 

for different times. 

4 Conclusions  

This paper shows simulations of the mixing process 

based on a 3D Generalized Interpolation Material Point 

Method, with soft clay approximated by a strain-rate 

dependent constitutive model.  

Although the simulated model does not yet represent 

a full field-scale configuration, the mixing results 

indicate high heterogeneity. The main findings of this 

study are summarised as follows: 

1) The mixing process remains non-uniform 

within the cylindrical domain, with effective 

homogenisation confined to regions near the 

blade. Mixing efficiency decreases with axial 

distance, indicating a limited vertical influence 

of the blade under the present conditions. 

2) The mixing index shows a time-dependent axial 

asymmetry. Early mixing is confined to about 2 

m above and 1 m below the blade, while 

continued stirring increases mixing mainly 

(a) 

(b) 
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below the blade and leaves the near-surface 

weakly mixed. These results help inform 

suitable penetration and withdrawal speeds.  

3) The velocity field reveals rapid attenuation of 

blade-driven motion and a vertically stratified 

response, which directly governs the axial 

distribution of the mixing index. Free-surface 

effects further enhance this heterogeneity in the 

mixing zone. 

The present study is based on a representative-scale 

configuration with a fixed blade position. Future 

investigations will focus on engineering-scale models, 

explicitly account for blade penetration and withdrawal 

processes, and employ more rigorously validated 

constitutive models to improve the realism and 

predictive capability of the simulations. 

 
This research is funded by the Academy Project granted by 

the Research Council of Finland, decision number 349755. 
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